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Class Schedule

Lecture materials (Kamiya’s part): http://conf.msl.titech.ac.jp/Lecture/
http://conf.msl.titech.ac.jp/Lecture/ComputationalMaterialsScience/index-numericalanalysis.html

#01 June 14(Tue)
#02 June 17(Fri)
#03 June 21(Tue)
#04 June 24(Fri)

#05 June 28(Tue)
#06 July 1(Fri)

#07 July 5(Tue)
#08 July 8(Fri)
#09 July 12(Tue)
#10 July 15(Fri)
#11 July 19(Tue)
#12 July 22(Fri)
#13 July 26(Tue)
#14 July 29(Fri)

Kamiya (Fundamental of computer, Sources of errors)
Kamiya (Numerical differentiation/integration (${E# 5 /3& %))
Kamiya (Differential equation ($#%>%8=X), Molecular dynamics (% F8) 125%))
Kamiya (Interpolation (&), Smoothing (F;&1k),
Linear least-squares method ($&#f&z/N = F&%))
Kamiya (Numerical solutions of equations (2= D fEfZ%),
Nonlinear optimization (JEf£ 72 & 1k)
Kamiya (Nonlinear optimization (3E#& 72 & #1L),
Fourier transformation (7—!) TZ##))

Kamiya (Matrix (#751), other applications (it F3451))

Sasagawa (Review of quantum theory 1: E FiE 5L 1)

Sasagawa (Review of quantum theory 2: E FiiE 5L 12)

Sasagawa (First principles calculations: basics 1 55— [REBEH 5 : EH#E1)
Sasagawa (First principles calculations: basics 2 5 — R EH & : & HE2)
Sasagawa (First principles calc.: applications 1 55— REEFHH : G 1)
Sasagawa (First principles calc.: applications 2 55— REEEH 5 : [t FH2)
Sasagawa (Classical and Quantum Computers T EB LU EFIAE1—%5)



Evaluation (Kamiya)

- Small quiz
Not evaluate correctness of the answers
but consider how you answered them

= Term-end paper
Problems will be given at the end of Q2
from T2SCHOLAR



English textbooks

Search by ‘numerical analysis’, ‘numerical simulation’ etc.

1. Introduction to Applied Numerical Analysis
Richard W. Hamming
Dover publications, inc., New York (1989)

~340 pages

2. AFirst Course in Numerical Analysis
Anthony Ralston and Philip Rabinowitz
Dover publications, inc., New York (1978)
~600 pages

For practical programming: Numerical Recipes series
1. Numerical Recipesin C

2. Numerical Recipes Example Book (FORTRAN)

3.  Numerical Recipes Source Code
Second Edition: C, Fortran77, Fortran 90

Third Edition: C++



Numerical analysis web

http://conf.msl.titech.ac.jp/Lecture/ComputationalMaterialsScience/index-numericalanalysis.html
2022 EQ2 A1EMRIIFE R (BR: REE+ BAEMR)
Computational Materials Science 2022 Q2

IERRRICEIT B3R ER - pythonT’ OIS A (HA1ELS)

Lecture materials on nhumerical analysis (by Kamiya)‘

BRCESTLEVENIL. python tipsEDTICHDFET

Lecture presentation slides will be found after the python tips section.

Update News:

* June 06, 14:27: 2022 page has been uploaded

pythono’OJ 3= 0 &MEDHBHIIC ” H H
Getting Started with python

FBECE. pythonlZUZATI=BDERAM, Note: Getting Started with python
TIVTUR LR & SHOMRICRITIS : : : it Wi
iyttt python is not a requirement for this class, but it will
hon is not a requirement for this class, H H
bE:tm will helptyourqunderstatndin; about the algorisms to | help your underStandlng abOUt the algorlsms to be Iearned
future research. and also assist your future research.
HBLUTES pythonTOY S A

Common python programs:

s plotcsvl.py 31: pythonjna“asya“éyﬁy)é-ﬁﬁ':
et S KEEETIL, pythonRRATEBYE LA, 7ILTY
ZLOBRESEORRIRICTIEES DT, RBOH
BAERLTH T,




Python: A Light Weight Language (LWL)

Install: http://conf.msl.titech.ac.jp/Lecture/InstallPython/InstallPython.html
* Interpreter language (12474 EE - BRER)
< Compiled language (@ /S L E5E - #HEEIR)

Slower execution, but faster development
Only interpreter and editor are required
Free or public domain versions available
Grammar similar to C, C++, perl, php, ...
Native Object-Oriented (#7<z4rEm) language
Efficient functions and libraries

Text processing: Regular expression (EE i %18),

csv, html, xml, json etc
Science: numpy, scipy, scikit-learn etc
Network: ...

Graph plotting: matplotlib etc
GUI: tkinter, pygtk etc



Python distribution: My recommendation

Distribution: Same main software may be combined with different sets of
supporting programs / files
ex. Linux distribution: CentOS, Ubuntu, SUSE, ...

For python
Linux / Mac OS X pre-installed: Basic python
you may need to install numpy, scipy, etc by the command:
pip install {module_name}
Active python: Commercial base, multi-platform
Free distribution is available as ‘Community Edition’

Anaconda: Basic python + major libralities (modules)
including numpy, scipy, scikit-learn, etc
https://www.anaconda.com/products/individual

For installation, see
http://conf.msl.titech.ac.jp/Lecture/InstalIPython/InstallPython.html




Anaconda: License condition changed
Apr, 2020

Free Anaconda Individual Edition
For solo practitioners, students, and researchers.

For others (2004 LL E D EFIFKIZLSFIRAZHEIE)
Commercial Edition @ $14.95/month, etc

Some ideas to adopt this change (B1{E1t~ D 3t it F51)
https://giita.com/c60evaporator/items/ba41cef4b37465c39948
https://blog.neko-ni-naritai.com/entry/installing-intel-channel-numpy



Editor vs Word processor
. JEdr | Wordproesor

Startup time (R2E)B5fE)  Shorter Longer

Processing speed (384T  Faster Slower

RFE)

Memory Light Heavy

Text style / format Usually none Required

File format Basically text-based Application specific

Others Specialized for specific program  Print (WYSIWYG): What You
languages. See is What You Get

Macro (small program languages)

Examples Linux  :vi, emax MS-Word
Windows: TeraPad, Sakura Edtior
Multi  : Visual Studio Code,
Sublime text, Atom

Recommendation:

Microsoft Visual Studio Code: https://code.visualstudio.com/
« Multiplatform (Windows, MacOS, Linux)

« Multilanguage

* Integrated Development Editor (IDE)



Fundamental of computer
aOvEaA—2D A



Structure of typical computer
(ERNTEEROEAK)

KA, EiE EFETREE. ZEHR

F—m e — ] Control unit
- PU/APU [~ -
'I i C,U/ - : Display
: ' | I : Printer
J : ll’ $ Speaker
: | Memory
INnput uNit |l .
P : DRAM/SRAM [ Output unit
Keyboard |
Mouse { 1 l
Camera |
Microphone | — Flow of information
—-= Process unit

-—-+» Flow of control
signals




Numeric representation

(BDOERR)
Base 10 1975 =1x1000 + 9x100 + 7x10 + 5x1
(decimal) = 1x10° + 9x10% + 7x10t! + 5x10°
(10;'&&) the 1000’s place

(1000 £3)
All data in computer are represented by 0 or 1 (binary) : bit (b)
Base 2 (11011), = 1x2% + 1x23 + 0x2° + 1x2% + 1x20

(binary) = 1x(16)19 + 1x(8) 19 + 0x(4)10 + 1x(2)1 + 1x(1)1
(£ = (27)19
Baser N=a,r"+a, mt+----- +agr3+a,r’+a;rt+ard

(rE%) = (@, """ A3a,3,3),



Numeric representation
(DR

Base 8 (octal) (8£%) (01234567)
2 digits: 0 ~82—-1 =63
00: Ox81 + 0x8°=0
53: 5x8! + 3x80 =43
77: 7x8! + 7x8° = 63
Base 16 (hexadecimal) (16e#t) (0123456789ABCDEF) = (0 ~ 15)
2 digits: 0 ~ 162— 1 = 255
00: Ox16! + 0x16°=0
OF: 9x16!+ 15x16Y =159
FF: 15x16' + 15x16° = 255

(ABCDEFGHIJKLMNOPQRSTUVWXYZ
abcdefghijklmnopqgrstuvwxyz
0123456789+/) = (0~ 63)



Correspondence relations (xtr:Ea %)

Base 10 Base 2 Base 8 Base 16

0 0000 00 0
1 0001 01 1
2 0010 02 2
3 0011 03 3
4 0100 04 4
5 0101 05 S}
6 0110 06 6
I 0111 07 I
8 1000 10 8
9 1001 11 9
10 1010 12 A
11 1011 13 B
12 1100 14 C
13 1101 15 D
14 1110 16 E
15 1111 17 F
16 10000 20 10



Convert Base (ZE#n i)

Baser toBase 10
= (@, a1 """ a33,a,8),
Niyg=apro+art+a,re+agrs3+ ----- +a,,r"m +a,rn
Ex. 1101,=1x20+0x 2L+ 1x 22+ 1x 28=13,,

Base 10 to Base r

Nio= (bpbpg=- -+ b3b,b,06)10=(C, Cg ™77 C,C1Co):
= ro+ clr1+czr2+ “+C M+ "
=Cot r(Cy+crt+ -+ ¢ 4 r"2+cr)
= Cot I(Cy +1(Cy+ Calr+ + €yl ™3 + ¢ 1)

(1) N;p©@ =Ny =N D *r+ ¢ where 0 < ¢y <r
(2) Njg®M =N ;@ *r+¢ where0 < ¢; <r
.. repeat until N, =0
=>N,=(CCpy™ """ C2C1Co);

Ex. Base 10 to Base 8
302,,=8x37+6
37,,=8x 4+5
4,,=8x 0+4
300,, = 4564



Python program: base.py

Program: base.py
Usage: python base.py value base source base target

EX.
COMMAND:
python base.py FA 16 8
Convert FA In base 16 to base 8

OUTPUT:

Convert FA in base 16 to base 10

1st digit =10: +10*16° =>+ 10,,=> 10,
2nd digit =15: + 15 * 16! =>+240,,=> 2504,

Convert 250 in base 10 to base 8
250, = 31*8+ 2: base 8=>2
31 = 3*8+ 7: base_8=>72
310 = 0*8+ 3: base 8 => 3724 result



Units of data processed in computers
QAYVEa1—2RDOT—RH G

bit (b): binary: 0O or 1

In computer: 8 bits data Is treated as a fundamental unit
byte (B): 0 ~ 28— 1 = 255

1kB =21B =1024B
1 MB =1024 kB =1,048,576 B
1 TB =1024 GB = 1024 MB = 10243 kB = 1024 B



L_ogical operations (bitwise operations)
(RERHE, EvhRE)

Logical NOT (Bitwise inversion) GhE&ERE, £k &Kix)
NOTO =1;NOT1 =0
Logical AND (=)

OANDO=0;1ANDO=0
OAND1=0;1AND1=1

Logical OR G&E#n)
0OR 0=0;10R0=1
OOR 1=1;10R 1=1
Logical Exclusive OR (# iR = H0)
0XOR0=0;1XOR0=1
0XOR1=1;1X0OR1=0




Computer architectures

4bit CPU: Intel 4004 (1971) data 4bit, address 12bit
8bit CPU: 8008 (1972) data 8bit, address 14bit
16bit CPU: 8086 (1978) data 16bit, address 20bit
32bit CPU: 80386SX (1985) External data/address 32bit
Internal data 16bit, address 24bit
80486 (1989) data 32bit, address 32bit

Pentium,,,
64bit CPU: Pentium Pro(?), Itanium, Core i,,,

Pentium Pro:
Processor 32bit: Operation (&4)=Process (&—4u#) in CPU

External data bus s+ &7F—%/3X)
64bit: Data transfer with memory / external units

Floating point operation G2/ & EE)
80bit



Numeric representation: Integer (E# )

Integer type: Based on the CPU bit (CPUDbitHiAAERK)

16bit for 16bit CPU
unsigned int (e ®L2H%%) 0~21%-1=65,535
signed int  (FrEtEHKR) -32,768 ~ +32,767

32bit for 32bit CPU
unsigned int (F=&LEH%E) 0~ 4,294,967,295
signed Iint (S frEH%E) -2,147,483,648 ~ + 2,147,483,647

For all CPUs:
Int . depends on CPU bits
shortint : 16 bit
long int . 32 bit
long long int: 64 bit



Numeric representation: Floating point, Real

GRFEINEARE, R
Floating point type: Minimum 32bit (except half precision)
The range of available value depends on computer architectures,

programming language etc. —1. 0111012 X 2—01012
C language (CE&& qulfgg 1 _ EngDgllg)
float 32 bit 3.4E-38 ~ 3.4E+38 (®=)  Fraction sl

double : 64 bit 1.7E-308 ~ 1.7E+308 ({24 #8)
long double: 64 bit _ (LTI TN
Sign Exponent Fraction
Fortran (1bit)(11bit) (52bit)
Single precision  (BEF5E) FP (REAL) . 32 bit

Double precision  ({S#5%) FP (DOUBLE) : 64 bit, 16 digits (#7) in decimal
Quadruple precision (458 E) FP (REAL*16) : 128 bit

Definition of IEEE 754 (binary32, binary64):
Sign . 1 bit
Exponent: 8 bit (REAL, -128 ~ +127) 11 bit (DOUBLE, -1024 ~ +1023)
Fraction : 23 bit (REAL) 52bit (DOUBLE)
8,388,608: 7 digits  4,503,599,627,370,495: 16 digits


http://ja.wikipedia.org/wiki/%E3%83%95%E3%82%A1%E3%82%A4%E3%83%AB:IEEE_754_Double_Floating_Point_Format.svg

Required data size: Character type

Alphanumeric EE#=FF):
0~9, A~Z, a~z,
Control chars (fIf#13¢=) etc
ASCII code: 7 bit (0 ~127)

Extended ASCII code

Add non-English chars,
symbols etc: 8 bit

Japanese
ASCII+half-width Kana (#&4»+): 8bit
Kanji=Kana (Full-width Kana, ££33): 16 bit
Shift-JIS (SJIS), JIS, EUC-JP

Universal character codes
(&R ILFEXFI—F)

Unicode: Started from 2 Bytes (Ver1.0.0)

ﬂﬁ; 0# 6@ XF o—F| (108 M XF| (108 Ml XF| |08 wMl XF
~@| 0 |00 NUL 32 |20 64 |40 | [@ o6 |60 |
~a | 1 |0 soH | |33 |21 |} 65 |41 | A a7 |61 | @
~g | 2 |02 sTx | |34 |22 | = 66 |42 | B g8 |62 | b
~c | 3 |o3 eTx | |35 |23 | M 67 |43 | C %9 (63 | C
~D | 4 |04 eoT | |36 |24 | $ g |44 | [ 100 |64 | d
g | s |os ENQ | |37 |25 | % 63 |45 | F 101 |65 | @
~F | & |06 ack | |38 |26 | & 70 |46 | F 102 |es | F
S 1 7 o7 BEL 39 27 ' 71 47 B 103 | 67 g
~H | 8 |os BS a0 |28 | 72 |48 | H 104 68 | h
~1 | 9 |o9 HT a1 |29 |) 73 |49 | I 105 [69 | 1
~1 (10 | oA LF 42 |28 | = 74 |an | J 106 |64 | ]
Ak |11 | o8 VT 43 |28 |+ 75 |48 | K 107 |s8 | k
AL |12 |oc FF 44 |2c | * 76 |ac | L 108 [ec | 1
am |13 | oD cr 45 |20 |~ 77 |4aD | M 109 |60 | m
AN | 14 | 0E 50 46 |28 | * 75 |4 | N 110 |6 | N
~0 |15 | oF s 47 |2F | [/ 70 |aF | 0 111 |6F | 0
~p |16 |10 DLE a8 |30 | @ g0 |so | P 112 |70 | P
A |17 | 11 DC1 as 31 [ 1 g1 |51 | () 112 |71 [ qQ
~r |18 |12 ocz | |50 |32 |2 2 |s2 | R 114 |72 | r
~g |19 |13 pc3 | |51 |33 | 3 83 |53 | S 115 |73 | S
AT |20 | 14 pca | |52 |34 | & B4 |54 | T 116 |74 | 1
ay |21 |15 Nak | |53 |35 | 9D 5 |ss | U 117 |75 | U
~y |22 |16 syn | |54 |38 | 6 g6 |s6 | Y 118 |76 | W
aw |23 |17 ete | |55 |37 |/ 87 |57 | W 119 |77 | w
ax | 24 |18 can | |se |38 | 8 s |s8 | N 120 |78 | X
~y |25 |19 EM 57 |39 |9 g9 |s9 | Y 121 |79 | ¥
4 26 1A sSuUB 5B 348 . 90 58 Z 122 | 7A Z2
~A[ |27 | 18 ESC sg | 3B ; a1 |se | [ 123 |78 | {
~ |28 | 1c FS 0 |3c | < sz |sc |\ 124 |7¢ | |}
~1 |29 | 1D GS 61 |3D | = 93 |so | ] 125 |70 | }
~n | 30 | 1E RS g2 |3E | » 94 |se | = 126 |7 | ~
no 131 |1F us 63 [3F | 7 95 |sF | _ 127 |7¢ | O

Extended to 1 — 4 Bytes (UCS, Unicode / UTF-7/8/16 etc)




Required sizes: Integer types

unsigned int (16 bit): 65,536

16 bit CPU can handle only 64 kB of memory
(FRLR/NAD16hitIZE, 64 kKBD AT —LHKRZ%LY)

unsigned int (32 bit): 4,294,967,295

32bit CPU can handle 4 GB memory
(TELRINRH32bitT=&. 4 GBD AE)—%HhZ D)

GDP of Japan: ~5 trillion US$ = 500,000,000,000,000 JYen
(requires 16 digits)
cf. unsigned long long int (64 bit): ~1.8E+19 (18 digits)

The ratio of the circumference of a circle (HE=):
Significant figure: 50 trillion digits (as of Jan, 2020)
Need to use multi-fold calculation (2 & E&+&)

Implemented based on software



Required sizes: FP types for quantum calc.

1s orbital energy level:
H atom :13.6 eV
heavy atoms: >> keV

Energies related to physical properties
Thermal energy at room temperature: 26 meV
Magnetism: several meV

Quantum simulations of physical properties require
the precision for the meV — MeV range (over 9 digits precision)

Definition of standard FP: IEEE 754
Fraction: 23 bit (single) 8,388,608 7 digits
Fraction: 52bit (double) 4,503,599,627,370,495 16 digits



Required sizes: FP types
for semiconductor simulation

Boltzmann factor: exp(-E, / kgT)

E,=11leV
keT= 0.026 eV (T =300 K) =>exp(-42) ~ 10-1°

E,=4.0eV
keT= 0.026 eV (T =300 K) =>exp(-154) ~ 10
kT = 0.00026 eV (T = 3 K) => exp(-15400) ~ 10-°41

Double precision (64bit): Fraction: 16 digits

Exponent: -1024 ~ +1023 (21924 ~ 10-3%8)
Quad precision . 128 bit
Octuple precision (8f&#5E): 256 bit



Error of floating point (REi/M R DRE)

Representation of floating point in computer:

—1.011101, x 2791510 (in binary)

Errors arise from converting Base 10 to Base 2.
= Some values do not have errors between Base 10 and Base 2

If fraction equals to 2"

1.0 = (1.0),x2°

0.5 = (1.0),x2°1

0.125  =(1.0),x23

0.0390625 = 1.25x2°5 = (1.01),x2

1.75 = 1x20 + 1x2'1 + 1x22 = (1.11),

0.65625 = 1x21+0x22 + 1x23+ 0x24 + 1x2°5 = (0.10101),
100.0 = 1.5625x64 = (1+214+24)x26 = (1.1001),x24

= Other values have errors

even if it is represented by a simple figure in Base 10:
0.1=(1.1001100110011001-"-+), x 23



Program (roundoff error): SUM_error.py

Usage: python sum_error.py h n iPrintStep
Summing up h for n times with different precision interger types. Output every iPrintStep steps.

python sum_error.py 0.1 100 20

exact: suml6 (error) sum32 (error) sume64 (error)

0.1000: 0.099975585937500000 (+2.44e-05) 0.100000001490116119 (-1.49e-09) 0.100000000000000006 (+0.00e+00)
2.1000: 2.095703125000000000 (+4.30e-03) 2.100000143051147461 (-1.43e-07) 2.100000000000000533 (-4.44e-16)

4.1000: 4.089843750000000000 (+1.02e-02) 4.099998474121093750 (+1.53e-06) 4.100000000000001421 (-8.88e-16)
6.1000: 6.121093750000000000 (-2.11e-02) 6.099996566772460938 (+3.43e-06) 6.099999999999994316 (+6.22e-15)
8.1000: 8.148437500000000000 (-4.84e-02) 8.099994659423828125 (+5.34e-06) 8.099999999999987210 (+1.24e-14)

python sum_error.py 0.125 100 20

exact:  suml6 (error) sum32 (error) sumo64 (error)

0.1250: 0.125000000000000000 (+0.00e+00) 0.125000000000000000 (+0.00e+00) 0.125000000000000000 (+0.00e+00)
2.6250: 2.625000000000000000 (+0.00e+00) 2.625000000000000000 (+0.00e+00) 2.625000000000000000 (+0.00e+00)
5.1250: 5.125000000000000000 (+0.00e+00) 5.125000000000000000 (+0.00e+00) 5.125000000000000000 (+0.00e+00)
7.6250: 7.625000000000000000 (+0.00e+00) 7.625000000000000000 (+0.00e+00) 7.625000000000000000 (+0.00e+00)
10.125: 10.12500000000000000 (+0.00e+00) 10.12500000000000000 (+0.00e+00) 10.12500000000000000 (+0.00e+00)

python sum_error.py 0.0390625 100 20

exact:  suml6 (error) sum32 (error) sume64 (error)

0.0391: 0.039062500000000000 (+0.00e+00) 0.039062500000000000 (+0.00e+00) 0.039062500000000000 (+0.00e+00)
0.8203: 0.820312500000000000 (+0.00e+00) 0.820312500000000000 (+0.00e+00) 0.820312500000000000 (+0.00e+00)
1.6016: 1.601562500000000000 (+0.00e+00) 1.601562500000000000 (+0.00e+00) 1.601562500000000000 (+0.00e+00)
2.3828: 2.382812500000000000 (+0.00e+00) 2.382812500000000000 (+0.00e+00) 2.382812500000000000 (+0.00e+00)
3.1641: 3.164062500000000000 (+0.00e+00) 3.164062500000000000 (+0.00e+00) 3.164062500000000000 (+0.00e+00)



Roundoff error (fi&H8 =)
Summing small value h for many times N
Calc by multiplication

Calc by summation

Error is accumulated by each

x =0.0;
for i in range(N)
X=X+h

summation

X0 =0.0;
for 1 in range (N)
X=x0+1*h

Typically multiplication is slower than summation,
but the total error originates from
only one multiplication operation

Result of sum_error.py (compare different precision FP types): h =0.01, N =101
Program: sum_error.py

Exact:

0.0100:
0.1100:
0.2100:
0.3100:
0.4100:
0.5100:

0.8100:
0.9100:
1.0100:

float16: half precision, 16 bit

float16 (error)
0.010002136230468750 (-2.14e-06)
0.110046386718750000 (—4.64e—-05)
0.210083007812500000 (-8.30e-05)
0.310058593750000000 (-5.86e-05)
0.410156250000000000 (-1.56e-04)
0.509765625000000000 (+2.34e-04)

0.802734375000000000 (+7.27e-03)
0.900390625000000000 (+9.61e-03)
0.998046875000000000 (+1.20e-02)

float32: single precision, 32 bit

float32 (error)
0.009999999776482582 (+2.24e-10)
0.109999984502792358 (+1.55e-08)
0.210000023245811462 (-2.32e-08)
0.309999972581863403 (+2.74e-08)
0.409999877214431763 (+1.23e-07)
0.509999811649322510 (+1.88e-07)

0.809999525547027588 (+4.74e—07)
0.909999430179595947 (+5.70e—07)
1.009999394416809082 (+6.06e-07)

float64: half precision, 64 bit

float64 (error)
0.010000000000000000 (+0.00e+00)
0.109999999999999987 (+1.39e-17)
0.210000000000000048 (-5.55e-17)
0.310000000000000109 (-1.11e-16)
0.410000000000000198 (-1.67e-16)
0.510000000000000231 (-2.22e-16)

0.810000000000000497 (-4.44e-16)
0.910000000000000586 (-5.55¢—16)
1.010000000000000675 (—6.66e—16)



Python program: sum.py

Program: sum.py
Usage: python sum.py h N
Summing small value h for many times N

Example command: python sum.py 0.1 10
OUTPUT:

0:0.0+0.1=>0.1
1:0.1+0.1=>0.2
2: 0.2 + 0.1 =>0.30000000000000004
3: 0.30000000000000004 + 0.1 =>0.4
4:04+01=>0.5

7: 0.7+ 0.1=>0.7999999999999999
9: 0.8999999999999999 + 0.1 => 0.9999999999999999




Caution for conditional branch
(EHDIRIZETEEE)

Calculation of integers does not produce errors.
=> Conditional judgement only using integers works properly
BHERDOHTOESEHIEIFIRZEN B O TRRELL
ifi *10 == 30:
print(“i == 307) # executed if 1 == 30

Calculation of floating points can produce roundoff error.

=> Strict conditional judgement often does not work properly: Must not be used!!
EHETETIEIAORENFEET LD T, BAREEHHIBTIEES TIXLIFAL
If x*10.0 == 30.0:
print(“x == 3.0") # expected to execute if x == 3.0, but may be not

[Important!!] Consider possible errors:
[EE]REYS55IRZE (epsilon: eps) EELI-EHHIEET S
eps = 1.0e-30 # epsilon: small, but a bit larger value than possible error
If abs(x * 10.0 - 30.0) < eps:
print(“x == 3.0") # executed if x is practically equal to 3.0



Program: bad_if.py

Usage: python bad_if.py h n answer
Check the condition h * n == answer

python bad_if.py 0.11 0.1 Confirm ¥l ,0.1==0.1
Summing up 0.1 for 1 times: v=0.1

v ==0.17: True

v —0.1]| < 1e-10?: True

python bad_if.py 0.1 2 0.2 Confirm ¥?_,0.1 == 0.2
Summing up 0.1 for 2 times: v=0.2

v ==0.27: True

v —0.2| < 1e-10?: True

python bad_if.py 0.1 3 0.3 Confirm ¥3_,0.1 == 0.3: Faliled

Summing up 0.1 for 3 times: v = 0.30000000000000004

v == 0.3?: False > 10.1==0.3 CIIHHEMEZS

v —0.3| < 1e-10?: True [¥7.10.1—0.3| < eps (eps = 100 TIXIELLHIITES



How to use conditional branch, if

(51543 5z 0D ] b

Bad (&L Hl):
If x*10.0 == 30.0:
DO NOT use the strict comparison ‘==° for floating values

(RENVDMRDLERICIE, BEGLEER == [TEH7ELY)

Good (B L VH):
eps = 1.0e-30 # epsilon:
A value satisfactory smaller than minimum expected value

(BEINDRELYVB T REVD . LERIPNSLMEZETET D)

If abs(x * 10.0 - 30.0) < eps



Program: bad_int.py

Usage: python bad_int.py h n
Check interger conversion of the summation of h for n times

python bad_int.py 0.1 100

Summing up 0.1 for 100 times: v = 9.99999999999998

int(9.99999999999998) = 9 10TEFALIEUNMF RN

int(9.99999999999998 + 1e-10) = 10 eps (1010 ZMNZ THL int() ZERSH_ETIELLVER

python bad_int.py 0.4 20
Summing up 0.4 for 20 times: v = 8.000000000000002

int(8.000000000000002) = 8 ELVMEREA, VICIZBEAHIEITTE
int(8.000000000000002 + 1e-10) = 8 eps (100) ZMZ TH S int() #E>THIELLVEE

python bad_int.py 1.2 20

Summing up 1.2 for 20 times: v = 23.999999999999993

int(23.999999999999993) = 23 24 TIEIF AR UNMF R

int(23.999999999999993 + 1e-10) = 24 eps (1010) ZMZ THS int() ZERSH_ETIELLVEER

Case for floating point to integer conversion GREN/ME R => B ZEH#):
Bad (FEL):
n =int(v)
Good (B MVH):
eps = 1.0e-6
n =int(v + eps)



Typical cases for FP calculations with care

Evaluate possible errors every time for FP floating point) calculations
- Error originates from the limited length of FP type: underflow, overflow
Representation range of 64bit FP (IEEE 754 standard)

Exponent: 11 bit -1024 ~ +1023
Fraction : 23 bit 4,503,599,627,370,495: 16 digits

= FP type in computer cannot represent accurate values for most of integers
100.0,, =1.5625x64 = (1+2-1+24) x 26 = (1.1001),%x24

= Most of FP values in computer include errors
1.0/3.0 = 0.3333...333 (16 digits) Error ~ 1016 should be included

Conditional branch:
Bad: if x*10.0==230.0: No guarantee to get the correct judge ‘true’ even if x = 3.0
Good: eps =1.0e-30 # epsilon: A value satisfactory smaller than expected values
if abs(x * 10.0 - 30.0) < eps: Gives the correct judge within the error of eps

FP => integer conversion:
How to calculate the number of division in the range xmin — xmax at xstep step
Bad: n = int( (xmax — xmin) / xstep): The value in int() can include error.
Even if the correct value is n =4,
you will get n = 3 if int() becomes 3.99999... due to error,.
Good:
eps = 1.0e-6
n = int( (xmax — xmin) / xstep + eps)
Even if (xmax — xmin) / xstep becomes smaller than the expected integer due to erro,
you can receive the correct value as long as the error is smaller than eps.



RERETOITSLO—BHGER

FE/MRREOEETIE, BICREZERTSLE
- ZHEREOHIRIZLBHERE underflow, overflow
|IEEE 754MIEXE T, 64bit;F B/ S D EH (L
F5&ER: 11 bit -1024 ~ +1023
R #EB: 23 bit 4,503,599,627,370,495: 164(T
- FEI/MIRTIE, BEZE <EREIC R TEGL
100.0,,  =1.5625x64 = (1+2-1+24) x 26 = (1.1001),%2*
- EROHTHOZE/NBADORRIL., FETRTOBEICREZST
1.0/3.0 = 0.3333...333 (/M s LL T 16%7) 108 REEDRENKLET DS

S 43l 0D 1 B
BUMAL: if x *10.0==30.0: x=3.0 TH>OTh. true LHIES SHEEEIEZEL
BUMAI: eps = 1.0e-30  #epsilon: BESNDREKYUHTHREVD ., LEIRINEMEZERTET D,
if abs(x * 10.0 - 30.0) < eps: ERZE eps LA THT RTINS

RE/EUR => BHER: xmin ~ xmax QEBEZE xstep BDOIETHEILE-EEZD R ADH
C AR
n = int( (xmax — xmin) / xstep):
(xmax — xmin) / xstepAMERZEIZKY 3.99999... &lEof=15E.
AE(Lint() =4 £ THRLLIDIZ, 3 ElEH>TLEDS
B I
eps = 1.0e-6
n = int( (xmax — xmin) / xstep + eps):
(xmax — xmin) / xstepMFREICKYEARF T OEHELY /NG -TH.
REMNepsKY/PEITFNIX RREAFLTLAERENFEOoND



Precision and errors in computer

Data bit width (¥#—4£&): Determine the upper limit of precision
=> Roundoff (rounding) error Gh&iaz)

Other error sources

* Overflow FE#ELBRE, THSh):
e.g. by summation between large integers (s B 2 2B H 0O -18)
<~ underflow
(overflow and underflow can be detected by CPU / software
but may deteriorate calculation speed)

= Roundoff error (#i%53&#): By subtracting very similar values
ex: for 4 digits calculation:
5v41 — 32 ~ 5%6.403 — 32.00 = 32.015 — 32.00 = 32.02 — 32.00 = 0.02
The given values have 4 significant digits
but the result has only 1 significant digits
Avoid subtraction between similar values
= Loss of trailing digits (i&$%5%):
by summing / subtracting between largely-different values
ex: 1000 + 1.456 = 1001 (The initial significant value of .456 is lost)



Errors in calculation process

- Overflow (summing large values)
- Underflow (huge numbers of summing up small values)
- Rounding error
* Information buried ({§1E;:%)
* Truncation error T¥IViEE)
To sum up values slowly approaching to zero:
= Tailor expansion (+—>—EB)
= Summation of Coulomb energy (CoulombT#JLF¥—DH)
Need to terminate the summation if calculation time has
limitation or the result reaches the required precision
GtEREEDEGREICKLT, ECOTHEZITEYIS)

= Convergence error (IR E)

The required precision (often expressed EPS) is given to judge
the termination of iterative convergence calculations

= Errors originating from physical model (BEF/IL DR E)



Information buried (i§##RiF:%)

Program: python information_buried.py
e.g., calculate exp(-40) by exp(x) = ).,,—¢oX"/n!
Exact value 4.24835425529159x10-18

N : N ox%/n! 1.0/3N_(—x)"/n!
Summing up large values with 0: 1
opposite signs results in 1: -39 0.024390244
significant errors (E&»%%&$ 3% 2 761 0.0011890606
REGMOMERDHITBENAEC 18 7.3620174e+12 5.290335e-14
8) 19 : -1.5234693e+13 2.4096905¢-14
‘ 20: 2.9958728e+13 1.153502¢e-14
21 -5.6123978e+13 5.7878667¢e-15
Better to add positive values 221 1.0039003e+14 3.0368438¢e-15
only 23 s -1.71£I30825e/+14 | 1.6625449¢-15
oN n _ um up large +/- values

A= 2n=o(=X)"/nE(fx<0) 29 1 36516440400 4.2483543¢-18
, and take - = exp(—40) 115: 5.8811462 4.2483543¢-18
116: 5.8811665 4.2483543¢-18

Well converged,
but 18 digits of error!!



Numerical differentiation
BEM S



Fundamental of numerical analysis:
Differential => Difference (&4 %)

Differential #4) % => approximated by difference (#4) i—z

The following terms will often appear.

Difference &S Ax=x—x;,Ay=Yy;—Y;
Divided difference (s : 2

Forward difference (g4 z z::i z (2; < Xp11)
Backward difference (#:g#4): 2 z:i' = @ <x)

Central difference  (dibgsy): 221
Xi+1—Xi—-1

(Xiv1 —X; =X — X1 = h > 0)



Numerical differentiation (#iE#4s)

To calculate by computer,
replace the dlfferentlal ‘d’ with finite difference ‘A’ (for small AX)

df (x) h.ﬂx+m fO) Af(x)  flx+h)—fx) fx+h)—fx)
dx h>0 (x+h)—x Ax  (x+h)—-x h

Accuracy can be improved by decreasing h

< But limited by the error of cancellation of significant digits
at least h > 0.01v (v: a representative value to be handled)

32bit floating point (~7 digits) : h > 10V (should be much larger)
64bit floating point (~16 digits): h > 10-1*v (should be much larger)

2
f(x+h):f(x)+df(x)h+%d 12, o(h?)
f(x+h)—f(x):df(x)+1d2fgx)h+o(h2) Error o h!

h dx |2 dx° — (Difference error,

EHRE)



Numerical differentiation: Effect of h
f@) =3

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1
1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9

2

f(x)

df /dx = 3x*
h= 1
dfx)/dx  Af(x)/Ax

0 0 1
0.001 0.03 1.33
0.008 0.12 1.72
0.027 0.27 2.17
0.064 0.48 2.68
0.125 0.75 3.25
0.216 1.08 3.88
0.343 1.47 4.57
0.512 1.92 5.32
0.729 2.43 6.13
1 3 7
1.331 3.63 7.93
1.728 4.32 8.92
2.197 5.07 9.97
2.744 5.88 11.08
3.375 6.75 12.25
4.096 7.68 13.48
4.913 8.67 14.77
5.832 9.72 16.12
6.859 10.83 17.53
8 12 19

0.1

0.01
0.07
0.19
0.37
0.61
0.91
1.27
1.69
2.17
2.71
3.31
3.97
4.69
5.47
6.31
7.21
8.17
9.19
10.27
11.41
12.61

0.01

0.0001
0.0331
0.1261
0.2791
0.4921
0.7651
1.0981
1.4911
1.9441
2.4571
3.0301
3.6631
4.3561
5.1091
5.9221
6.7951
7.7281
8.7211
9.7741
10.8871
12.0601

0.001

0.000001
0.030301
0.120601
0.270901
0.481201
0.751501
1.081801
1.472101
1.922401
2.432701
3.003001
3.633301
4.323601
5.073901
5.884201
6.754501
7.684801
8.675101
9.725401
10.8357
12.006

1.00E-06

1E-12
0.0300003
0.1200006
0.2700009
0.4800012
0.7500015
1.0800018
1.4700021
1.9200024
2.4300027
3.000003
3.6300033
4.3200036
5.070003899
5.8800042
6.750004499
7.680004799
8.6700051
9.720005399
10.8300057
12.000006



How to Improve accuracy?: Average

dfx) fx+h) =) Asymmetric equation with respect to ‘x

dx h
flx+h)—fx) _

df (x)

1d*f ), 1d°f(x ) )2

+ 0(h%)

Error: n

dx +2 dx? +3' dx3

1st order error (hizBLT—XRMDEE)

Average => Symmetric formula: Three-point formula (354, &1 A81)

) (f&x+h=f&) f&)=fx=h) /2 _Jf&x+h)—fx—h)
dx h h 2h
1d2 1d3

PO S (o I L (Co PR L PR

df(X) 1d2f(x) 1 d°f(x) 4

Fee—h) = f() - F St = S 4 O(h)

+ h) — —h) d 1d3
Error: J&FD S =D _JO) LT/ s + 0(h®)[ 2"d order error
2h dx 3' dx3 — > o o

x h* (ZRDRE)



How to improve accuracy?: Take average

df (x) fx+h)—f(k) af(x) f(x)—f(x—h
dx h dx h
Asymmetric equations with respect to ‘x’

df@) &+ =70 f&)-fx=h) /Z_f(x+h)—f(x—h)
dx h h - 2h
Symmetric equation, better

f(x) = x3 df(x)/dx = 3x?
h=

1 1 0.01 0.01
X f(x) dfp/dx  (focrh)-fe0)h - (focrh)-f(x-h))/(2h) (fx+h)-f(x))/h (f(x+h)-f(x-h))/(2h)

0 0 0 1 1 0.0001 0.0001
02 0008 0.12 1.72" 1.12 0.1261 0.1201
04 0064  0.48 2.68" 1.48 0.4921 0.4801
06 0216  1.08 3.88~ 2.08 1.0981 1.0801
08 0512  1.92 532 2.92 1.9441 1.9201

1 1 3 77 4 3.0301 3.0001
12 1728 432 8.92" 5.32 4.3561 4.3201
14 274 588 11.08~ 6.88 5.9221 5.8801
16 409%  7.68 13.48" 8.68 7.7281 7.6801
18 582 9.72 16.12" 10.72 9.7741 9.7201

2 8 12 197 13 12.0601 12.0001



Higher order formula
Three-point formula GRAR)

r@ = lznaen-gra-n}
+ éjm(aEJr---

Five-point formula GRAR)

1

vy = LI 1 2 2 )
f@ = h{ /(@ 20+ Sfa ) = S fa =i+ /(=20

| ,
— 0 4.
+ 30]‘( (a)h™ +

Seven-point formula (7R A X)
r@ = 3 {gfes - g Jasi - 3fa-n

3 |
+ %f(a—Zh)—@f(a—3h)}
|

_|_
140

f(—/)(aﬁ + .-



Numerical error
Analytic solution (f&##2):

d
7 EXP(X)
x=1
N 4iy 2-point
1 0.5 8.09E-01
2 0.25 3.70E-01
3 0.125 1.77E-01
4 0.0625 8.67E-02
5 0.03125 4.29E-02
6 0.015625 2.13E-02
7 0.007813  1.06E-02
8 0.003906 5.32E-03
9 0.001953 2.66E-03
10 0.000977  1.33E-03
11 0.000488 6.64E-04
12 0.000244  3.32E-04
13 0.000122 1.66E-04
14  6.1E-05 8.30E-05
15 3.05E-05 4.15E-05
16 1.53E-05 2.07E-05
17 7.63E-06  1.04E-05
18 3.81E-06 5.18E-06
19 1.91E-06 2.59E-06

exp(1.0) = 2.71828182845905

3-point

1.15E-01
2.84E-02
7.08E-03
1.77E-03
4.42E-04
1.11E-04
2.77E-05
6.91E-06
1.73E-06
4.32E-07
1.08E-07
2.70E-08
6.75E-09
1.69E-09
4.19E-10
1.06E-10
1.92E-11
-9.94E-12
-9.94E-12

5-point

-5.83E-03
-3.57E-04
-2.22E-05
-1.38E-06
-8.64E-08
-5.40E-09
-3.38E-10
-2.11E-11
-1.37E-12
-1.23E-13
-8.42E-13
-2.36E-13

1.28E-12
-2.36E-13
-5.09E-12
-7.51E-12
-1.48E-11
-4.87E-11
-2.93E-11

7-point

3.18E-04
4.80E-06
7.43E-08
1.16E-09
1.81E-11
2.64E-13
4.44E-15
-7.90E-14
-3.51E-14
-3.65E-13
-5.70E-13
7.04E-13
5.92E-13
-1.93E-12
-1.69E-12
1.63E-11
3.64E-12
-9.94E-12
-2.18E-12



Program: diff_order.py

Analytic solution (f&#£2):

d
— exXp(X
dx p(x) %exp(x)| » :exp(l.O) = 2.7/1828182845905

x=1

run: python diff_order.py

—— Af/Ax (2-points)
3.4 1 AffAx (3-points)
% 321 —— Af/Ax (5-points)
3 —— Af/Ax (7-points)
3.0 7 df/dx (exact)
2.8

T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5

h

10-1 - —— error (2-points)
_ _ error (3-points)
-E 1074 —— error (5-points)
[, A e £ .
. 10-7 4 Wihen, W error (7-points)

L ..:l.-" i- / i

g“ 1010 - ks ‘v’.*?._'-._;:mw
= e 1 l_lr‘“-/“* .

10713 - L AoV S

10-* 107 102 103 10-1



Richardson extrapolation differentiation
(UFr—kVoE5t)
FHFIEH, FORTRAN 77 BEFHET DY I307 | HiREIE (1987FBHR)
- Start from the three-point formula (g2 Bl]), and then
Iteratively repeat the following formula that updates the

calculation precision until a required precision will be satisfied.

(PRAMGHREL, BROWZITHETHSLXZBBMISERL.
ERBEZH-TETRYIEY)

1. Calc by three-point formula D,© = (f(x+h) — f(x-h)) / (2h) at
the x mesh h = h,,

2. Reduce the mesh to a half h, = (1/2)%h, and the calculate D,*)
by the three-point fomula.

3. Calculate next quantity

o o _4" D, """ -D,,"
" 4™ -1

4. Iteration will be terminated if |D,(® — D, ;| becomes smaller

than the required precision.




O© 00 ~NO Ol & W DN PP
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Numerial error

Analytic solution (f&##2):
exp(1) = 2.71828182845905

X=1

2-point
0.5 8.09E-01
0.25 3.70E-01
0.125 1.77E-01
0.0625 8.67E-02
0.03125  4.29E-02
0.015625 2.13E-02
0.007813  1.06E-02
0.003906  5.32E-03
0.001953  2.66E-03
0.000977  1.33E-03
0.000488  6.64E-04
0.000244  3.32E-04
0.000122 1.66E-04
6.1E-05  8.30E-05
3.05E-05  4.15E-05
1.53E-05 2.07E-05
7.63E-06  1.04E-05
3.81E-06  5.18E-06
1.91E-06  2.59E-06

3-point

1.15E-01
2.84E-02
7.08E-03
1.77E-03
4.42E-04
1.11E-04
2.77E-05
6.91E-06
1.73E-06
4.32E-07
1.08E-07
2.70E-08
6.75E-09
1.69E-09
4.19E-10
1.06E-10
1.92E-11
-9.94E-12
-9.94E-12

5-point

-5.83E-03
-3.57E-04
-2.22E-05
-1.38E-06
-8.64E-08
-5.40E-09
-3.38E-10
-2.11E-11
-1.37E-12
-1.23E-13
-8.42E-13
-2.36E-13

1.28E-12
-2.36E-13
-5.09E-12
-7.51E-12
-1.48E-11
-4.87E-11
-2.93E-11

7-point

3.18E-04
4.80E-06
7.43E-08
1.16E-09
1.81E-11
2.64E-13
4.44E-15
-7.90E-14
-3.51E-14
-3.65E-13
-5.70E-13
7.04E-13
5.92E-13
-1.93E-12
-1.69E-12
1.63E-11
3.64E-12
-9.94E-12
-2.18E-12

Richardson extrapolation

-3.57E-04

2.06E-09

-1.38E-14

-3.11E-15

4.52E-13
1.69E-12



For non-constant h; = x;.1 — X;

Rough method: Take average
(maybe good but not best)

, 1Ivi—Yo Yo—Y-1
2 — — x_
X, Vi X1 —Xo Xg— X1

Polynomial method: Lagrange polynomial (5>45>22%1E%)

Ph_1(x) = f(xg)Po(x) + f(x1)p1(x) + - f(xp—1) Pp—1(x)

n-—1

N [Mezix —x) (x — x)
$i0) = [Thz; G — xi) B r (x; — x)

(x) = (x — x0)(x — x1) (x —x_1)(x — x1) (x —x_1)(x — x0)
Y V-1 (-1 —x0)(x_1 — x1) Yo (xg —x-1)(xp — x1) % (x1 —x-1)(x1 — x0)
, 2x — (xg + x1) 2x — (x_1 + x1) 2x — (x_1 + xp)

y(x) =y-1

(-1 —x0)(x_1 — x1) Yo (x9 — x-1) (%0 — x1) % (x1 —x_1)(x1 — xp)



Second differential (ZB&#%)

If calculate 29 differential using forward differences both for the

15t and the 2nd differentials ...
(—EBMR T EEN CAEL T MOz EEN Tt E T 5L )

d2x(t) G (t+an -F©

dt? At
xX(t+2A0)—x(t+At) x(t+At)—x(t)
At - At _ x(t+2At)—-2x(t+At)+x(t) (1)

At At?
If use backward differentials only for the 15t differentials

(but logically inconsistent):
x(t+A)—x(t) x(t)—x(t-At)

d’x(t) At At
dt? At

d?x(t) x(t+A4t)-2x(t)+x(t—At) ,
dt? At? (2)

Symmetric formula w.r.t. t + At and t — At Is obtained

(t+ At t— At IZTDWVTHFRZESAAEN ., FFEN LHD)
Note: x value of eq. (1) is shifted by one At from eq. (2)
(eq.(1) TIX. BEA AV EDRT N TNDIDITFEENEL D)



— &5

— WA EMFED CHEL T RS E5tE T 5L -

dx dx
d2x(t) ) a(’[+At)—a(t)
dt’ At
X(t+At)—x(t) x(t)—x(t—At)
At - At ~X(t+ 2At) = 2x(t + At) + X(t)

~

At At?
BHEMOTIE EENt+ At t—At [ZDVWTHIRIZEAXEIND
X(t+At)—x(t) x(t)—x(t—At)
d*x(t) At At
dt” At
~ X(t+At) = 2x(t) + X(t - At)

At?
2DONDRTlE. MLV EDTNEHIDTIEE !




Second differential by central differences

dx dx
dzx(t) _ ar (t + At) ~dr (t — At)
dt? 2At
x(t+2At)—x(t) x(t)—x(t—2At)
SAL - AL _ x(t+2At)-2x(t)+x(t—2At)

2At (2At)2

~y

d?x(t)  x(t+At)—2x(t)+x(t—Atr)
dez2 Atr2

Symmetric formula w.r.t. t + At and t — At is obtained
(t+ At t — At IZDWVTHRFRZES NI, FBEHL LA D)

Note: x value of eq. (1) is shifted by one At from eq. (2)
(eq.(1) Tl&. EEMN ALV ED DTN TVST=DIZHEENEE D)



Numeral integration (quadrature)
MIEMS (RHE)



Numerical integration (#{Ef&%)

How to calculate F (X) = J'X g(x')dx' by computer
X

Replace integral with summation of small mesh area
(&5 & TEZ#RZD)

[ g0e)dx= Y glx

Derivation from difference approximation (Z4=XhMo0EH):

df (x)  f(x+h)-f(x) _F(x+h)-F(x)
dx h » 900 h

F(x+h)=F(X)+g(x)h=F(x=h)+[g(x)+g(x-h)]n

:)?Z;g(xi)h




Rieman integral (Riemani%)

[ g0xydx=>"g(x)n
° i=0
X, =X, +1h
g(x’)
Xy X1 X, X, X’

Asymmetric formula:
monotone increasing g(x) => Underestimation (x&/]>&§E{il)
monotone decreasing g(x) => Overestimation (BX5E4)



Take average: Mid- pomt formula (4 s 8l)

[ g00)dx= zn:g(“xljh/ \

2

=X, +1h \
1Y,

Xg X1 X, Xn x’
Necessary to know g(x) at (X+Xi_)/2.

=> Unavailable for g(x) given only by numerical data
QX)DBUET—2TEZALN TS EIXFEZLLY)



Trapezoid formula (&#2=)
X B X+ X, EERNSEE ., Fortran77(C kA 8EETE
L g(x)dx'=Y gl -2 |h SN VIR IT, AERR S (ERLE)
0 i=0 2 n

I I N
g(xi-l_zxil _g(x)+9(x) \ E % E;f (Xi)

2
J:; g(X')dX': i g(xi) +2g (Xi+1) h

g(x’)

Xo X1 X Xn x’



Simpson formula

1. Approximate by - g(%) ~ 9(%)+a (X =) +a,(X —X,);
and determine a; so as to reproduce f(x,), f(x,), and f(x,).
(X; = X; — h, X{, X + )

2. Integrate the above approximation analytically
for a range x = X, ~ X, + 2h:

I:Q(x')dX"‘ %h[g(xo) +49(%) +9(x;)]

3. For multiply divided range (X = X, ~ X, = X, + nh):

Jxxong(x')dX"‘ g[g(xo)+4g(x1) +20(%,) +49 (%) +29 (%) +-+ g (x,)]



Derivation of the Simpson formula

1. Approximate by - g(x) ~ 9(%)+a (X —%)+a,(X —X,);
and determine a; so as to reproduce f(x,), f(x;), and f(x,).
(X; =X, — h, X{, Xy + )

_ g(xz)_g(xo) . g(Xz)—Zg(X1)+g(XO)
# AT %= oh?

g(xo) - g(Xl) - aih + azh2
g(x,) ~ 9(x)+ah+a,h’

j g(X)dX g(X)X +;g( 2) g(xo)(x _X)2_|_1|:g(X2) Zg(xl)+g(x )jl(x _X)

2h 2h*
1906)=9(%) (, 2, 1/ 9(X%)=29(%)+9(%) |,
{ (X)X, +§ o (X, — %) 3{ ™ }(x x)}
:Zg(xl)h+2|:g(xz)_zgéxl)+g(xo):|h
— %[g (X,)+4g(x)+ g(xo)] FriEEh i, BERET AP, 0%t

Error < ‘f(“) )(
180



Comparison of numerical integration
g(x) = x?

X ._1 3
jo g(x)dx—gx

X g(x) Exact Rieman Trapezoid Simpson
0 0 0 0 0 0
0.2 0.04 0.0027 0 0.004

0.4 016 0.0213  0.008 0.024 0.021333



Series of Newton-Cotes formula

Trapezoid formula (&#z81)
[ £ (x)dx = h{l s f2}+0(h3f”)
X 2 2 -
Simpson formula (Simpsonl)
" 1, 4, 1
L f (x)dx = h{s f1+§ f, +3 f3}+0(ﬁ’f(4))

Simpson’s 3/8 formula (Simpson@3/88l)
% 3, 9. 9. 3
L f(x)dx:h{8 f1+8f2+8f3+8f4}+0(h_5f(4))

Bode/Boole-Vilarceau formula (Bode/BooleHl)

X5 14 64 24 64 14
f(x)dx=hl—f +—f,+—f,+—f,+—f, |[+O(h"f©®
J, fe {451452453454455} &)



Rieman/Trapezoid formula are better than

Simpson formula for infinite-range integration
SimpsonBll &Y E#F/ S A DHEHRLY

co

h
| gG)dx ~319Gr) + 4g(r) + 2 (x2) + 4gxs) + 29 (i) + -+ g o)

For infinite-range integration (-co ~ o), X, and x,, are not essential.

o0 h
j_ g(xHdx’ ~3 lg(x-1) +4g(x0) + 2g(x1) + 49(x2) +29(x3) + -+ g(xXp-1)]

also provides the essentially the same result.

[ 90x)ox- 2[0.59(x_1)+2.59(Xo)+3g(><1)+39(><2)+39(X3)+39(X4)+'“+0'59(Xn)]

Considering g(x_,) and g(x,,) are negligible for infinite integration

leads to .
J; 9 0)dx~ hlgx) + 906) + 006) + 9 0) 4+ 9 (x, )]

, which is the same as the Rieman sum and the trapezoid formula.
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1.0 1

0.9 1

0.8 1

Program: integ_order_h.py

! 1 ! !
g(x") = exp(—x2), [0 g(x")dx" = erf(x;) — erf(x)
[Xo: X;] = [0, 1.0], exact = 0.746824132812427
Run: python integ_order _h.py 0 1 18 gauss

—— Rieman

ff” —— Trapezoid
e —— Simpson
— —— Bode
e
T exact
..... - _
I I 1 I I :
0.0 0.2 0.4 0.6 0.8 1.0
h
e e— - s - __-""'--
l___-___r - -d__d_..r"f/_/"‘
T -___'_..- -/
_—" _~—— Rieman
'_,H"'x .~ —— Trapezoid
o - —— Simpson
———— __.:-'_ _ ‘ . Bode
T """|‘ Tl T L MR AL
1073 104 103 102 10-1 100

Trapezoid approx. is
better than Rieman sum
for asymmetric function
over finite range



Program: integ_order_h.py

! 1 ! !
g(x") = exp(—x2), [0 g(x")dx" = erf(x;) — erf(x)
[Xo, X;] = [-1.0, 1.0], exact = 1.493648265624854
Run: python integ_order _h.py -1 1 18 gauss

1.6 - —
1.4 - -
—— BRieman
P - Trapezoid
104 —— Simpson
—=— Bode
0.8 - exact
0.0 0.5 1.0 15 2.0
h
102
J— 10—5 - -
3 _ | Trapezoid approx. is better
v 1078 —" - —— Rieman .

O o . Trapezoid | than Rieman sum also for
PRV 7 — Smesen | symmetric integration
e e e reee————————  OVET fiNite range

1073 107 1073 1072 1071 10°



Program: integ_order_h.py
g(x") = exp(—x?), [0 g(x)dx' = erf(x;) — erf(x,)
[Xo, X,] = [-5, 5], exact = 1.772453850902791 (~+/7)

Note: The range [-5, 5] is virtually equivalent to infinite integration range

as exp(-25) can be negligible

Run: python integ_order_h.py -5 5 12 gauss

|S - S_ex|

lD—] 4
lD—S 4
lD—E 4

lﬂ—lEl i

—— Rieman
—— Trapezoid
—— Simpson
T
0 2 4 6 8 10
h

—— Rieman

—— Trapezoid

—— Simpson

—— Bode

T T T T | T T T T T T T T | T T T T T T T I|
102 101 10° 101

Simposon method looses
accuracy for integration
over infinite range



Features of other numerical integrations

Newton-Cotes formula: Analytically integrate approximated
polynomial that exactly takes g(x) with uniform integration points.
(EREREENEIL. EEN HEZBLZERX TRLULTRITMICES T 5)
= Trapezoid formula (first order) (&#81, —&=)
= Simpson formula (second/third order) (Simpsonfll, Zx=. =X =X)
= Bode/Boole formula (fourth order) (Bode/Bool8l, /@ =)
Maximize precision by optimize both weights and integration points
GIERUELZHTRENZRKIZELKLIIZT D)
(High precision, Non-uniform points & E XS0, 5 SRR TEL))
= Gauss-Legendre formula
= Gauss-Chebyshev formula
Interpolation type (##Ri%!) (Better precision?)
= Spline integration (R7S 125
Extrapolation type (#4+2) (Controlled precision)
= Romberg integration (B> /A\—45'#& %)
Variable conversion type (Z#z#2) (better for infinite integration,
anomaly points &RES CEESESTEDITHR)



Gauss-Legendre method

FHE#, NFRE, A BIEFE, A —Lt (FBHIS8EF)

= Choose n integration points x; and weights w; so as to minimize

the integration error by (2n-1) order polynomial.
AN EBEICNEDESREESR. B REEAD 2nHD/NTA—4%
f(x) A 2n-1)RDLZERIZ—FT BL5(C BB,

= Can integrate a function with anomaly points.
IMREEFEVDT, EARERICHERESNH-TLIHETES

= Best accuracy for good functions in finite integration range.
FRXETHTNGEBOES TERVEENSL

- Integration points x; are given as the zero points of

L_egendre polynomial.
S EldLegendreZIERDE/ R

d" ,
P (0= 2“1 ! dx” =S =0

2(1-x?) S = Z F(x)w,
W, = > > i=1
(n+1)°[P,..(x)]




Gauss-Legendre method:

Fractional coordinates (%' &)
Four points formula (4 mR2A)
—0.861136311594052575223946488892
—0.339981043584856264802665759103
+0.339981043584856264802665759103
+0.861136311594052575223946488892
Five points GRAR)
—0.906179845938663992797626878299
—0.538469310105683091036314420700
0
+0.538469310105683091036314420700
+0.906179845938663992797626878299
Six points (6 RA)
—0.932469514203152027812301554493
—0.661209386466264513661399595019
—0.238619186093196908630501721680
+0.238619186093196908630501721680
+0.661209386466264513661399595019
+0.932469514203152027812301554493
Seven points (7 RAR)
—0.949107912342758524526189684047
—0.741531185599394439863864773280
—0.405845151377397166906606412076
0
+0.405845151377397166906606412076
+0.741531185599394439863864 773280
+0.949107912342758524526189684047

fractional coordinates and weights (5 :

Weight (2R E)

0.347854845137453857373063949221
0.652145154862546142626936050778
0.652145154862546142626936050778
0.347854845137453857373063949221

0.236926885056189087514264040719
0.478628670499366468041291514835
0.568888888888888888888888888888
0.478628670499366468041291514835
0.236926885056189087514264040719

0.171324492379170345040296142172
0.360761573048438607569833513837
0.467913934572691047389870343989
0.467913934572691047389870343989
0.360761573048438607569833513837
0.171324492379170345040296142172

0.129484966168869693270611432679
0.279705391489276667901467771423
0.381830050505118944950369775488
0.417959183673469387755102040816
0.381830050505118944950369775488
0.279705391489276667901467771423
0.129484966168869693270611432679

)

Y-

[t




Error of numerical integration:

Monotone increasing function
S = _[ exp(x)dx Exact: exp(1) - exp(-1) = 2.3504023872876

i Order 3
nDivide Rieman Trapezoid Simpson i;gnpson Bode Romberg Cubic Spline Gauss-
Legendre
1 1.61E+00 -7.36E-01 -7.36E-01
2 9.83E-01 -1.93E-01 -1.17E-02 -1.17E-02 6.55E-05
3 6.97E-01  -8.64E-02 -5.25E-03
4 5.39E-01  -4.88E-02 -7.92E-04 -6.85E-05  -6.85E-05 7.19E-03 1.13E-06
5 4.39E-01  -3.13E-02 3.75E-03
6 3.70E-01 -2.17E-02 -1.59E-04 -3.53E-04 2.35E-03 1.01E-07
7 3.20E-01  -1.60E-02 1.54E-03
8 2.82E-01 -1.22E-02 -5.06E-05 -1.18E-06  -1.07E-07 1.07E-03 1.81E-08
9 2.51E-01 -9.66E-03 -7.08E-05 7.73E-04
10 2.27E-01  -7.83E-03 -2.08E-05 5.77E-04 4.75E-09
11 2.07E-01  -6.47E-03 4.41E-04
12 1.90E-01  -5.44E-03 -1.00E-05 -2.25E-05 -1.05E-07 3.45E-04 1.59E-09
13 1.76E-01  -4.63E-03 2.75E-04
14 1.64E-01  -4.00E-03 -5.43E-06 2.23E-04 6.32E-10
15 1.53E-01  -3.48E-03 -9.25E-06 1.83E-04
16 1.44E-01 -3.06E-03 -3.18E-06 -1.88E-08  -4.21E-11 1.52E-04 2.84E-10
17 1.36E-01  -2.71E-03 1.28E-04
18 1.28E-01  -2.42E-03 -1.99E-06 -4.46E-06 1.08E-04 1.40E-10
19 1.22E-01  -2.17E-03 9.27E-05
20 1.16E-01  -1.96E-03 -1.30E-06 -4.95E-09 7.99E-05 7.45E-11
32 -3.55E-15



Extrapolation method: Romberg integration

FHE#, NFRE, A BIEFE, A —Lt (FBHIS8EF)

Good for finite range integration without anomaly points
= Start from the Trapezoid formula, and sequentially apply higher

order Newton-Cotes precision formula.
(BEREIMGHEFEL. XD =—a—btr-O0—YEIZHYETHIAREZBHNIER
L. BERFBEZH-TFTHITH)

1.

2.

3.

Integrate by the Trapezoid formula in [a, b] with the mesh h,
=> S0
Decrease mesh to h; = (1/2)h, and integrate all the range
=> 310
Decrease mesh to h, = (1/2)h,_, and integrate all the range
=> S, ,, and calculate S, 4(d=1,2, ---, k) by
g - 4d Sk,d—l o Sk—l,d—l

- 4% 1
S, Will be the approximated integration values.
Stop If [Sy  — S,.1 k1| becomes smaller than the required
accuracy.




Error of numerical integration:

Monotone increasing function
S = _[ exp(x)dx Exact: exp(1) - exp(-1) = 2.3504023872876

i Order 3
nDivide Rieman Trapezoid Simpson i;gnpson Bode Romberg Cubic Spline Gauss-
Legendre
1 1.61E+00 -7.36E-01 -7.36E-01
2 9.83E-01 -1.93E-01 -1.17E-02 -1.17E-02 6.55E-05
3 6.97E-01  -8.64E-02 -5.25E-03
4 5.39E-01  -4.88E-02 -7.92E-04 -6.85E-05  -6.85E-05 7.19E-03 1.13E-06
5 4.39E-01  -3.13E-02 3.75E-03
6 3.70E-01 -2.17E-02 -1.59E-04 -3.53E-04 2.35E-03 1.01E-07
7 3.20E-01  -1.60E-02 1.54E-03
8 2.82E-01 -1.22E-02 -5.06E-05 -1.18E-06  -1.07E-07 1.07E-03 1.81E-08
9 2.51E-01 -9.66E-03 -7.08E-05 7.73E-04
10 2.27E-01  -7.83E-03 -2.08E-05 5.77E-04 4.75E-09
11 2.07E-01  -6.47E-03 4.41E-04
12 1.90E-01  -5.44E-03 -1.00E-05 -2.25E-05 -1.05E-07 3.45E-04 1.59E-09
13 1.76E-01  -4.63E-03 2.75E-04
14 1.64E-01  -4.00E-03 -5.43E-06 2.23E-04 6.32E-10
15 1.53E-01  -3.48E-03 -9.25E-06 1.83E-04
16 1.44E-01 -3.06E-03 -3.18E-06 -1.88E-08  -4.21E-11 1.52E-04 2.84E-10
17 1.36E-01  -2.71E-03 1.28E-04
18 1.28E-01  -2.42E-03 -1.99E-06 -4.46E-06 1.08E-04 1.40E-10
19 1.22E-01  -2.17E-03 9.27E-05
20 1.16E-01  -1.96E-03 -1.30E-06 -4.95E-09 7.99E-05 7.45E-11
32 -3.55E-15



Problem for integration with anomaly points
FEREZELHEDOME)

F(X) = j g(x')dx

g(x) =V1- X2

™~

Very large errors for large |f°(X)| / |[f > (X)|



Variable conversion type: Double exponential
type formula @&szms: —siEgEgR o)

FHZEH, NHFTE, AM BIESE, A —Lt (FEFI585)

Good for integral including anomaly points at the ends

and for infinite range
mRICHERDOHHES . BRESICHEN

Finite range integral is converted to the infinite range

(-00, 00) by variable conversion
BREBESIDEEIL. ERERICKYERIEDICT S

Calculate by the Trapezoid formula

S=hY" f(g(nh)}g'(nh)

N=—00



Iri-Moriguchi-Takasawa (IMT) formula
FE-FO-SR(IMT)D A

. _ - PEHRE NGSE AP RIEHE, A —Lit (BR84S
Good for finite range integral including anomaly points at the ends

and for infinite range

By variable conversion (ZE £ Z5 #2)
Lo 11 w2 Leog 11
x:¢(u)=6joexp(—f—ﬁjdt ¢(u)—Qexp( : 1_J

Q= [lex {1 Jit = 0.00702985841

an integral of f(x) Is converted to e
[T (0dx = [ f (#u))g (u)du
, and then calculate the integral by the Trapezoid formula
1. Converttherangeto[0,1]byx=(x’-a)/(b-a)
jb f(x)dx' = (b-a)[ f(x)dx

2. Calculate integ. Points x, = ¢(k/n) and weights w, = ¢’(k/n)

n-1
3. Calculate 1 =h) f(x)w, (h=(b-a)n)
k=1



Iri-Moriguchi-Takasawa (IMT) formula
FE-ZFO-SR(IMT)O LR

FHZE#, DEFRE, A BRIEFE, A —Lt (FBHI585E)

nh 1.2
X, =¢(nh) = %IO exp(— 1 iJdt 1

t 1-t
Q = 0.00702985841 gi
04
0.2
0
0 0.2 0.4 0.6 0.8 1

nh



Variable conversion type: Double exponential
type formula Esizms: - siEsEsEAR)

FHZEH, NHFTE, AM BIESE, A —Lt (FEFI585)

For [ f(x)dx

r o coshnh
X, = @(nh) = tanh[zsmh(nh)} ¢'(nh) = 2 cosh *((= /2)sinh nh)

For wa(X)dX
x = @(nh) = exp{ smh(nh)} ¢(nh)_—cosh nhexp( sinh nhj

For jo f (x)dx where f(x) includes exp(-x) type factor
x_=g@(nh) = exp{% (nh—exp(—nh))} ¢'(nh) = (1+ exp(— nh))exp( (nh—exp(—nh)j

For [ f(x)dx
X, =@(nh) = smh[ smh(nh)} ¢'(nh):%cosh nhcosh(%sinh(nh)j



Integ. Points of double exp formula
—ERHEHELAKXDES R

FHZE#, DFRE, A BRIEFE, A —Lt (FBHI584)

Xn
For [ f (x)dx i
X, =g¢(nh) = tanh[ smh(nh)} 0
) 170 1 2 nh

X, 2
3 100
For | f(x)adx 80
X =@(nh) = exp[ smh(nh)} 40
20
0

For | f(x)dx 122 i J
X = @(nh) = smh[zsmh(nh)} o



Error for integration with anomaly points
S = [V1-x?dx Exact: n/2 = 1.5707963

Order 3

nDivid Rieman Trapezoid Simpson Simpson Bode Romberg Cul_3|c Gauss- IMT bouble
ed 3/8 Spline exp*
Legendre
2 571E-01 5.71E-01 237E-01 2.37E-01 2.08E-02 1.03E+00 1.5708035
3 3.14E-01 3.14E-01 1.57E-01 1.74E-01  -0.52993
4 2.05E-01 2.05E-01 8.28E-02 7.24E-02  7.24E-02 6.93E-02 7.24E-03 2.72E-02 0.1417235
5 147E-01 1.47E-01 5.26E-02 3.40E-03 -0.0288253
6 112E-01 1.12E-01 4.48E-02 5.47E-02 3.97E-02 3.92E-03 2.99E-03 0.0050382
7 8.90E-02 8.90E-02 3.17E-02 8.70E-04 -0.0007911
8 7.29-02 7.29E-02 2.90E-02 2.54E-02 2.47E-02 2.60E-02 2.54E-03 2.37E-05 0.0001138
9 6.12E-02 6.12E-02 2.96E-02 2.18E-02 7.98E-05 -1.55E-05
10 5.23E-02 5.23E-02 2.07E-02 1.87E-02 1.81E-03 4.90E-05 1.99E-06
11 4.53E-02 4.53E-02 1.62E-02 1.32E-05 -2.49E-07
12 3.98E-02 3.98E-02 1.57E-02 1.92E-02 1.38E-02 1.42E-02 1.38E-03 4.53E-06 2.82E-08
13 3.53E-02 3.53E-02 1.26E-02 8.86E-06 -6.05E-09
14 3.16E-02 3.16E-02 1.25E-02 1.13E-02 1.09E-03 6.87E-06 -3.54E-09
15 2.85E-02 2.85E-02 1.37E-02 1.02E-02 2.03E-06 -5.65E-09
16 2.59E-02 2.59E-02 1.02E-02 8.95E-03 8.62E-03  9.25E-03 8.93E-04 1.23E-05 -7.57E-09
17 2.36E-02 2.36E-02 8.45E-03 2.22E-06 -9.79E-09
18 2.17E-02 2.17E-02 8.54E-03 1.04E-02 7.76E-03 7.48E-04 1.05E-05 -1.22E-08
19 2.00E-02 2.00E-02 7.15E-03 1.21E-05 -1.48E-08
20 1.85E-02 1.85E-02 7.29E-03 6.40E-03 6.63E-03 6.38E-04 1.12E-05 -1.75E-08
32 3.04E-03 -5.18E-08

* IR B (X u =[-2.0, 2.0]



EREETCOAFH. IRILEX—

Fermi-Dirac% B % WREFREDIBRE T
fle) = 1 FEL-VIRREHD

exp(f(e—Eg))+1 IRILF—FRE
R R ////////»
2m(2m)3/2

N(e) = (2§ + DV —3—/e 2E+21
EEETOETY Nee
N = fooo N(e)f(e) de
BETFRONBMIRF—
U= e(k)N(e)f(e)de

N(e)f(e)

HIFH N [em2]IE
FRERDETE

0 0.5 1 1.5
Energy e (eV)

Density of/states (cm-3eV1)




Program: Calculate Ne in metal

Issue: How to integrate N(e)f(e) efficiently

- Wide integration range E =0 ~ E¢ + okgT ~ several eV (if precision is ~exp(-a))
= The range that needs precise calc is only around E.with a range akgT ~ 0.1 eV
* Function changes sharply around E, so integration mesh AE should be fine enough

(e.g., AE < akgT /100, 1 meV)

=> We should not the same AE throughout the entire integration range E =0 ~ E¢ + akgT

=> Divide integration range

(We can use the analytical form for the range 0 ~ E¢ — akgT)

Usage: python N-integration-metal.py 300 5.0 2E+21
Temperature at 300K, E=5.0eVT
Measure time by repeating for 300 times
1.5E+21
Precision 8digits (epsrel = 1e-8), a =6:
Integ. range Time for 300 repetition 1E+21

(1) 0 ~ Eg + akgT 0.109 #

(2) 0 ~ Eg— akgT 0.063 #

(3) Er— aksT ~ Ex + akgT  0.016 # 5E+20
30% faster for (2) + (3)
Using analytic form for (2) is 0

10 times faster

N(e)
f(e) x 102
N(e)f(e)

@ //

e

(2) (3)

0.5 1 1.5
Energy e (eV)



Program: Debye model of heat capacity

Oy Deb 3 v x'e _
C, =3Rf, T ebye eq fo(y) = ys-[ (X 1)2 dx Debye function

O (e

MIEFE D ZFH>TEHE: python @ scipyEZ 21— /LD quad B (BIGIERE) Z2E->THS
&5 . https://org-technology.com/posts/integrate-function.htmi

*zﬂﬁ?ﬁﬁ:\@%%ﬁ*ﬂr: http://conf.msl.titech.ac.jp/Lecture/python/index-numericalanalysis.html

python debye function.py300050010 |#® € > + Q = &
Debye temperature 300 K Debye function (TD=300 K)
Temperate range 0 — 500 K, 10 K step P
’E" 0.6
&
0 l[l){} 2 [I)O 3[:)0 :E)E} 560 6[|)0 TEI)O 800




Numerical solutions of

differential equations
MAAREXDBIEREE



Motion of planets — Analytical solution
(REDES - iFITHE)

2
d’r — mM r 240 _, l:aconstant, conservation of
dt® 2 r dt angular momentum

1 (drjz 12 GM
“m—1| +m _ _E
2 \dt 2m’r:  r

b

0)= I’
I’() 1+5COS(9—5) b:m—C £ =1+ 2E12 / mc?

Elliptic equations (A A=)

Long radius of ellipse a'=2b/(1-£?)

Short radius of ellipse b'=2b/~1-&2
Eccentricity (%) £aMOE#ER = V1+2E°/mc?
Close distance point (& s #E#k) q=a’(l-e) = bl(l+e)

Long distance point (i & i58¢) Q =a’(1+e) = b/(1-¢)
Period (/&%) T =2zyma’/c



Normalization of equation

(FRADRBIL/ERITIE)
d2 __gMMr
dt rer

Convert variables to T and R by representative constants t, and |,

t =T T r — | R 15, lp: Time and length specific to the system
0 Chose so that T and R will the the order of 1.0

E.g., for planet simulation

|0 d°R 1 mM R 7, = Revolution / Rotation period
m ) 5 -G 2 2 (N8R | BEsfEHA)
r,” dT Io R R |, = Revolution radius, Astronomy unit
for molecular dynamics (MD)
= MD time step

IO Bohr radius (atomic unit)

2 2
d |§:_G,m|\2/| R G':GTO
dT R R 3

IO



First-order diff. eq. : Euler formula (+45—%)

dx
— = f(x,t
" (x,t)

X(t+At)-x(t) _ f(t,x(t))

At

X(t+At)= x(t)+ At - f (t, x(t))

= Accuracy not good
- Asymmetric with respect to t, t+At



[llustrative image of Euler method

X(t + At) = x(t)+ At - x'(t)

X(t)

X(t + At)

X(t) —




First-order diff. eq. : Heun formula (r1>i%)
dx
— = f(t, x(t
- = ftx)

= Average the Euler formula at t and t+At

x(t+ At) = x(t) + %At[f(t,x(t)) + f(t + At, x(t + At))]

Problem: x(t+At) and f(t+At, x(t+At)) are unknown
=> Use X(t+At) by Euler formula
x(t + At)~x(t) + Atf (t) = x(t) + kg
k, = At- f(t, x(t))
k, = At- f(t+At, x(t + At))~ At- f(t+ At, x(t)+k,)

ko + k4
2

x(t + At) = x(t) +




Illustrative image of

dt

Heun method

O M= 1) Heun X+ AL = X(t)+ A Xy (1

Euleri& X(t+At)=x(t)+ At-x'(t)
f (x,t)
X'(t -+ At)
x(t+At) = X (£)+ x'(t+ At)]/ 2
[ =)
X(t) —
t t+At i



First-order differential equation

dx
=1 (x,t)
Euler formula: ky, = At - f(x(t),t)
x(t + At) = x(t) + kg
Heun formula: ky, = At - f(x(¢t),t)

Outline of program ki = At - f(x(t) + ko, t + At)

dt =0.01 x(t + At) = x(t) + k";kl

t0=0.0

x0=1.0

# dx/dt = dxdt(t, x)

def dxdi(t, X): 4 solve by the Euler formula # Solve by the Heun formula

FEWM -X*X  def diffeq_euler(diffifunc, t0, x0, dt): def diffeq_heun(diff1func, t0, x0, dt):
KO = dt * diff1func(t0, x0) KO = dt * diff1func(t0, x0)
x1 = X0 + kO K1 = dt * diff1func(tO+dt, x0+kO0)
return x1 x1=x0+ (k0O +kl)/2.0
return x1

x1 = diffeq_euler(dxdt, t0, x0, dt)
x1 = diffeq_heun(dxdt, t0, x0, dt)



Program: Euler vs. Heun methods
Usage: python diffeq_euler_heun.py x0 dt nt iprint_interval

python diffeq_euler _heun.py
& — _x2for xy = 1.0, At = 0.1,n, = 501

dt

1.0

1.0

—— Euler Eul
0.8 Heun 0.8 Heu
— exact exa
0.6 -
- = 0.6
-.; =
0.4 -
0.4 -
0.2 A
0.2 |
0 10 20 30 40 50 0
0.000 0.000
— Eul
—0.005 —0.005 1
. .
2 -0.010 £ -0.010 4
—0.015 - —0.015 1
0 10 20 30 40 50
0.0008 0.0008
—— He
0.0006 0.0006 1
. .
2 0.0004 £ 0.0004
o Eil
0.0002 0.0002 1
0.0000 T : ‘ . 0.0000
0 10 20 30 40 50 0




t
t=0.00
t=0.01
t=0.20
t=0.40
t=0.60
t=0.80
t=1.00
t=1.20
t=1.40
t=1.60
t=1.80
t=2.00
t=2.20
t=2.40
t=2.60
t=2.80
t=3.00
t=3.20
t=3.40
t=3.60
t=3.80
t=4.00
t=4.20
t=4.40
t=4.60

Program: diffeq2nd_verlet.py
Usage: python diffeq2nd_verlet.py

x(cal)
0.000000
0.010000
0.198673
0.389425
0.564652
0.717367
0.841484
0.932053
0.985463
0.999586
0.973858
0.909305
0.808501
0.675464
0.515499
0.334981
0.141109
-0.058388
-0.255558
-0.442539
-0.611878
-0.756823
-0.871595
-0.951620
-0.993706

x(exact)
0.000000
0.010000
0.198669
0.389418
0.564642
0.717356
0.841471
0.932039
0.985450
0.999574
0.973848
0.909297
0.808496
0.675463
0.515501
0.334988
0.141120
-0.058374
-0.255541
-0.442520
-0.611858
-0.756802
-0.871576
-0.951602
-0.993691

v(cal)
1.000000
0.999950
0.980066
0.921060
0.825334
0.696704
0.540299
0.362353
0.169961
-0.029206
-0.227209
-0.416154
-0.588509
-0.737400
-0.856894
-0.942226
-0.989994
-0.998294
-0.966795
-0.896752
-0.790958
-0.653631
-0.490246
-0.307315
-0.112133



First-order diff. eq. : Simpson formula o7y

f:g(x')dx* ~hlg (%) +4g(%) + 90%,)]= T ()~ F (%)

d
Solution of L— g(x) => 2 f(t x)
dx dt

X(t + 2At) = x(t)+%At[f ()+ 4T (t+AL)+ f(t+2At)]

Problem: x(t+At) and x(t+2At) are unknown
=> Use X(t+At) by Euler or Heun formula

k, = At- f(t, x)
X(’[+2A'[)=X(’[)+ko+4kl+k2 k, = At- f(t+Atx+k)
3 k, = At- f(t+2At, x +k, +k,)
Convert At to a half
K, + 4k, +K, k, =At- f(t+At/2,x+k,/2)

X(t+At) = x(t) + =

(
k, = At- f(t+At,x+(k, +k, )/ 2)
= > Runge-Kutta formula



First-order diff. eq. : Runge-Kutta formula
dx L T—0vB 0 3K)
—= = f(t,x)

dt d 1d? 1d°
X(t) X X X

+—At+——At +——At + -
dt 2 dt? 3! dt’
X(t)'l' pKy + 1K, + Ky + -
k, = At - f(t, x)
k, = At- f(t + o, At, X+ Sk, )

k, = At- T (t+a,At, X+ B,k + Bk, )

X(t + At)

X(t + At)

Determine w; and k; so as to get minimum error
Number of ki, n => n-stage formula
Formula of O(AtP) = 0 is called ‘order p formula’



3-stage 3-order Runge-Kutta formula
(BEX3RMRunge-KuttaZy =)

(t+ At)= x(t)+ o 4(';1 &

K, = At- T (t, )
K, =At- f(t+At/2,x+k,/2)
K, = At- f(t+At, x|+ 2k, —k,)

Different from Simpson formula
(ko + ky)/2

+0(h")

Different w; and k; can provide the same accuracy
(RICHEETESMYALTED)

"= At- f(t+At/4,x+Ax/4)
K, = At- T (t, )
<1=At-f6t+At/2,x+k*/2)
K, = At- f(t+At, x+k,)




4-stage 4-order Runge-Kutta formula
(AE% 4R DRunge-KuttaZ> ()

ko + 2ky + 2k, + ks
6

x(t+ At) = x(t) +

ko = At - f(t, x)

ki =At- f(t+At/2,x + k{/2)
ko, =At-f(t+At/2,x + k,/2)
ks =At- f(t+ At,x + k3)



Illustrative image of Runge-Kutta formula

FHZERE NEFSE, AR REFE, A—L (B58EF)

fi
=
B 7 G i »
? hf4
1
f{ 3’1/7
-------------- 4-4y« + hfs
f L,
3 f Yn+1
]‘1-""::::-‘_‘--:-?1-— > 3 R e e ';l;-h}::‘
Ya ‘z'hf'
1
Yn + 5-hfi [
i & Yo
1 1 1 T
6 h 3h ' 3h 5h 1 |
T, .t
3h -
h




dx

dt

First-order differential equation

— f(x, t) Euler formula:

Heun formula:

ko = At - f(x(t),t)

x(t + At) = x(t) + ky

ko = At - f(x(t), t)

ki = At - f(x(t) + ko, t + At)

x(t + At) = x(t) + % (ko + kq)

Simson formula: kg, = At - f(x(t),t)

ki =At- f(x(t) + ky/2, t + At/2)
k, = At - f(x(t) + (kg + ki1)/2,t + At)

x(t + At) = x(t) + ¢ (ko + 4ky + kz)

3-stage 3-order Runge-Kutta formula:

ko = At - f(x(t),t)
ki =At - f(x(t) + ky/2, t + At/2)
ko, = At - f(x(t) + 2k — ko, t + At)

x(t + At) = x(t) + % (ko + 4kq + k)

4-stage 4-order Runge-Kutta formula:

ko = At - f(x(t),t)

ki =At- f(x(t)+ ky/2,t + At/2)
ko, = At - f(x(t) + ky/2,t + At/2)
ks =At- f(x(t) + ks, t+At)

x(t + At) = x(8) + 3 (ko + 2k + 2kz + k3)



Second-order diff. eq. (ZB# 45 HER)
d°r,
dt”

= 2nd-order diff eq is divided to two simultaneous 15t-order egs
(CEMIAEADGE. — B AERICHEITLIONERL)

=F/m.

d?x

W=f(x,v,t)
dv_ ( 0 dx_
ac v dat

Euler formula: v(t + A)~v () + At - =
v(t + At) = v(t) + At - f(x(t),v(t), t)
x(t+ At) = x(t) + At - v(t)



Second-order diff. ed. : Heun formula
(=MD HREXDMEE: KAV

= fGwD)
dv
E — f(X, U, t)

(1) ko = At - f(x(2),v(t), 1)
(3) ky = At - f(x(t) + ko, v(t) + ko, t + At)

(4) vt + At) = v(t) + - (ko + kl)\‘

Each step needs to calculate

dx k, and k,: time-consuming for MD

T v(x,v,t)

(2) ko' = At - v(t)
(5) k" = At - v(t + At)

(6) x(t + At) = x(t) + = (ko' + k1)



Second-order diff. eq. : Verlet formula
(ZFEMR AR DEE: NILLE)
= f(x,v,t)

d?x
dt?

d?x(t) x(t+ At) — 2x(t) + x(t — At)
foov,t) =—gm~ At?

x(t + At) = 2x(t) — x(t — At) + At?f(x(t), v(t), t)

v(t) = ziAt{x(t + At) — x(t — At)}
Each step only needs to
calculate one f(x(t),v(t),t)
= Better accuracy than Euler formula, equivalent to Heun formula
* Directly solve 2"d-order differential equation
* Drawback:
The subtraction of similar values, x(t+nAt), may cause
roundoff error.




velocity Verlet formula
d°x
? — f (t, X,V)
dx(t+At)  x(t+2At) - 2x(t +At) + X(t)
dt* At?
X(t+2At) = 2X(t + At) — X(t) + At* f (t + At)

X(t + At) = 2x(t)— x(t — At)+ At f (t, x(t ), v(t))

v(t+At)=v(t)+%{f (t+At)+ £ (1))

= Better accuracy than Verlet formula



Second-order diff. eq. : Leap Flog formula
(ZBEHMD AERXDOEE: DA HHBVIE)
Essentially the same as the Verlet formula.
However, Verlet formula
X(t + At)= 2x(t)— x(t — At)+ At f (t, x(t), v(t))
Includes the subtraction of
X(t) terms and may cause roundoff error.

Converting the equation to
V(t+At)=v(t— At)+ 2At- T (t)
X(t +2At)= x(t)+ 2At - v(t + At)

Can reduce the roundoff errors.
Note: Time calculated for x(t) and v(t) are shifted by At



_eap Flog vs. Verlet

Confirm the Leap Flog formula is identical to the Verlet formula

Leap Flog  x(t+2At)= x(t)+2At - v(t + At)

v(t—At)= X(t)— Z(tt_ At)

X(t+At)-x(t) _ x(t)- X(t_At)-I—ZA'[- £t
At At

X(t+ At) = 2x(t)— x(t — At)+ 2At- f (t)
Verlet



Program: diffeq2nd_2d_euler.py

Usage: python diffeg2nd_2d_euler.py

t
t=0.00
t=0.01
t=0.20
t=0.40
t=0.60
t=0.80
t=1.00
t=1.20
t=1.40
t=1.60
t=1.80
t=2.00
t=2.20
t=2.40
t=2.60
t=2.80
t=3.00
t=3.20
t=3.40
t=3.60
t=3.80
t=4.00
t=4.20
t=4.40
t=4.60

x(cal)
0.000000
0.010000
0.198862
0.390186
0.566322
0.720212
0.845671
0.937633
0.992364
1.007603
0.982665
0.918464
0.817482
0.683677
0.522322
0.339800
0.143353
-0.059207
-0.259811
-0.450448
-0.623492
-0.772001
-0.890001
-0.972722
-1.016792

x(exact)
0.000000
0.010000
0.198669
0.389418
0.564642
0.717356
0.841471
0.932039
0.985450
0.999574
0.973848
0.909297
0.808496
0.675463
0.515501
0.334988
0.141120
-0.058374
-0.255541
-0.442520
-0.611858
-0.756802
-0.871576
-0.951602
-0.993691

y(cal)
2.000000

2.000000
1.962097
1.845820
1.655653
1.399036
1.086077
0.729152
0.342415
-0.058761
-0.458394
-0.840535
-1.189900
-1.492481
-1.736110
-1.910948
-2.009878
-2.028803
-1.966806
-1.826199
-1.612436
-1.333901
-1.001578
-0.628623
-0.229835

y(exact)
2.000000
1.999900
1.960133
1.842122
1.650671
1.393413
1.080605
0.724716
0.339934
-0.058399
-0.454404
-0.832294
-1.177002
-1.474787
-1.713778
-1.884445
-1.979985
-1.996590
-1.933596
-1.793517
-1.581935
-1.307287
-0.980522
-0.614666
-0.224305



Program: diffeq2nd_2d_verlet.py

Usage: python diffeq2nd_2d_verlet.py

t
t=0.00
t=0.01
t=0.20
t=0.40
t=0.60
t=0.80
t=1.00
t=1.20
t=1.40
t=1.60
t=1.80
t=2.00
t=2.20
t=2.40
t=2.60
t=2.80
t=3.00
t=3.20
t=3.40
t=3.60
t=3.80
t=4.00
t=4.20
t=4.40
t=4.60

x(cal)
0.000000
0.010050
0.199666
0.391372
0.567475
0.720954
0.845691
0.936713
0.990390
1.004584
0.978727
0.913852
0.812544
0.678842
0.518076
0.336656
0.141815
-0.058680
-0.256836
-0.444752
-0.614937
-0.760607
-0.875953
-0.956378
-0.998674

x(exact)
0.000000
0.010000
0.198669
0.389418
0.564642
0.717356
0.841471
0.932039
0.985450
0.999574
0.973848
0.909297
0.808496
0.675463
0.515501
0.334988
0.141120
-0.058374
-0.255541
-0.442520
-0.611858
-0.756802
-0.871576
-0.951602
-0.993691

y(cal)
2.000000

1.999950
1961126
1.844068
1.653492
1.396995
1.084805
0.729366
0.344850
-0.053414
-0.449550
-0.827762
-1.172975
-1.471424
-1.711211
-1.882778
-1.979283
-1.996880
-1.934867
-1.795716
-1.584975
-1.311046
-0.984849
-0.619389
-0.229235

y(exact)
2.000000
1.999900
1.960133
1.842122
1.650671
1.393413
1.080605
0.724716
0.339934
-0.058399
-0.454404
-0.832294
-1.177002
-1.474787
-1.713778
-1.884445
-1.979985
-1.996590
-1.933596
-1.793517
-1.581935
-1.307287
-0.980522
-0.614666
-0.224305



Accuracy of numerical solusions: Diff. eq.

2
d—Z( =—47°X (% =V, v _ —472'2Xj
dt dt dt

Exact (t=0:x=1.0,v=0.0)
X =cos(2zt) v=-2zsin(2rt)

At = 0.04
18 Elllnr/\

Heun

INANAANNNNNNT
N AN N N N N N AN N YA Y

co o B N O N & O
| | o
\ !
[EEN
N
—
w -
Q
b)
)
v A W N B O B N W H» U

L5V WiV Wsadl WissWf (W ss\f W eo
-4 — —yl(exact) N \ ' ' ' ' ' ' v v v/
—Euler \ / N —vyl(exact)
—Heun :I;c?fdner Runge-kutta
-6 | —3order Runge-kutta \ " —Zorder Runge-kutta

—4order Runge-kutta

_
o




Accuracy of numerlcal solusions: Diff. eq.

At =0.04

15 Exact

Verlet  RK3 '

05
05 - \/ [
O = 0 H| | | | |
9 9 9 9 100 996 997 998 999 1000
05 \
0.5

\ \

W—Exact
—3rd Runge-kutta
—A4th Runge-kutta

] \/

15 —Exact El-i('r?gt
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-2 ~—3rd Runge-kutta

-2.5 |—A4th Runge-kutta
—Verlet




Molecular dynamics (MD) (2 F&h%i%)
3D periodic condition: MD cell

O O C
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d°r
Fi :mi dt2
v,(t+At)=vi(t)+Ati

ri(t+At)=r;(t)+ At-v; ()



Empirical interatomic potential
(RERERMEFRIRTIvIL)

Hard core potential Hr)=c r<oc
N—FA7 (RHK) 7 RTo v )L 0 r>o

12 6
Lennard-Jones (LJ) potential é;(r) =4e, (ij —~ (ij
LF—R—Sa—V RRFU vl ' '

Born-Mayer-Huggins (BMH) potential

RIL—AfY—EaFX z,2,e° o +o,-r) C;, D
¢:(r) = + A;b-exp -———
r P r r
Kawamura potential (MXDOrto/MXDTricl)
AT L y 22; (b, +b )e a+a;—f | GG
o DR b; +b; rij6

ziz_e2 a +a, —r
#()=— +f°(b‘+bj)eXp[ b +b j

0, (o241 1] -2058- (1))
Morse potential



Empirical interatomic potential

2
ZiZje 1 a; + aj — rij CiCj
Uij(rij) = 47’[80 Tij + fO(bi + b]) EXp[ bl- n b] + ”I"ij6

Coulomb potential Repulsion term Dispersion
(London interaction)

Example of Parameters for an ion
loncharge :z;  Fixed to ion formal charge

~lon radius :a;  Adjust to crystal structure
~lon hardness: b;  Adjust to elastic constant

Dispersion  :c;  Fixed

Potentials and forces for the ion 1 at r; ,
Ui(ri,t) =X, Uy(rj(0) —ri(0)), Fi(ry, ) = = %; a_riUij(rj(t) —1i(t))

Most time-consuming term
Better to re-use previous steps,
Fi(ri, t — At), Fi(ri, t — ZAt) etc
=> Verlet formula is better than Heun and Runge-Kutta formula



Requirements of algorisms used for MD

Requirements
= Enough accuracy (can be checked by energy /
momentum conservation laws)
= Fast calculations (note the most time-consuming process
Is the force calculations, better to re-use the previous results)

Runge-Kutta formula: not suitable for MD
High accuracy, but high cost
It cannot re-use the previous results
Each step requires three/four new force calculations, high cost

Frequently used formula:

= Verlet formula (Leap Flog formula)

- Beeman formula

* Predictor-Corrector method (% 81F—1&E Fi%)

Rahman predictor-corrector method
(T—XUDFAF—EEFE)
Gear predictor-corrector method (X7 ® % 8% — 18 EF%)



Program: Planet simulation
Usage: python diffeg2nd_planet.py solver dt nt

solver: ‘Euler’ or ‘Verlet’
dt: time step in day (time is normalized by a day)
nt: number of steps

python diffeg2nd_planet.py Euler 0.2 5000 python diffeg2nd_planet.py Verlet 0.2 5000

%, Figure 1 O e *. Figure 1 - O X
A€E>PQEXRA A€EI Q=X B
4 4
2 2
| NG
No—~/
32 -2
-4 -4




Program: Check by conservation law

python diffeg2nd_planet.py Euler 0.2 5000
python diffeg2nd_planet.py Verlet 0.2 5000

4.35E+24

1?22;2 — 4.3E+24 —|P|(Euler)
1363 g 4.25E+24 —IP|(Verlet)
2 1.318E+23 &, 4-2E+24
D 1316E+23 = 4156424

1.314E+23 —U(Euler) 4. 1E+24

1.312E+23 —U(Verlet) 4.05E+24

1.31E+23 JEso

0 200 400 600 800 1000 0 200 400 600 800 1000

t (day) t (day)



Approximation of discrete data:

Interpolation/Extrapolation
(REELT —2 DL fHfE /o)



Interpolation

Pattern 1: Reproduce all sample points (@& sz n ¥ @%)
n sample points are reproduced by (n— 1) order polynomial.
- Interpolated data might be scattered largely in particular for
orders higher than 3 (Runge’s phenomenon/oscillation L5 DREK).
A A REIREN T HRHEN TS, HFIZRULEDZIEN
=> To suppress the Runge’s phenomenon:
Make the n-th order differentiations continuous at the boundaries
between neighboring regions
=> Spline function
n sample points are reproduced by (n + N — 1) order polynomial.

Pattern 2: Smoothing (¥;&1k)
Scattering of data will be reduced

Pattern 3: Does not reproduce sample points exactly,

but the deviation will be minimized
BARZELSLGVD . AT —2EERARMLKESINGLY)
- Least-squares method (LSQ, &/MN=%:%)
- Minimax approximation (=<4 R3a{8l)



Polynomial that reproduces sample points
(BEXARZELHLEN)

n sample points (x;, y;) (i=1, - -+, n) are reproduced by (n-1) order
polynomial.
Vi = D=0 QX" 2(i=l,"',§1)
1 x, x ceo x4 VT
/ 1 12 1n_1\ aO yl
Xy  Xo X a
2 n—1 1 —_ }’2
X3 X3 X3 : :
z a, . y
\1 X, Xp° xn"_1/ " "

IX;| > 1 might cause overflow,
IX;| < 1 might cause underflow errors.

=> Normalize (E#1t) the x range e.g. to [-1, 1] : x; = 2

Xi—Xmid

Xmax—Xmin

y) Xi—Xaverage

by average and standard deviation: x;" =

O x



agrange interpolation formula
PPNk NS
FERE, NFHE AP RIEHE, +—Lit (BHSE)
(n — 1) order polynomial that reproduces n sample points
(X, y;) (1=0, --+, n—1) is determined uniquely.
Lagrange interpolation formula
Prp_1(x) = f(xo)po(x) + f(x1)p1(x) + - f(Xp—1) Ppp—1(x)

¢(X) — H}};ll(x_xk) — Hn—l (x_xk)
l
[1

o (xei—xg) R#EL (x;—xp)

n=2:
_ (x—x1) (x—x9)
P1(x) = f(x0) o) + f(x1) (Xi—xo)
n=3:

Pz(x) — f(xo) (X—.X'1) (X—Xz) +f(x1) (x_xO) (x—xz) —I—f(xz) (x_xo) (x_xl)

(xo—x1) (Xo—x2) (x1—x0) (X1—x2) (x2—x9) (X2—x1)




Problem of such polynomials

- Increasing the sample points will change the coefficients of polynomial completely.
*Runge’s phenomenon / oscillation L4 DJ|EKR)

High order (e.g. >3) polynomial will cause large oscillations at points other than the sample
poINts (BRDELER TIFERHUNTREIRBTEIEDH D)

Ex. Interpolate f(x) = 1/ (1 + x?) for (n,4,+1) points in the range
X =1-2, 2]

1

0.8

0.6

0.4

0.2

0
0 0.5 1 1.5 2

In the machine learning (B HFEE):
Overfitting ((@:i# &), Overlearning GBFEE)



Interpolation: Piecewise polynomial interpolation
(R 2 A #EE)
Connect divided sections by polylines (i)

=> First derivatives will be discontinuous at the boundaries

=> (n — 1)-th derivatives are continuous for whole range:
Order n spline functions (nk» 2751 > EE%k)

0.1
f(x) = 6exp(-x) —1/x
0
0 5 10 15 20
(| Polyline
-0.1
Order 3 spline
Order 2 (Simpson)

-0.2



Smoothmg
ik




Smoothing (F;i&1k)
Take some average for sample points
= Moving average (#&F14)
= Simple moving average (Eff% e T1):
Average of sequential data with the uniform weight
*Weighted moving average (nE#&F14).
Average of sequential data with weight
Weight: Linear, Triangular, Exponetnial, Gauss, etc...

Approximate sample points by some function
* Polynomial smoothing (£E=®(-&%F&1t)

= Smoothing spline (R 751> Fi&1t)

= Least-squares method (&/MN=%:%)

Other
= Fourier transformation (7—! T Z#y)



Calculation
Simple moving average (2m+1 points)
1 i+m

Yi smoothed — om+1 ~Jj=i—-m Yij

Weighted moving average (2m+1 points)
_— \i+m / I+m

Yi,smoothed = Lij=i-m Wi)j j=i-m Wi



Smoothing (=

* Moving average (#&F19:%)

7

/B1E)

More smooth with more sample points for average,

4500
4000
3500
3000
2500
2000
1500
1000

500

0

= sample points

Red: 5-points

simple moving average

10

but would alter the function shape if the function is not monotonic.

=> Affect peak height, valley depth, peak width etc...

The range of averaged sample points larger than the peak width
=> split peaks might become difficult to be separated.

Poor S/N ratio XRD pattern

Simple moving average: 5,11,31/

2800

2300

1800

1300 - oA
TG ) T \‘.
i '

800




Smoothing: Polynomial fit method (£E=X#A& %)

Adopt n,, 4, order polynomial to n, sample points among the given

n sample points, determined by LSQ
TR N REBERZR/NERETRD ERARDEZRIET S

Polynomial fit: 11, 31 points Simple moving average: 5, 11, 31 points

2800 \ R

3500

3000 | LT —%
—ns=31, nOrder=3

2500 2300

—ns=11, nOrder=3

2000

1500

1000

500




Weights of polynomial fit (Savizky-Golay method)

Z B A % (Savizky-Golay;%) D EH
mER, BEERDI-O DR T—2 0, CQHMR*t (1986)
Table 5.1 Weights for #ofeeintsN 25 23 21 19 17 15 138 11 9 7 5

. . m=int(N/2) 12 11 10 9 8 7 6 5 4 3 2
order 2 and 3 polynomial fit 12 253

-11 -138  -210

-10 -33  -106  -171

-9 62 -10 -76 -136

-8 147 75 9 -51  -105

-7 222 150 84 24 -30 -78

-6 287 215 149 89 35 -13 -b5

Order 1: Simple moving average o] 2 270 204 144 90 42 9 -3
. -4 387 315 249 189 135 87 45 9 -21
Orders 2 and 3 have the same weights 3 42 30 284 224 170 122 80 44 14 -10

-2 447 375 309 249 195 147 105 69 39 15 -3
-1 462 390 324 264 210 162 120 84 54 30 12
0 467 395 329 269 215 167 125 89 59 35 17
1 462 390 324 264 210 162 120 84 54 30 12
2 447 375 309 249 195 147 105 69 39 15 -3
3 422 350 284 224 170 122 80 44 14 -10
4 387 315 249 189 135 87 45 9 -21
5 342 270 204 144 90 42 0 -36
6 287 215 149 89 35 -13 -b5
7 222 150 84 24 -30 -78
8 147 75 9 -61  -105
9 62 -10 -76 -136

10 -33  -106  -171

11 -138 -210

12 -253

Normalization factor 5175 4025 3059 2261 1615 1105 715 429 231 105 35

Weights for order 2 and 3 using (2m+1) points (2m+1) mZALN=23RZIEXFEDEH)
wy3(j) =3m(m + 1) — 1 — 5j2 j=-m, ---,-1,0,1, ---, m
Wys = (4m? — 1)(2m + 3)/3



Calculation
Simple moving average (2m+1 points)
1 i+m

Yi smoothed — om+1 ~Jj=i—-m Yij

Weighted moving average (2m+1 points)
_— \i+m / I+m

Yi,smoothed = Lij=i-m Wi)j j=i-m Wi

Order 2 and 3 polynomial fit using (2m+1) points
wo3(j) = 3m(m+1)—1-5j2 j=-m, -+, -1,0,1, -, m
W, = (4m? — 1)(2m + 3)/3
1 ] .
Yi,smoothed = Wys ;-I:;n_m W23 (])yj



Program: smoothing.py

Usage: python smoothing.py 3p simple
3000 - '|
f
2500 I
2000 h
|
1500 - [ W.
J." .'Il]
1000 - MMl L
375 400 425 45.0
51p simple
2500 -
2000
1500 -
1000 4
375 40.0 425 45.0
51p polynomialfit
2500
2000
1500 -
1000 4 e
37.5 40.0 42.5 45.0

3000

11lp simple

2500 ~

2000 ~

1500

1000

ey
LA

',

Pty \\"‘-,

T
37.5

T T T
40.0 42,5 45.0

3000 ~

2500

2000 ~

1500 +

1000 4 “

11p polynomialfit

|
(r

37.5

T T T
40.0 425 45.0

1.0

0.8

0.6

0.4 4

0.2

0.0

" 0.00

T T T
0.25 050 075

31p simple

2500 A
2000
1500 -

1000

i

T T T T
37.5 40.0 425 45.0

31p polynomialfit

2500 A
2000 A
1500 -

1000 { el

1.0

0.8

0.6

0.4

0.2 +

0.0
0.00

T T T
0.25 050 075 100



Fourier transformation (7—V) Tz i)

Different definitions
CFTo—uzzm)  F(o)=[ fEexplet)dt

1 = .
CIFT @#o—yIE®) f(t):z— j F (o) exp(—iot)de
72' —00

—

FT F(w)=| f(t)exp(i2ft)dt

CIFT f(t)=| F(o)exp(-i2At)do

Features of Fourier transformation

= Convert time-dependent data to frequency data

= Convert position-dependent data to wavenumber data

= Origin of original data is converted to whole range of FT data

= Whole range of original data is converted to origin of FT data

= |FT of FTed data recovers the original data
FourierZ#tL1=T—42%Fourieri#f £ 5ETDT—2IZRD



Smoothing: FT

4500
4000 Original Remove high—frequgncy FT data: Smoothing
3500 Low-pass filter
3000 Remove low-frequency FT data: Cut drift
zzgz High-pass filter
1500 Ex. Cut FT data outside [K., 1 K1l
1000 5000
—kcutl=10
> | 4000 —keut1=50
0 1000 2%00 3000 4000 —x:t-z(]_aso)
300000 3000 ==t
250000 ——3 FT image
200000 — real part 2000
150000 — Imaginary part
100000 1000
50000
0 0
-50000 1
-100000 -1000
-150000
-200000



Program: smoothing-fft.py

Usage: python smoothing-fft.py xrd.csv 0 5

(note: the x range is different from the previous slide)
=> plot smoothing-fft.csv

4000
—y
3000 — |ys(ifft)|

|

2000

1000

0



Note for FFT
smoothing-fft.py

Numpy fft module: F =np.fft.fftly) FFT
FFTed result is symmetric at the center of the inveterted x axis ati, = n /2.

30000

10000

-10000 30
—y/(fft).r
—y(fft).

-30000

For smoothing, cut the data in i, = [0, i, ], [l,ye, N/2]

and [n,—1, n,—1—i ], n/2+1, n—1-1 - el
30000

10000
10000 0 10 20 30 40 50
—ys(fft,cut).r
—ys(fft,cut).i
-30000

, then perform IFFT by fs = np.fft.ifft(Fs)



Convolution (& #:5A# )
(F ) =) = | FaDglr - ¥y’

Observed peak has a finite width

origin_ating _fror_n apparatus function g(x)  For a real case a sample has an intrinsic peak
Even if the intrinsic peak has zero width  f(x), the observed peak will be a convolution

(delta function 0(X)) of f(x) and apparatus function g(x), f*(x).
ARAREDOT—RILRIEE D GBEE) TH. HBAEDTF 2L f(x) TH. BIEENDZDIE
BIEMEITZEEREE g(x) DIEMYEFED HEBBEHK g(X) DBHAHZELTF(X)

9(x) 6(x)

[ g(ax=1



Convolution: Matrix representation (1751% %)

FEX wE. HEFTAOREODRMET—2 0, CQHMR (19864F)

. N
a0 = | Feges—x)dr =N Y Fagtn - )
. Z

\.A__
e PR, PR N,
_/\__
| =
f(x)
f(x) 9(x; — x;) Intrinsic signal

Observed signal Apparatus function

Very often, matrix g;; Is band matrix with maxima at diagonal
(175l g;; IR ABERICRREZFEOFITIIGEIENZLY)



Smoothing by convolution (smearing)
BAHIAAIZEDHTRIE (FHL)
Density of state (DOS) function calculated by density functional theory
ZENEMAE THza-InGazZnO,DIRREFE
Problem: Many noise, difficult to read
Add finite-width Gauss function to each data (#FhFh®OF—%IZGaussBEE D LHY)
G(E) = exp(-[(E — Eg)/w]?) (w=0.2eV)

;Calced DOS I
— Convoluted

200

[IEY
o]
o

[REY
D

(o) (==}

{ .

[IEY
H

o ]
4

s 7 & 5 4 3 2 4 o 1
Note: Estimation of band, edge energies will have the errors originating from
the smearing width w




Program: convolution.py

Usage: python convolution.py width
width: width of Gaussian function to convolute

python convolution.py 0.05

python convolution.py 0.2

60

50 +

40

>

30 +

204

10 ~

60

50 1

40

>

30 1

204

f ~ —— convoluted

¥ Figure 1 - O = ¥ Figure 1 - O X
A € > P Q =¥ A € > P Q =¥
70 A —— raw data —— raw data
—— convoluted 701




Convolution (8#3iA#)
(F*)(x) =70 =] f(x)g(x—x)dx

Example UPS spectrum of Au Fermi edge

A FE T' :;oolK " Intrinsic sample spectrum
o 0 w E_=-0.017eV S(E) _
Apparatus function
G(E) = Goexp(-[(E-Eg)/aw]?)
Fermi-Dirac distribution
f(E) = 1/(1+exp[(E-ER)/kgT]) eq. (1)
Observed spotzctrum

I(x) = j S(ENG(E — ENf(E — E"dE'

Assuming constant S(E) for Au reference,
J G(E) is determined by fitting eq. (1) to I(x)

1.0 05 00 05 -10 B
Binding energy (eV) w=0.12¢eV

Intensity (a.u.)

7
=== =t-4 1

S(E) I1s obtained by deconvolution from G(E)
GE)AHMDE, MDERRRIM LMD FBHAHT
S(E) A3



Deconvolution (%8 #&3A#)

(f*g)(x)=f"(x)= .‘: f(x)g(x— é')dx'
Fourier transformation F*(k) = j oof*(x) exp( ikx)dx
(FT) . |
Inverse Fourier f(x) = | F(k)exp(-ikx)dk
transformation (IFT)  9() =] G(k)exp(-ikx)dk

F (k) = foof(x)g(x — x") exp(ikx)dxdx’
- J-oo f(x) <jg(x —x") exp(ikx)dx) dx’'
_ f T ( j 90x) exp(ik(x + x’))dx) dx’

= foof(x)G(k) exp(ikx"dx'
= F(OG(K)

f(x) can be obtained by IFT of F(k) = F*(k) / G(k), but usually

IS vulnerable against small perturbations like noise
F(k)=F'(k)/ GKZETELTHEI—)TEHT {(x) hAFELND
=> JAXGEDHDHEFRRETHEMNFERBRLOT L



Deconvolution (%8 #&3A#)

. FEX wmE. BEFADOLOHDERT 20 CQHIR (19864F)
Fr(x)=N"> f(x)a(x —x;)
j=1

Deconvolution is carried out by solving the linear simultaneous equations,

7 Jdo 9-1 g-wn-1\ /f1
fy In-1 9o I

However, similar to the FFT method, usually vulnerable against noise
(—UIEHELRR. /A XGEEDHDHEFRETEILEBMLOTLY)

Better way:

1. Remove noise effects (smoothing etc) before deconvolution

2. Use an iterative method (e.g., Jacobi method and Gauss-Seidel method) to
solve the simultaneous equation, where noise-compensation process Is
Included during the iteration process.



Jacobi / Gauss-Seidel method

Solve large-size simultaneous linear equations:

a1 Q12 ain X1 b4
Az1 dz2 X2 | [ by
an1  Ann/ \XN by

For (k+1)-th iteration, x;**1) is estimated from x;
(initial data may be chosen as x;(®) = b;, uniform value x;(® = 1, etc):
(i) Jacobi method: x;¥*1) = (b; — ¥1.; a;;%;%) /a;;
x, D) = (b1 — a12x2(k) - a13x3(k) — aleN(k))/all
x VA = (bz — a1, — az3031) — oo — aZNxN(k))/aZZ

(ll) Gauss-Seidel method: xi(k“) = (bl — Z]l;i a,-jx]-(k“) — }V:-+1 ai]-xj(k))/aii
Using the known x]-("“) values enhances convergence.
x, D) = (b1 — a12x2(k) — a13x3(k) — aleN(k))/all
xz(k+1) = (bz — a21x1("+1) — a23x3(k) — aZNxN(k))/aZZ

Convergence is better for the Gauss-Seidel method,
While parallelization is more easy for the Jacobi method.



Program: deconvolution.py

US&gEZ pythOn deCOnVO|UtiOn . py file mode convmode smoothmode xmin xmax Wa Grange kzero klin
see usage of the program output

python deconvolution.py pes.csv fft full convolve+extend -4.52.00.122.055
Use FFT and iFFT without smoothing

%, Figure 1 —

AEIPQEXDRB

300000 A

—— input{convoluted)

Compare the raw data (blue) deconvoluted
2000007 and the deconvoluted data (orange)
100000 | Convolution is unstable
unless noise-compensation is applied
° “ 5 : - ; ; 6 ;
300000 | —
o — \ — ::gﬂi:;?:\)foluted}
200000 A" \ Compare the raw data
_— 4 \ and the convoluted data of the deconvoluted data.
7 @ould be the same
’ a = ; ; ; 5 :

—— WF for FFT

x=-0.616378 v=0.475817




Deconvolution: Gauss-Seidel method w/o smooting
Usage: pythOn d@COﬂVOlUtiOn.py file mode xmin xmax Wa dump nmaxiter eps nsmooth zeroc

see usage of the program output
python deconvolution.py pes.csv gs -6.0 2.0 0.12 1.0 300 1.0e-4 1 0

Use Gauss-Seidel (gs) method with the width of the Gaussian function of 0.12 eV.

No smoothing is applied for each iteration.

400000
300000 ~
200000 [\ Ll a1V

100000 7/ \

0 T T T T T ==

—— input({convoluted)
deconvoluted

,,,,,,,,,,,,,,,,,,,,,,,,,, N Compare the raw data (blue)
______________ a \, and the deconvoluted data (orang

T
0

T
1

300000 A

200000

Compare the raw data

100000 - and the convoluted data of the decanvoluted data.

Should be the same

0

—— input{raw)
input{convoluted)

T T T
-5 -4 -3 -2 -1

T
0

T
1

Gaussian function to convolute

—— WF for Gauss-Seidel method

e)



Program: Gauss-Seidel method with smooting
Usage: pythOn d@COﬂVOlUtiOn.py file mode xmin xmax Wa dump nmaxiter eps nsmooth zeroc
see usage of the program output

python deconvolution.py pes.csv gs -6.0 2.0 0.12 1.0 300 1.0e-4 50
Use Gauss-Seidel (gs) method with the width of the Gaussian function of 0.12 eV.
5-point polynomial-fit average is applied for each iteration.

%, Figure 1

A€ Q=X A

300000 -

200000 -

100000 4

Compare the raw data (blue) \
and the deconvoluted data (orange)

0

T T T T T
-3 -2 -1 0 1

300000 A

200000 -

100000

0

—— input{raw)
input{convoluted)

Compare the raw data
and the convoluted data of the decanvoluted data.
Should be the same

T T T
-3 -2 -1 0 1

—— WF for Gauss-Seidel method

Gaussian function to convolute

-4




Smoothing (F;i&1k)
Take some average for sample points
= Moving average (#&F14)
= Simple moving average (Eff% e T1):
Average of sequential data with the uniform weight
*Weighted moving average (nE#&F14).
Average of sequential data with weight
Weight: Linear, Triangular, Exponetnial, Gauss, etc...

Approximate sample points by some function
* Polynomial smoothing (£E=®(-&%F&1t)

= Smoothing spline (R 751> Fi&1t)

= Least-squares method (&/MN=%:%)

Other
= Fourier transformation (7—! T Z#y)



Linear least squares method (ILSQ)
Rz a/NE A




Approximation of many sample points:
Minimization (Optimization)
(ZHOERRDIELL: =/MEFEIRE)
How to determine most plausible parameters a and b
If observed data (X, ¥y), *=* (X, Y, follow f(x) = a + bx,
X Error g; should be considered: y; = f(X;) + &;

Fundamental idea: Determine a and b so as to minimize (maximize)
a target function S (e.g., error residual function (% Z=R%%))

Minimax method (3=<v2X%) (L1 norm) 0 S =Z|f(x) -V |
Least-squares (LSQ) method (&/MNE %) (L2 norm) : S = X(f(x;) — V;)?
S=ZX(a+bx;-V;)°
dS/da=2X(a+bx;—y;) =2an +2bXx,—2Xy.=0
dS/db =2Xx;(a + bx; — y;) = 2aXx; + 2bXx;2 — 2Xxy; =0

" in a LY
S Yt (b)_<2xm>

Even for f(x) =a + bx + ¢cx? +===, only one matrix operation can
give a final solution



ILSQ: Polynomial
wRs BN &k ZIE

2
f(x) = Yk=0 akxk S Z 1(3’1 k=0 akxik)
d—al = —2 Zl 1le()’i — Xk=0 akxik) =0
Ozl 1akxlk+l i= 1ylxl (|:0, 11"'1N)

(v 2w xwt o 2 2w
Sa Ywt Yx Y

Z XX . N || ] z%xiz
\Z.xiN Sy g | X ) \Z;v.ixi’v )

;] > 1 might cause overflow,
;| <1 might cause underflow errors.

=> Normalize the x range e.g. to [-1, 1] : x; = 2

Xi

=
=
+
=
Q 2
= O
=
=

.X'iz xl-3

Xi—Xmid

Xmax~Xmin

i—Xaverage

by average and standard deviation: x;" = 27

Ox



python Isg-polynomial.py 3

Program: Isg-polynomial.py
Usage: python Isg-polynomial.py n .,

python Isg-polynomial.py 6

. Figure 1

O

AEI Q=B

100 ~

80 1

60

40

20{ =

*

+  raw data

fitted

0]

x=1.58884 y=57.9711

. Figure 1

AEIPIPQ=E=FB

100 +

80

60 A

40 |

O

>

- raw data

fitted

Overfitting GAEH)

Overlearning GBZE3E) . -

204 &

T
0

x=1.27145 y=18562




ILSQ: General functions
WM s/ & —REHDIGE

flx) = z ay fre(x) S = 3 (yi - i akfk(xi)>

k=1 i=1 k=1 N n
dS
—=-2) [t |vi— ) acflx) | =0
ap .
1=1 k=1
YAEAE ) AGLE) ) AGAE) < ) AGfE) > vific)

Y R@ARED D HELE D LEAE) ) HEE) (al) > nih

Y HE@AED D HELE D AEAE) ) HEE)

D REAE) D AELE ) WA D fuCdfy) > ifaC)

If f(X) Is linear with respect to fitting parameters,

final solution is obtained by one matrix operation
FRBICEALTERETOHNIL, 1TEOITIGFETRRENGEOND

ex. f(x)=a+blogx+c/x
f(x,y)=a+bxy+cy/x



Program: Isg-general.py

Usage: python Isg-general.py e,
fittoy =co+ cysinx +c¢,cosx + c3sin2x + ¢4 cos 2x
+c5 sin 3x + ¢4 cos 3x

python Isg-polynomial.py 6

python Isg-general.py 2 y = 0.753 + 0.0064 sin(x) + 0.00358 cos(x)
y = 0.740 +0.000432 sin(x) +0.125 sin(2x) + 0.303cos(2x) + 0.0119sin(3x)
AEI Q=B A€E>I Q=B
12{ . Underfitting (Ri#&) . e - . e
.Underlearning (R#&) - ]




Ex of ILSQ: Lattice spacing of triclinic lattice
(=R @FEROEMER)
dni ™% = |Gpi|? = |ha* + kb* + Ic*|?

1
" S,;n? +S,,k? +S,.1* +2S,,hk +2S, .kl +2S, |h

S,=a -a =h°c’sin“a/V*

S,, =c’a’sin” BIV?

S,,=c’a’sin’y/V?

S, =a -b" =abc’(cosacos f—cosy)/V?
S, =a’bc(cos fcosy —cosa )V 2

S,, = ab’c(cos y cos —cos B)/V 2

V = abc+/1—cos? a —cos? B — cos® y + 2COS a COS /3 COS

The form of d,, is a linear function with respect to S;;.
1. S; Is obtained by ILSQ
2. S;; => Reciprocal lattice parameters (a”, b, ¢*, o™, 7, y')
3. => Lattice parameters (a, b, c, o, B3, v)



How to solve equations?

Self-consistent method

B O RERX




|_east-squares method

- Fitting to a function having
linear parameters

- Final solution is obtained
just by one matrix operation

- Unique solution

Error ‘

: : Parameter
Four or higher order polynomial,

Transcendental equation (A=)

- Difficult to have an analytical solution

- Even numerical analysis cannot give final solution by
one-cycle calculation

= > lterative calculation (x# st %)



Example of simple self-consistent (SC) calc

A simple case: Solve g(x) =0
SC method is applicable by converting to x = g(x) + x = f(x)
Note: not efficient nor stable for many cases

Simple procedure:

Initial value x,

1st iteration : x; = f(X,)

2nd iteration: x, = f(x,) ....

Difficult to converge: Diverge, Oscillation
(ERLIZCLY: S8, #RED)

Mixing factor (GE&#%%) K.,;,: Stabilize convergence
Initial value X,
Ist iteration : x; = f(X,) => X"=(1-Ky;y) Xo T KpinXy
2nd iteration: x, = f(x;,’) ....



Illustrative explanation of SC

Solve x = f(x)

f(x) = 1/4(-x3+ x°- 2)

3

X

y = 1(x)




3.0
2.5
2.0
1.5
1.0
0.5
0.0

Converge Y = T(X)
Stable solution

y=Xx

SC: Convergence process

— 2.6 -

3.0 -
2.9
2.8
2.7

2.5
2.4
2.3
2.2

Diverge
Unstable
solution

| 2.1

2 22 24 26 28 3

f’(X) <1 must be satisfied for convergence



Example of SC: Diode with series resistance

| = I{exp(ns_l_(v —Rl)j—l}

Repeat

| = I{exp(%(v _ Rlil))—l}

until abs(l; — I, ;) < EPS is achieved

- E.g., initial voltages would be chosen
as V/2 for the diode and the R

- This SC is not so stable;
mixing factor k should be adjusted

For sequential calculations of | —V
characteristic, e.g., V from 0.0 to 1.0,
using a preconverged result for the
initial value of the next V will enhance

convergence.
BIZEVEIERZEZ TI-VEMEETE T HL5%

5 e . 9 CICNERL-EZRDVIZE TS EAE
ELTHRIRAT BERUNETES,

SC-Diode.xlIsx

co~NO T HA~hWDN—=-0O

DO N MNNN = ek ek ek ek ek ek ek ek ok
WN—-—-—OCOWOoOO~NOOLA~WDN - 0O C©

24

N N
o Ol

I

2

1.8

1.62
1.458
1.3122
1.18098
1.062882
0.956594
0.860934
0.774841
0.697357
0.627621
0.564859
0.508375
0.457554
0411914
0.371388
0.337412
0.315356
0.311113
0.312132
0.311814
0.311908
0.31188
0.311888
0.311886
0311887

Ical
-1E-12
-1E-12
-1E-12
-1E-12
-1E-12
-1E-12
-9.1E-13
431E-12
2.09E-10
5.77E-09
1.14E-07
1.66E-06
1.86E-05
0.000163

0.00115
0.006655
0.031631
0.116849
0.272927
0.321305
0.308953
0.312754
0.311626
0.311965
0.311863
0.311893
0311884

lerror|
2
1.8
1.62
1.458
1.3122
1.18098
1.06288
0.95659
0.86093
0.77484
0.69736
0.62762
0.56484
0.50821
0.4564
0.40526
0.33976
0.22056
0.04243
0.01019
0.00318
0.00094
0.00028
8.5E-05
2.5E-05
1.6E-06
2 3E-06

I10=
n=
T=
R=
V=

k=

1.E-12 A
1
300 K

1 ohm

1

0.1



First-principles calculation:
Self-consistent field (SCF, & 2 &) calculation

- Hamiltonian of one-electron quantum equation includes wave functions
1 Z r
{_Evl —Zr—“ZI :Omr( Im)drm +VXI(rI )}¢| (rl ): ‘9|¢|(r|)
m YIm m Im

- First-step calculation requires electron density guessed / assumed p;,;:
e.g,. by uniform density, sum of atomic electron density,,,

- Electron density py,, is calculated the solved wave functions, but
pgn, Would be different from p;,.

Pini Must be equal to py;,,, otherwise
these loss physical meaning

- More appropriate p,.,, is guessed from ps. and p;.;, SCFY4 )L
and repete the above calculations Repeat until pg, = pjp;
€X." Prew = Pini t kmix(pfin + pini)
Knix © Mixing factor
A parameter to suppress divergence of the SCF calculation
close to 1 would be easily diverged, close to 0 causes slow convergence



Typical iteration of SC calculation

Find the solution of f(x, p(x)) = O:
Case this Is easily done if p(Xx) Is provided

1. Assum p(x) and solve f(x, p(x)) = 0 to get approximate X;

2. Calculate p(x;) with the obtained x; solve f(x, p(x;)) = 0, and
get improved approximation X, ,

3. Repeat 1 — 2 so as to decrease |o(Xi.1) — o(Xi)|, |Xi ; — Xi| to required
accuracy
Self-consistent approach (B2 &&% &)

May be diverged if the obtained x; is used for x.,,
=> Stabilize convergece using mixing factor GE&#%%) K.,
Initial X,
First iteration: x; = f(x,) => x=1-K. ;) X + K i X1
Next iteration: x, = f(x,’) ....



Example: SCF/structure relaxation by VASP

| [] tkamiya@csrvO:~/Work/LaCrAsO/SpinPolarized o | DR

274 0(E) REE) HTTN) WFT) #F(B) ~NF(H)

1 F= - 2492220 E+05|EQ= -.24922201E+05 | d E =—. 249222E+03 mag= 17.6753 E

curvature: 0.00 expect odE= 0.000E+00 dE for cont |inesearch 0.000E+00

trial: gam= 0.00000 g{Fy= 0.620E+00 g{5i= 0.305E-01 art = 0.000E+00 {trialstep = 0.100E+01

}

zearch vector abs. value= 0.650E+00

hond charge predicted

M E dE o eps fnca Fms Fms )

Dbt s 1 -0.249250423204E+05 | -0.24926E+053  -0.54751E+01 35286 0.200E+01 0. 196E+00
DAY: 2 -0.249670910220E+03  -0.41455E+00  -0.52938E+00 4416  0.955E+00  0.161E+00
Db 3 -0.249672461360E+05 -0.14831E-02  -0.53514E-01 4640  0.336E+00 0.153E+00
Dad: 4 -0 249667 045995E+05 0.54154E-02  -0.45192E-01 4632  0.183E+00 0. 129E+00
Ddd: & -0, 2496629564 02E+ 05 0.4059E-02  -0.161T1E-01 4664  0.134E+00 0.113E+00
Dav: 6@ -0. 249064501 455E+03 -0.15151E-02  -0.488520E-02 4520  0.152E+00 0.943E-M
Dad: 7 -1, 249655663955E+ 05 0.55375E-02  -0.366659E-02 4626  0.103E+00 0.315E-m
Dad: -0. 24965725594 TE+ 05 0.14080E-02  -0.11030E-02 4432  0.529E-01 0. 406E-0
Dd: 9 -0, 249654661 655E+05 0.59426E-03  -0.64937E-03 3424  0.430E-01 0.219E-m
DAY 10 msleddS0EARSEN0AELOS 0.21237E-02  -0.117R6E-03 2523  0.225E-M 0.151E-M
Diddt: 11 -0. 24965461 245TE+05 | -0.74432E-04  -0.11566E-03 2520  0.213E-01

2 F= - 2A9B54G1E+03 El= -.24965461E+03 o E =-.432599E+00 mag=  15.2912

trial-energy change: -0.432599 1 .order -0.416777  -0.6560072 -0.183431

step:  1.306garm= 1.3932) dis= 0.06745 next Energw= -249 633668 (dE=-0.402E+00)

hond charge predicted

M E dE o eps nca Fms Fms )

Dbt s 1 -0. 249655 755237E+05 | -0.24966E+03  -0.537A0E+00 3536 0.623E+00 0.599E-m [

iﬁvr 2 -0 AASngnlNZ290eE+ns . -0.39315E-01  -0.48908E-01 4528  0.303E+00 0.67E-M




Problems of SC calculations

= Some solutions would not be obtained (UzELLWLVELHY 5 S)
f’(X) < 1 must be satisfied at the solution
to obtain the solution of x = f(x)
=> Conversion of the equation may help, but not always

= Convergence is not stable
mixing factor may improve

For many cases, use another method such as Newton method

= Cases SC method is effective
Initial values close to the solution

Effect of SC parameters is small to the equation
(BEEEEEEHOARIANDOEEINEW)

SC parameters have good convergence
(BEE|EBREHOIFFENRL FRITES5E)



Transcendental equation
TR DRRE



Newton-Raphson method
Solve f(x) =0

fixg#ax) = f(x5) + dx f(xg) ~ O y = (x)
=> Xy = Xo+ dX = Xo— T(Xg) 1 £7(%o)

f’(X,) can be substituted with finite difference
P(xo) = (f(xg+h) = f(xo)) / h

Secant method (&I, 125455 %): 1(Xo)
1:,(Xn) = (f(Xn) - 1:(Xn-l)) / (Xn o Xn—l)

|
|
Save the number of |
f(x) and f’(x) calculations / I
Variation to suppress divergence / :
Xir1 = X = T(X) 1 (f7 (%) + 4) % |
Xers = o= FO4) 17 (%) | (1+ 2) A—
A: Dumping Factor /\V/ :

"o oz o4 o o8 L1 14 15 Xgp 2

— > X, =

05 - Xo— T(Xo) /. f7(Xo)



Program: equation-newton-Raphson.py
Usage: python equation-newton-raphson.py x0 dump t

sleep

f(x) = exp(x) — 3.0x

python equation-newton-raphson.py -0.50  python equation-newton-raphson.py -0.5 3

. Figure 1 9 — O >
T e Xea =X T4 L0 1 L+ 2)
T A: Dumping Factor -
Solve equation Solve equation

304 304 \

2.5 o ‘ 2.5 o ‘

2.0 . 2.0 .

Z 15 215
.
1.0 - 1.0 - “~.
e
0.5 - h 0.5 - . .
® . ,
0.0 \ - , 0.0 \ S
-1.0 —05 0.0 05 -_{.'0 15 2.0 -1.0 —05 0.0 05 ..-1 0 15 2.0
X X

x=-0.8125 y=1.25124 x=0.360887 y=1.13179




Effect of dumping factor (UXzRiEFE D kLK)
f(x) = exp(x) —3x =0 (initial x =0) Exact 0.619061

Newton-Raphson (Dumping factor = 0)

Iter. X IX; — X4

1 0.5

2 0.610059654958962 0.110059654958962

3 0.61899677974154 0.00893712478257794
4 0.619061283355313 6.4503613773092e-005
5 0.619061286735945 3.38063244722622e-009
6 0.619061286735945 -1.94296000199483e-016
Newton-Raphson (Dumping factor = 0.1)

1 0.476190476190476

2 0.597901649246081 0.121711173055605

3 0.617090542717403 0.0191888934713221

4 0.618900291486661 0.00180974876925825

5 0.619048316423879 0.000148024937217564
6 0.619060243007723 1.19265838440254e-005
7 0.619061202754359 9.59746635487409e-007
8 0.619061279978579 7.72242198569211e-008
9 0.619061286192231 6.21365241490959e-009
10 0.619061286692197 4.99965669237101e-010
11 0.619061286732425 4.0228535713285e-011
Newton-Raphson (Dumping factor = 1.0)

1 0.333333333333333

2 0.485235618882813 0.15190228554948

3 0.556317491275292 0.0710818723924794

4 0.589692022113926 0.0333745308386341

5 0.605333177012923 0.0156411548989961

6 0.612649553494255 0.00731637648133212

7 0.616067929129785 0.00341837563553035
8 0.617664103982484 0.00159617485269905
9 0.618409199563502 0.00074509558101794
10 0.618756961315507 0.000347761752005284
11 0.618919262817103 0.000162301501596124



Effect of dumping factor: Convergence process
f(x) = exp(x) — 3x =0 (initial x = 0)

1.E+00

1.E-02

1.E-03

dx

1.E-04

1.E-05

1.E-06

1.E-07

iteration

1.E-01 -

5

—NR(df=0)

4
—NR(df=0.1)

EE NN

——Secant

—NR(numerical diff.) \ N\

\

—Bisection

\

Exact 0.619061

1.E+00

1.E-01

1.E-02
1.E-03
1.E-04
1.E-05
1.E-06
1.E-07
1.E-08
1.E-09
1.E-10
1.E-11

1.E-12

iteration -

11 16

—NR(df=0.1)_

—NR(df=1)

—NR(num. diff.)

\

\— Secant

— Bisection

Xie1 = X = T3 1 (f7 (%) + 4)

A: Dumping Factor

NR: Newton-Raphson method
df: Dumping Factor



f(x) = tan-1(10x)
initial x = 0.1

Case Newton method fails

f(x)

[AEY

o )
r 4

| =y
=4

1
s

o
G0

0
1
2
3
4

X
0.1
-0.05708
0.011686
-0.00011
1.15E-10

0.7854
-0.5187
0.11633
-0.0011
1.2E-09

A case to reach convergence
i f(x)

df /dx dx
5 -0.1571
1.54257 0.06877
9.86527 -0.0118
9.99999 0.00011
10 -1E-10

o

(=)

AW

[u

(0]

N

N

=
)]

[AEY

o
(4]

o

[
()]

[HEY

Y
0

N




Case Newton method fails

f(x) = tan'1(10x)

Initial x = 0.15

Diverged (A=0)

i X f(x) df/dx

N

~~ 0.15

-0.16941
0.232112

0.98279
-1.0375
1.164

3.07692
2.58404

X
N
S 1.56553

1 5 \/
L.J

-0.51141
3.229546
-157.529

-1.3777
1.53984
-1.5702

0.36827
0.00958
4E-06

[MEN
A
SO WDN—=O

389486.7 1.5708 1.1E-12

[
J

X3

V.

A. Dumping Factor

-08 -06 -04

-0.2 06 08 1 Stabilize convergence

o J?QD
NN
o_
~

X by choosing A(A = 1)
[ f(x) df/ dx
0.98279 3.07692

[ X
0.15

[MEN

-0.09106
0.023161
0.001466

—-0.7387 5.46675
0.2276 9.49088
0.01466 9.99785

0.000133
1.21E-05
1.1E-06

0.00133 9.99998
0.00012 10
1.1E-05 10

N

1E-07
9.09E-09
8.27E-10

1E-06 10
9.1E-08 10
8.3E-09 10

©ocoo~NOOOaWDMNMN-—-O0O

dx

-0.3194
0.40152
—-0.7435
3.74095
-160.76
389644
-1E+12

Xir1 = Xe= T 1 (7 (%) + 4)

dx

-0.2411
0.11422
-0.0217
-0.0013
—-0.0001
-1E-05
-1E-06
-9E-08
—-8E-09
—-8E-10



Program: Electron density in metal

Issues for integrating N(e)f(e)

- Wide integration range E = 0 ~ E¢ + akgT — several eV (accuracy at the order of exp(-a))

* Important range for accuracy is the range of akgT ~ 0.1 eV around E

» For numerical integration, E mesh AE should be very small around E¢ (if 0.01akgT, AE ~1 meV)
=> Not good to use the same AE for the whole integration range E = 0 ~ Ex + akgT

=> = Divide integration range (Analytical integration may be employed for 0 ~ Eg — akgT)
= Better to employ accuracy-guaranteed library for integration
python integrate.quad() can accept accuracy as epsrel variable

Program: N-integration-metal.py

Ex.: python N-integration-metal.py 300 5.0 2E+21
At 300 K, E-=5.0eV

Time is measured for 300 cycles calculation

1.5E+21
8 digit accuracy (epsrel = 1e-8), a = 6:
range time (300 cycles) 1E+21
(1) 0~ Eg + akgT 0.109 s
(2) 0 ~ Eg— akgT 0.063 s
(3) Eg — akgT ~ Eg + akgT 0.016s SE+20
(2) + (3) is faster by ~30 % than (1).
Employing analytical integration for (2) 0

Is faster by a factor of 10

N(e)
f(e) x 102
N(e)f(e)

@ //

e

(2) (3)

0.5 1 1.5
Energy e (eV)



Program: T dependence of E¢ for metal

Er(T) is determined by N, = [ N(e)f (e, Er)de for the given electron number N,
N(e)f(e, Eg) is integrated in the range E = 0 — o (acutualy up to E. + akgT)

The initial value of E-(T) can be taken as the analytical form of E.(0) at 0 K.
Since the variation of EL(T) is small, the Newton method stability converges.

Compare with the approx. form E.(T) = E.(0) — %2 (kgT)?>N'(E(0))/N(E(0))

. Figure 1 — O

Program: EF-T-metal.py A € 9> $Q =V

EX.: python EF-T-metal.py

T (K) Er(Newton, eV) Eg(approx., eV) #9500 R
0 4.948988 4.948988 — EF(approx)

600 4.948554 4.948544

1200 4.947248 4.947211

1800 4.945069 4.944990 = voson

2400 4.942013 4.941880 L

3000 4.938075 4.937882

3600 4.933247 4.932994

4000 4.929529 4.929243

0

500

1000 1500 2000 2500 3000 3500 4000

T(K)




Density of states, n,, and n,, in semiconductor

Total density of states: D(E) = D,(E) + Dy (E) + Dp(E) + D4(E)
A E. .

, f(E.E) | f(EEe)
i :
)
K Na
' >
Ev Ea Ep Ec IRILF—
Valence band Conduction band
Dp(E) = DyoJEy — E De(E) = D¢o/E — E¢
Dy(E) = Ny6(E — Ey) Dp(E) = NpS(E _1ED)
1 —
In(EEr) = o eyt Je(E Br) = it
Free hole density Free electron density
ny = [-7 fo(E, Ep)Dy(E)dE Ne = Jg_fe(E)De(E)E
lonized acceptor density lonized donor density

Ny~ = Ny(1 - fh(EA»EF)) NDJr = ND(]- — fe(Ep, EF) )



How to determine E¢ for semiconductors

&

<

(0p)

kS

g DC(E):DCO E-Ec
8 Valence Conduction

band | band S
Ey Ea EpEc Energy

E,=Ec-Ey
Charge neutrality condition

N, + N, =Ny + N,
Ne: :DC(E)fe(E’EF)dE
ND+ = ND[]'_ fe(ED’ EF )]

Er




How to calculate E-: HHlustrative solution
N, = : DC(E)fe(E’EF)dE A

ND+ = ND[l_ fe(ED’ E. )]

0, (€)1 (E.E, K

Ny = NA[]'_ fh(EA’ Er )]

fh(E’ EF):]'_ 1Ee(E’ EF)

Plot AQ = (N, + N,) — (Np*+ N,) w.r.t. Ec and find AQ =0

8.E+14

3.E+14
<2 E+14 0

-71.E+14

-1.E+15

T =300.0 Np = 3.0e17
E,=1.12 Ep = 1.02
Nc = 1.0e19 N, = 1.0e13
Ny = 1.0e21 Eo=0.1
8 0.9 h 1.1 1

30

E.=0.997 eV
. \ E
0 0.5 1 1.5




Bisection method (=4%): Monotonic func (B saea%k)

Solution of f(x) = 0 for monotonic continuous function f(x)
1. Start from a range [X,, X;] where f(x;) <0 & f(x;) >0
(or f(x,) >0 & f(x,) <0)
* Solution exist in this range for a monotonic function
2. Solve the equation by the following iterative procedure

Case f(x,) < 0 and f(x,) > 0: Judge by f(x,)-f(x;) <O
1.X,=(Xg+ %) /2.0
2. 1T f(x,) > 0 (f(x,) - f(x,) < 0), X, Is replaced with x,
If f(x,) <0 (f(x,)-f(x,) <0), X, Is replaced with x,
3. Solution X, is obtained when |x; — X/, [f(X;) — f(X,)| becomes less than EPS.
4, Repet1 -3




E- by bisection method: Convergence procedure

Initial range: [E, E,] =[E, =0, Ec = E]
FInd AQ = (N, + N,) —(Np*+N,;) =0

1.E+01 — 25
LE+00 | | |te|rat|on | 20
1 E-01 N 10 20 30 40 T %@_
— 1.E-02 N
L'IJ 1.E-03 \\ ':U.zlg B
~ 1.E-04 \ 2’ 0 | | iteration |
W 1 o5 N S5 0 10 20 30
1.E-06 N =1 —
1.E-07
1.E-08 N\ 151
1.E-09 N\ -20
-25

After 30 times iterations
E-=[0.9985173589, 0.9985173599]
dQ = [-3x108, 8x108]



Program: EF-T-semiconductor.py

Program: EF-T-semiconductor.py
Usage: python EF-T-semiconductor.py EANA ED ND Ec Nv Nc

EX.. python EF-T-semiconductor.py 0.05 1.0e15 0.95 1.0e16 1.0 1.2e19 2.1e18
E.=0,E.=1.0eV (= band gap)

EA - 005 eV, NA - 1015 Cm'3, %, Figure 1 - m|
- — 16 -3
E;=0.95eV, Ny =10 cm A €9 Q=W
N, = 1.2x10 cm-3
N, = 2.1x1018 cm?3
— FF 107 3 )—‘\
1.0
10%5 3 \
0.8 1 1014 4
— 1013
< 0.6 - i
‘E E 1012
- z
0.4 4 1011 .
107 5 — Ne
0.2 4 nh
107 5 — NA-
—— ND+
0.0 T T lOB T T
0 500 1000 0 10 20

T(K) 1000/T (K™-1)




Multi-values equation: Kronig-Penney model

. hz dz V _ﬁ - - -
Solution of (_%ﬁ + V(x)) @ =E@ 0 a
W,
¢ (x) = exp(ikx)u(x), u(x+a) = u(x) w

Inwell:  #(x) = Aexp(iax) + Bexp(—-iax) a=+2mE/h -b
In barrier: ¢(x) = Cexp(px) + Dexp(-Ax)  B=+2m{,-E)/#

Boundary condition: ¢, (x) and ¢;'(x) are continuous at x = 0 and -b
Bloch’s theorem : ¢, (x + a) = A¢,(x), A = exp(ika)

1 1 -1 -1

la —la - p Jo)
exp(iow,) exp(-iaw,)  —Aexp(-pb) —Aexp(pb)
laexp(iow,) —iaexp(-iaw,) -—plexp(-pb) pAexp(pb)

The determinant of the left matrix must be 0:
B(E)? — a(E)?
2a(E)B(E)

Scan E in possible range to find all the solutions,
then use them for initial values
to obtain accurate values by Newton-Raphson method

I
o O O O

O 0O @™ >

coska = < sin a(E)w,, sinh B(E)b + cos a(E)w,, cosh,B(E)b)



Program: Kronig-Penney model

Program: Kkronig_penney.py

Lattice parameter (Si) a =5.4064 A Effective mass m* = 1.0m,
Barrier width 0.5 A Barrier height 10.0 eV

___python kronig_penney.py python kronig_penney.py band

M
1

o

sinaw, sinhf b + cosaw,,coshf b
E (eV)

ﬂZ _ CZZ
2af
|

coska—(

|
o]
1

delta

E (eV) I k (ri/a)



Non-linear (NL) optimization
JEFRTZ AL




Optimization
Objective: Find parameters x; to minimize or
maximize a target function F(x;)

Maximization problem for F(x;)
IS equivalent to minimization problem for —F(x;)

Examples:
« Linear least-squares method: A linear minimization problem for

L2 norm of errors
« Curve fitting: A non-linear minimization problem for L2 norm of

errors
 Structure relaxation: A non-linear minimization for total energy

Focus on minimization problem



NL optimization of crystal structure:

lllustrative approach
TERE: KEICKDHEE

Calculate total energy by quantum calculations by varying a lattice parameter
ex. Si

-1160.137
-1160.138+ Exp.(RT)
ac=0.5431 nm
- -1160.139+ Vg = 270.5 a.u.® (primitive cell)
x
S, -1160.140¢
>
- I Opt.
o -1160.141 ac = 0.5472 nm
|V, =276.67a.us3
-1160.142+
-1160.143+
-1160.144

260 270 280 290 300
Volume / a.u.3

E=E,_ +1/2B,(V/V,)

min

B, (GPa) =87.57 GPa (exp: 97.88 GPa)



Profile models used for spectroscopy

Lorentz function

1
1L (x)= I ywf W half width at half maximum

Gauss function

1. (x)= L — exp{—[(x_xo)/(aww)]zf 1

a,wr
W a, =(In2)"? =0.832554611 0.

Voigt function:
E.g., observed is convolution of sample

spectrum 1, (x) and apparatus function I5(x) 7
I\,(x):J'_OZo I (X)1, (x=Xx")dx’ / .
12 .
— aV j ezxp(_x ) 2 dx’ /
7T a,” +(x—Xx") /

Pseudo-Voigt function:
Simplified Voigt function
Ly (x) = felg(x) + (1 — f)I (x)
fg: Gauss fraction

o




Curve fit: Non-linear least-squares method

Target function to minimize:

2
F(Xok fo 10 fLEWG ko WLK) = Ddata ()’i — IpV(xi))
Ly k(X)) = ferlor(xi) + frilp e (x;)
1 2
Ik (x;) = /2 exp {_[(xi — xO,k)/(aWWG,k)] }

awWwg,
1
Iy k (x;) =

1+[(xi—x0,k)/ WL,k]z



EX.: Deconvolution of powder XRD peak

Incorporate the intensity ratio from Ko, and Ka, at 2:1

L& ZnS Powder(original).TXT - CurveFit - &
T7r{ME) #EE(E) FER(V) Option M7 (H)
D] 2 & | B8] [5ofcafor|cn o m| S|@)2 J
Thput: |¥Samples¥2n5 Powderiorigina) TET Path ﬂ Dr\Programs!\CurveFit\CurveFit2013\Samples\ZnS Pow der(ung
PEC: |Samp|es¥2n5 Powder(originall#0pfc  Path ﬂ 100000
Output: |D:¥Prngrams¥6urveFit¥GurveFit2[lIE Path ﬂ
Optimize Region: |4ﬁ = |49 WiewRreg| |
Output Fegion: |‘“S - |‘*EI WiewRreg| | 20000
Hidd Peal |Qe|ete F'eak| Clear F'eaks| Peak Search |
| 474657 83924 00963 0.388 1.000 |
0 Position |474687 = 1w OPT[ Gurve Fitlx) . 60000 -
Gl Tatal) 889230 =W OPT  Save PFG z
Gauzz Frau:.ticun 1387780 : W OPT S Al = 10000 -
IR et 1 = [ OFT [v Auto redraw
GG | 3448330406 — QOPT
A —_ I Log | Redraw
FitHM(Gauss) |00963353 v OPT
— Delta Mag. 0000
i Lorentz) SAA4054R43 7 OPT |17
FuiHM( Lorentz) | 00963353 i [ OPT
fizy mmetric o = OPT
Backeround =~ Others 0 I | | | | | |
= Gal || | Ligat: [T58056 A
b0 |170.272 o s P 468 47 472 474 476 478 48
bi|671438 :l |— OFT || ¥kai/TKal) |u_57 Diffraction angle 2Theta / deg. h
b2 (0 < >
Grange |
AT ‘ﬁﬁzﬂ?ﬁm; [Fl] AL TEEN.




Methods of non-linear (NL) optimization

To find a minimum (maximum) of target function F(x):

Direct search method (B &%)
Trial and errors to find a minimum,
but following a certain defined procedures

Gradient method (& E2;%):
Use first differential to find the direction of minimum



Global minimum ¢kiras/ME) vs local minimum @G&/1hvi)

If start from here and
search minimum by gradient, ...

L_ocal minimum

Global
minimum

>
a©

How to avoid to be trapped by local minimum:
1. Employ a large initial search range
2. Not use a direct value of gradient



Line search (BE##F%%:%). Armijo condition
KEME, TE2RE xELEZ DA, BB 54t (2006)
Armijo (7/L3%) condition (eq. (1)) and algorism:
1. Provide initial x;, choose constant{ and7 (0 < ¢ <1,0<17< 1)
2. Find search direction d, (e.g., by steepest descent method)
3. Find « > 0 so as to satisfy F(x + ady) < F(xy) + ¢ady - VF(xy,) (1)
() Bro=11=0
(i) If F(xg + Bridr) < F(xg) + Efyidy - VF (xg) go to step 4, or go to (iii)
() By i+1 = TBk,; and go to (i)
4. a = P,
X
y =F(xy) +Sady - VF(xg)

Satisfy eq. (1) /

y = F(xp + ady)
Satisfy eq. (1)

\ ~—> ad
tangent: y = F(xy,) + ady - VF (x) a'®



Line search (BE##F%%:%). Armijo condition
KEME, TE2RE xELEZ DA, BB 54t (2006)
Armijo (7/L3%) condition (eq. (1)) and algorism:
1. Provide initial x;, choose constant{ and7 (0 < ¢ <1,0<17< 1)
2. Find search direction d, (e.g., by steepest descent method)
3. Find o > 0 so as to satisfy F(xy + ady) < F(xy) + ady - VF(xy) (1)
(i) Bro =1,i =0
(i) If F(xg + Bridr) < F(xg) + Efyidy - VF (xg) go to step 4, or go to (iii)
(1) Br,i+1 = Pk, and go to (ii)
4. a = P,

Y
y =F(xy) +Sady - VF(xy)

Satisfy eq. (1) /

/

4/: Not satisfy eq. (1)/! y = F(xy + ady)

Satisfy eq. (1)
——
tan\gent: y = F(xy) + ady, - VF(xy,) a®

C(dk



Line search (E##£%;:%). Wolfe condition

KEME, TE2RE xELEZ DA, BB 54t (2006)

Wolfe (~,12) condition:

1. Find search direction d;, (e.g., by steepest descent method)
2. Choose constants &; and &, thatsatisfy 0 < &, <&, <1
3. Find a > 0 so as to satisfy:
F(xk + Cldk) < F(xk) + fadk . VF(xk) (1)
€2dk . VF(xk) < dk . VF(xk + adk) (2)

Y gradient = &, dy, - VF(xy,)
/ :\\\

Satisfy eq. (1) /

\

Satisfy eq. (2) [y = F(x), + ady)

\ 4 \

VA— >(Xdk
tan\gent: a0

y = F(x3) +ady, - VF (x;) y =F(x) +ady - VF(xg)




Single parameter Newton-Raphson method

To minimize F(x), the condition
f(x) =dF(x)/dx=0
must be satisfied. Applying the Newton-Raphson method to solve
this equation
f (o + 83)~f(x,) + 8xdf (xy) /dx=0
=> Xy = Xo— (df (xo) /dx)*f(x9)= Xo— (F7) ' F’
n _ d*F
F - ddx(zx)
If F"' <0, then x; is going to converge to a maximum point.
1. To stabilize convergence, introduce a dumping factor A
X, = Xg— (F”+ A)1F’
so that F”+ 4> 0.

2. Search minimum values by -df (x,)/dx
X1 = Xo— adf(x,)/dx

Steepest descent method




Multi parameters:
Steepest descent method (SD, &2 TFi%)

Search minimum/maximum only by first derivatives

Concept: Minimum/Maximum may be found
In the direction —(dF(x;)/0x;)

x; D) = 5, () — qdF (x;()) /9x;

Need to choose/find an appropriate «
so as to take the minimum F (x; %))

Variations to choose a.:
(1) Simple: Choose small o

(ii) Direct search (EiE®R)
Armijo / Wolfe condition



Steepest Descend (SD) method (&% TFi%)

KEME, TE2RE xELEZ DA, BB 54t (2006)
Search minimum only by first derivatives. Simplest one among gradient methods

= SD: F(X, y) would decrease in the vector —(dF/ dx;)dx;
X; &) = x. K — o(dF / dx;)
o, may be a small constant step
or determined by a line search method
ex. in right figure:
F(Xy, X,) = 5%,% + X,2, initial x, =0.7,x, = 1.5
= Newton method
One cycle calculation provides the final solution
for quadratic problems
BERAREDES E—EBOHE TRBEIEICEE
= SD method
o = 0.3: Diverged (not shown in the graph)
0.2, 0.15: Converged, but oscillated
0.1: Reach final solution by one cycle calculation o
0.01: Not oscillated, but slowly converged i

2.5

Newton

Problem: If F(x;) is highly anisotropic, the SD directi T
would be different largely from the minimization . 05

direction rx) sA=<ERHLBE. REGESAITR/MESALIE
KEBEHENHD

=> Conjugate Gradient (CG) method (% &%)

0.5 1




Steepest descend method

Without line search: o
use fixed step parameter With line search
25

25

1.5

Newton

NN NN



SD method in Deep Learning

» All batch data are divided to mini batches,

e DL: SD method
and apply SD to each mini batch 5

a=0.1, Nyg = 10

Example:
S?=F(a, b; X, X;) =ax +bx,?, a=5b=1 >
1000 batch data (Xy;, X, f(x;)) are generated at random
(note: the data were re-generated for different runs)
Speculate aand b 1
Initiala=0,b=0

0.5

k=0.05, ny,z = 10
SD (Convergence iterations with all batch data) |-

3 0 1 2 3 4 5
2.5

25 a=0.1

2

Line search 2 a=0.05, ny,zg =100

15 15

1

k=0.1n,; =100

0.5



Multiple parameter Newton-Raphson method

Extend to multiple parameter optimization: Minimize F(x)
fir(x;) = aF(xp)/0x, =0
Tosolve fi(x;) =0 (k,l=1,2,---N)
fr(xy + 0xp)~fr(x)) + 2, 6x4,0f  (x1) /0%y, = 0
=> X1 = X0— (Of 1k(x) /0%, ) (Fi) = X o= (F70) H(F7))

d%F(x)
FII —
kkr axkaxk,

Hessian matrix (~v+475l)
(NVEITIDEFEZAYD TV EFEL)

Hessian matrix is not always positive definite (EEfETH B EIFRSAELY)
(Maximum, Saddle point #EX{E. & s)
=> F” dose not always give decreasing direction

Convert F” to positive definite and suppress divergence
Xj1 = X0— (F”0+ A)HF?)
A Dumping Factor



Program: optimize-newton-raphson2d.py
F(x,y) = -3.0 — 10x — 30x? + 1.5x3 + 3x* + 30y —30y? + 3y* + 3xy?
Usage: python optimize-newton-raphson2d.py X, Y,
From (0.0 0.0) Newton From (-1.0-1.0)

-4 -3 -2 -1 0 1 2 3 4 -4

T T T T
-4 -3 -2 -1 0 1 2 3 4

From (-2.0 -1.0) From (-2.0 -2.0)
4 *‘ 4 —_—

global minimu
‘ T

T T T
-4 -3 -2 -1 0 1 2 3 4




Quasi-Newton method (#:Newton;i%)

i o RERTE, TEEM SoBb e DISH, #IE T ¥4t (2006)
Target function to minimize: F(x;)

Iteration: xl(i+1) — xl(i) — (BZF/axkaxk,)_l(aF/axk)
F' 11, = 0°F/0x,0xy,: Hessian (Nwt) matrix

Issues of Newton method:
(1) Calculation of Hessian matrix is very high cost as it is a 2D matrix

(2) Eigen value of Hessian matrix can be negative => lead to maximum
(3) Easy to diverge

Quasi-Newton method:
(1,2) Hessian matrix is approximated from 15t differentials

(3) Line search algorism is applied along the search direction
—(0°F [0xy0xy,) " (OF /0xy,)



Davidon-Fletcher-Powell (DFP) method

KEME, TE2RE xELEZ DA, BB 54t (2006)
F(x;'® + ad) = F(x;¥) + aVF (x,%)Td + %aZdTB(k)d ~0

Search direction d is determined from B®d = —VF(x;(®)

DFP method: The first formulation of quasi-Newton method
sU0 = x(tD) _ 300 () = gF(3,(k+D) = YF (2,0
(y®) - B 5(K)).,(OT 1y, () _ g ) 5Ck)Y"
s(OT .y,
sUOT. (5 (0 _ (k) 500
C (sWT >

W B (1., (0T 15,0 p(K) g1 SIOT g(k) (k)
= B*" — s(OT 5 (k) + + s(OT (k)

BU+1) — glo 4

y(k) . y(k)T




Broyden-Fletcher-Goldfarb-Shanno @res) method

KEME, TE2RE xELEZ DA, BB 54t (2006)

BFGS method: Regarded as most efficient among quasi-Newton methods

S(k) — x(k+1) — x(k), y(k) — VF(xl(k+1)) — VF(xl(k))

B (WIS, UoT

(k+1) — pk) _
B B SGOT g0 50 ST (1)

Algorism:
STEP 0: Provide initial values x(© and initial matrix B© (can be unit matrix)
STEP 1: Search direction d® is determined from B®d = —VF (x;(*)
STEP 2: Step width a® is determined by line search algorism
STEP 3: Calculate x*1) = x®) + gkd(k)
STEP 4: End if self-consistency is achieve.
If not, goto STEP 5
STEP 5: Calculated s® and y®), and then B&*1), and go to STEP 1



SD vs. Newton- Raphson methods

Steepest direction + O|ot|m|zc1t|on direction

1.5

0.1
Newton

a=0.2 < .0

*
L ¢
X4
&
- I I ;i t = ;
-1 K \ KJS\ \ 0 0.5 1

-0.5

Improve SD method to follow optimization directions



Conjugate Gradient method (&4 %)
KEME, TE2RE xELEZ DA, BB 54t (2006)
Vectors u and v satisfy utAv = 0 for a matrix A: u and v and conjugate with each other
= For quadratic function, repetition of the conjugate direction will find

the minimum in finite cycles if exact line search is employed
HEGREFRARITR>TEEGERERZEIT > AREIORET2REHROR/NMEIZEE

Case contour is a circle, one cycle 1. Give initial value x, _
calculation reaches the minimum 2. Initial direction d is determined by SD
EERMLSHOBE, —EOR d=—VF
////’if:j:t::;ﬁs \\\ . Find x,,, using appropriately chosen o,
7 ff///"’f'_:__f“' \ \\ Xis1 = X + oy dy
1]/ \\\ o, may be a small constant step
e or determined by a line search method
{‘{\\ ) ~_ 4. Search direction is updated by
%\\ | Vie = VF (X41) = VF ()

on) - VF (Xp11)" Yk
conversion  UTPTPv=uTAv=0 dict1 = —VF(Xp4a) + a7y, dy

5. Repeat 3 — 4 to reach convergence

As the freedom of cg directions is the number of parameters
(Noaram), NE€d to go back to 2 to reset d at some interval
(typically npsram, NECessary for np,m = 2).



EX.: Curve fit to powder XRD peak
Usage: python peakfit-scipy-minimize.py 10 x0 w
uses scipy.minimize() function, employs conjugate gradient method

python peakfit-scipy-minimize.py
Target peak: Gaussian function, 10=1.1,x0=0.4,w=0.4
default: 10 =1.3,x0=0.6, w=0.1

0
N 10 \\.__
i _h."'-t
1.2 1 i T
ﬁ- ii 10—2 i
% |
1.0 4 x k|
: :: ": 1074 4 \
] |3
i X i E
08 x %
. -
x i i -6
« o 10
0.6 ~ x P
| ¥ |
X P
X Pox 107 1
x i P X
0.4 = x‘ 'i ::‘ I|I
x i v |
! o -10 4
& ] Lk 10 H‘n
0.2 Pk \
] | \
Pl s 10712 - \
N i — . \
T T T T T T T T T T T h—



Converging range
python peakfit-scipy-minimize.py 1.3 0.8 0.1
Target peak: Gaussian function, 10=1.1,x0=0.4,w=0.4
default: 10=1.3,x0=0.8, w=0.1

.’:
1.2 |

102

% Ii
1.0 4 P
x X 1
{ *'x E lD—4 i
0.8 - i X
r i |
¥ Lo
x X 1076 1
0.6 - X x|
by 1
' X -8
0.4 - £ Lox 10
) H u
iy X
x K
0.2 F

T ii :E. 10-10
0.0 4 dé..__.__.._.._.._.._...-"' I‘*-.._.._!.h

T T T T T T T T T T T T
-1.0 -05 0.0 0.5 1.0 1.5 2.0 0 2 4 6 8 10



Diverged
python peakfit-scipy-minimize.py 1.3 0.9 0.1
Target peak: Gaussian function, 10=1.1,x0=0.4,w=0.4
default: 10=1.3,x0=0.9,w=0.1

1.2 - H p.8 % 10! 1
x i‘
1.0 x X
X% 2.6 x 101 -
0.8 -
L]
D.4 % 10% -
0.6 -
0.4 7 2.2 x 101 1
P
0.2 - x X
0.0 - mﬁi 7 "&h 2 x 10! -
T T T T T T T T T T T T T T
-10 -05 00 05 1.0 15 2.0 0.00 0.25 050 0.75 1.00 125 150 1.75 2.00

Initial peak must be in the FWHM of the target peak



Converged
python peakfit-scipy-minimize.py 0.2 1.1 0.1
Target peak: Gaussian function, 10=1.1,x0=0.4,w=0.4
default: 10=0.2,x0=1.1,w=0.1

101 _
%
1.0 x %
* 1 1072 ~
X \
x X
' x
x :
0.8 ?," *I 10—5 . |'|
£ “~
x .
0.6 - & x 107 1 \
% X
/ &
:: '* 10—11 n
0.4 1 ?" 3; ||
¥ - |
** ,;‘ 1014 4 |
0.2 - ; ’fz \
gi ’Sg 10717 + II
|
0.0 - s L
T T T T T T T T T T
-1.0 -0.5 0.0 0.5 1.0 1.5 2.0 0 5 10 15 20

If 10 is close to the target curve, it can be converged
even if the initial peak position is out of the FWHM of the target peak



Converged
python peakfit-scipy-minimize.py 0.2 2.1 1.1

Target peak: Gaussian function, 10=1.1,x0=0.4,w=0.4
default: 10=0.2,x0=2.1,w=1.1

Rddadiizil]
%
1.0 - iy .
x X
x X
X x
1 —a ]
0.8 : ) o
x x
x x o ]
0.6 - ] )
X X
é s 10-10
T ¥
0.4 ]
%
£ 10-13 4
X
0.2 ;
=“"J--Jﬂfﬂ 10-16 -
it ) |
0.0 - — % l
T T T T T T T T T ; : I L
-l0 -05 00 05 10 15 2.0 o 5 10

15 20 25 30

If peaks are overlapped satisfactory, can be converged



Marquart method (v—h—k%)

Minimize a square sum of m functions f;(x;) with N parameters
F(x)=2 1;(x)°
j=1

Approximate by of
j

of. P
f (6 +0%) ~ f.(x)+] == P Li(6x )= f,(x)+ AdX T

F(x, +% )~ F(x ) +22 fA G+ Y Ay AOxOx,

j koK
oF(x)
~2 A, T A. O 0
8§xk Z( +ZAK "‘Xj
= —(A'A)"'AY(f;) Gauss-Newton method

Levenberg-Marquart method
8x = —(A'A + A 1AY(f;) A: dumping factor

. _ e.g. chosen proportional
8x = —(A'A + Adiag(A*A)) 1At(ff ) togdiagonal Eunl? of AtA



Methods of non-linear (NL) optimization

To find a minimum (maximum) of target function F(x):

Gradient method (2JEdi%): Use first differential to find the direction of minimum
« Newton-Raphson method:

Use 15t and 29 differentials to efficiently find minimum
* Quasi-Newton method (#:Newtoni%) :

2nd differential matrix is approximated from 1st differentials.

Line search method is combined to improve global convergence.
« Steepest Descent method (R&& T:%):

Only 15t differentials are used to search minimum
« Conjugate Gradient method (¥ & A& %):

Search direction is corrected by conjugate gradient of 15t differentials
 Marquart method

For least-squares fitting of f;(x;), 2" differential matrix is build from 1<

differentials of f;(x;)

Direct search method (E##iE%%)
« Simplex method (&{&;%)
Search minimum by trial-and-error with a defined procedure



Simplex method (& {k;%, Amoebaj%)
(Nelder-Mead algorithm)
ARER 5. BEGE. /NE A BEIE. FortranlC R AMEFE VIR 7 AEMRK =L (19894)

Simplex: Polyhedron formed by (n+1) vertexes in n-dimension space
(B n LT ZERTT (n+1) [EDIEZL1ES ZEH)

Minimize F(x;)

1. (n+1) initial values x; (i =1, 2,---, n+1) => Sort F(x;) so that F(x;) > F(X;,) (i <1°)
Xp = Xy X1 = Xnag

2. Average except the maximum vertex x; X = Z X. /N

3. New x will be examined along the line x,; — xG'EZy the following selections
(i) Reflection (&) Xz =1+ a)Xg—ax; (a>0,ex. 1.0)
(i) Expansion@iK) :Xg =7yX.+(1-v)Xg (y >0,ex. 2.0)
(iif) Contraction (U2#&) :Xc =Px; +(1-B)xg (0O<P<1,ex.0.5
(iv) Reduction (/1Y)  : Xgp = (X, + X)) / 2 __

\
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4. Replace x; with the x in (i) — (iv) that firstly satisfies
F() < F(xy) 7R

5. Repeat2 -4



Comparison
F(x,y) = -3.0 — 10x — 30x? + 1.5x3 + 3x* + 30y —30y? + 3y* + 3xy?
Programs: optimize-sd-cg2d-linesearch.py, optimize-newton-raphson2d.py
From (0.0 0.0) Newton From (0.0 0.0) cg simple
4 =nee 4 ‘

/1800
1600

i'"i’f/ T 200




Comparison
F(x,y) = -3.0 — 10x — 30x? + 1.5x3 + 3x* + 30y —30y? + 3y* + 3xy?
Program not distributed

From (0.0 0.0) Newton From (-1.0 -1.0) DFP golden
AT~ | ‘ ’ M
ol 1% .
A IR+ <o y
o 'mf'/;///,',"uu’:’ﬂ’ [ i
| w}.: 2
| ‘“‘:}" —200
R . :
-4 -4
. ) 4 -3 -2 -1 0 1 2 3 4 4 -3 —2 -1 0o 1 2 3 4
e 7 From (0.0 0.0) BFGS golden  From (0.0 1.0) Simplex
Main algorism: | 1] R
Newton, DFP, BFGS 2- .
SD, CG 1 1]
Simplex o o
Line search:
Golden, Armijo - N




Notes for NL optimization

- Solutions may be more than one

- Final solution 1s not obtained by one step calculation

- Convergence must be confirmed

= Confirm the solution is the global minimum (k&)
& Often“fall In a local minimum (;%Fﬁ@d\ﬂ”ﬁ)

Residual error

>parameter



Features of NL optimization algorisms

Convergence A B

Speed X O
Stability O X
Global convergence O X

For: Initial cycles Later cycles for fast
convergence

A :Simplex (&%)
A,B: with line search algorism:
Conjugate Gradient (CG, & A #g%)
Steepest Descent (SD, & & T i)
Quasi Newton methods
= Davidson-Fletcher-Powell (DFP)
* Broyden-Fletcher-Goldfarb-Shanno (BFGS)
B : Newton-Raphson method




Features of NL optimization

Newton-Raphson method: Gradient method

Use second derivatives (Hessian matrix)

Fast convergence, easily diverged, complex program

May reach to a maximum if Hessian matrix is not positive definite.
Quasi Newton method: DFP, BFGS, Broyden etc
Hessian matrix is iteratively approximated from 1st differentials.
Better convergence by combining with linear search algorisms.
Steepest Descent:

Use first derivatives only

Simple program, Slower convergence than NR and CG
Conjugate Gradient:

Use conjugate direction for efficient search

Better convergence than NR, faster than SD, complex program
Marquart:

Use first derivatives of f;(x;)

Simple program, Slower convergence than NR
Simplex: Direct search

Trial and error with a pre-determined selections of

next candidate parameters

Very slow but good convergence



Bisection method (=4 %) vs Golden-section search (&£ 2 EIERH)
Bisection method: Find solution of f(x) = 0 for monotonous continuous function

Unique solution exists in the range [X,©, x,(0] if F(x,@)F(x,(?) <0
Add Xl(o) in [XO(O)’ XZ(O)] (XO(O) < xl(o) < x2(0))
Case 1: If F(x,O)F(x,) <0, solution is in [x,©), x,@]

Next search range is reduced to x, := x,©), x,(M := x,0=
Case 2: If F(x,D)F(x,) < 0, solution is in [x,©, x,©]

Next search range is reduced to: X, := x,@, x,) := x,© =

(0) 45, (0)
%, X, := x,©)

xl (O) +x2 (O)

” , x2(1) = x2(0)

Golden-section search: Find minimum for single downward convex continuous func f(x)
Unique solution exists in the range [x,©), x;(@]
if F(X,@) < F(X,®), F(x3@) for x,© < x,0 < x,
Add X, in [x,©, x,O0] (x,© < x,0 < x,0 < x,)
Case 1: if f(x,@) < f(x,®), solution is in [x,?, x,©]
Replace x,© with x,© in [x,©), x,]
Next search range is reduced to x, := x,0 < x, D := x,0 < x,(1) := x, 0 < x,(0) := x,0

F(X)\< B /

«— Y >

/4—‘[—»

.0 %0y © x,0




Golden-section search (Z£ 9 EER)

For downward convex continuous function, unique solution exists
in the range [x,@, x;@] if F(x,@), F(X,(9) < F(x,@), F(x3®) for x,©@ < x,0 < x,(0 < x,0)
Case 1: if F(x,@) < F(x,(), solution is in [x,(©, x,]
Replace x,(0 with x,© in [x,©), x,©]
Next search range is reduced to x, := x,© < x, 1 := x,0 < x,0) := x, O < x, := x,0)
Case 2: if F(x,@) > F(x,) , solution is in [x,©), x;]
Replace x,© with x,© in [x,©), x,]
Next search range is reduced to X, := x, 0 < x, D := %, < x,(D := x,0 < x,(1) := %,

A\ 4

A

F(X)\

p . -
v Strategy: keep the ratio of x,®), x, 0, x,(0, x;®)

« Y — constant for iteration steps
\\\\\ «—r—»/ B = x3( — x,®
T /// v = 3,0 — x, 0 = x, 00 _ x, 00

] T=f~-Yy
X, = x,0) +7

A 4

XO(O) X 1(0) XZ(O) XB(O)

To keep the ratio for next step (k+1)
Xl(o) Xz(o) X4(O) XB(O) ,3 LY = X3 (k+1) _ xo(k+1) ! xz(k+1) _ xo(k+1)
Fromt =0 -y

g = 1+2\/§ Golden number




Golden-section search (Z£ 9 EER)

Minimum solution of downward convex continuous function F(x)

F(Xl: B > E — 1+/5
«— Y > 14 2 JVE
“ Y — T_Bv_q__2 _V5-1
% «— T —>/ n= B B 1 V5+1 V5+1
- T 1. For x,@ < x,(0 < x,0 < x,0) assign initial parameters as:
~_| BO) = 5, _ 5 ©
R 70 = 4 ﬁ(o)
%@  x@ %0 x,© %@ = x,© 4 (0

1,© = x,© _ 70

X, ) x,(0 x 49 X, (0)
( ) Xl(l) X, x3(1) 2. Terminate if |[p®| < EPS

3. B+ = (k)
T(k+1) — 77'3(k+1)
4. 1 f(x,9) < f(x,®), substitute x,® for x,0 = x,0 —7) as:
XD = 3,0, x, (k+D) = 3, (0 —g )y (kr) = () (k1) = (K)
If £(x,®) > f(x,®), substitute x,® for x,& = x,® +7K) as:
XD = x, (0, x, (k#1) = 3, (), (k+1) = 0 (R () (k1) =y ()
Gotostep 1



Fouriler transformation
I—)TE



Fourier series expansion (Fourier#k k&

Period: T
21N 21N
x(t) = + 2 (an cos—t + by, sinTt>
a, = ;fo x(t) cosTtdt

T .
b, = %fo x(t) smznTntdt

X(t) = Yime—oo Cy EXP (i 27tTn t)

1 (7 2nn
cnz?f x(t) exp —LTt dt
0

Rlemann—Lebesgug lemma i ¢, =0
()—=2-ILR—T DFfErE). n—ooo




Fourier transformation
Take limit to T => oo for Fourier series expansion

CFT F(w)= f; f (t) exp(imt)dt
IFT f(t)= iro F(w)exp(—iot)dw
= 27 I

FT F(o) =] f(t)exp(i2aft)dt

CIFTf(t) = f; F (o) exp(=i27ft)dw

Features of Fourier transformation

= Convert time-dependent data to frequency data

= Convert position-dependent data to wavenumber data

= Origin of original data is converted to whole range of FT data

= Whole range of original data is converted to origin of FT data
Width W Gauss func is converted to width W-! Gauss func

= |FT of FTed data recovers the original data
FourierZ#tL1=T—42%Fourieri#f £ 5ETDT—2IZRD



ILSQ for general function

Zakf (X) s-= Z( i—zn:akf (x.)j2
———Zf(x)(y, Zakf (X)j 0

da, )

Z fl(xi) fl(xi) Z fl(xi) fZ(Xi) Z fl(xi) fS(Xi) Z fl(Xi) fN (Xi) Q Z Yi fl(Xi)
PRACIIACH DI ACHRACH IR ACHRACH D L0 T () | a | | D yifa(x)
D GO R) 2 f(a) 06 2 f06) f506) 2 GO0 | & [=] 2 Vifs(x)

2 ) R) 2 T 06 060 D iy (%) f(x) 2 f) fux) Nay ) (2 vifu(x)

Application to sin / cos expansion

f.(X)=cos2f. x (i =odd numbers (F#))
f.(x)=sin24f.x (i = even numbers ({&%k))



ILSQ for Fourier series expansion

f1, pl,Al= 15, pi/4.0,1.0
2, p2, A2 = 3.0, pi/3.0,0.3
f3, p3, A3 =10.0, pi/6.0, 0.5
x += random(0.03) # noise is simulated by random()
y = Al *sin(2.0*pi * f1 * x + pl)

+ A2 *sin(2.0*pi * f2 * x + p2)

+ A3 *sin(2.0*pi * f3 * x + p3)
Convolution: Gauss function with w = 0.03

2

Y

b —vy(convoluted)

0.5

-0.5

-1.5

LSQ results

» - Before Convolution
" original

iy
i \>

N

After convolution
—original

—4 terms LSQ
—6 terms LS

1.2

1.2



Discrete FT (DFT, g&o—") T Z i)

Assume x(t) is periodic in the range [0, TV] and x(0) = x(T")
X(fi) = T X755 x(t;) exp(=i2fy, - jT¥/N) T =T"/N

Usually the coefficient T, is not included for DFT formulations
y(fi) = Ej=0 x(4;) exp(—i2mkj/N)  fi = k/T"

DFT can be carried out without many trigonometric function

(=A%) calculations

_ V'N-1 kj

wy = exp(—i2m/N): Rotation factor ([El&xEF)

wy 1 = (cos(—=2mk/N) + i sin(—2mk /N))(cos(—2m/N) + i sin(—2m/N))
= (COS(—ZTL’k/N) Wy » — sin(—2mk /N) WN,l-)

+i(cos(—2nk/N) Wy ; + sin(—2mk/N) WN,T)

— (Wlicl,rWN,r - IIG,iWN,i) + i(Wl]\?,rWN,i + WII\CI,iWN,r)



DFT: Matrix expression (1751%I8)

y(fi) = X3=0 x(¢;) exp(—i2m - k - j/N)

Vi = ;_v=—01 x]-kaj wy = exp(—i2m/N)
DFT
Yo 1 1 1 Xq
Y1 . 1 WNl WN2 WNN_l X
- w,,” :
Yna 1 WNN_l WN(N_l)(N_l) XN
Inverse DFT
Xq 1 1 1 Yo
Xl l 1 WN N WN - WN N yl
E w,, ' :
XN—l 1 WN R WN SN yN—l

Using w = wykmodN and w, N2 = —w ¥, only k =1 - N/2 terms
should be calculated



Fast FT (FFT, &&o—) %)
EB/E—, InGohhBICAMFHRE, 37 H iR+t (2003)
1. The data number must be N = 2™ (m: integer)
2. The identical calculation to DFT, but the calculation cost is proportional
only to Nlog N (proportional to N° for DFT)
3. Simple circuits can implement FFT, easy for parallelization (GPU)

The DFT formulation is written as polynomial by converting wx = z

N-1 N-1
_ kj — |
Vi = z xXjwy'J = z x;z’
j=0 j=0

Vie = %0z° + x1zt + x32% + -+ xy_12zV 1
= XOZO + XZZZ + -+ XN_ZZN_Z
+z(x12° + x,2% + -+ xy_12V7?)
Note that the last line equation becomes a polynomial with respect to z, = 72
with a half number of the terms
N/2-1 N/2-1

Y = z XpjZy) + 2 z Xpj41227

j:O _]=0



FFT

EB/R—, NGO ADICHARFHE, I KRt (2003)

N N
Yien = %0(22)° + x,(z) + - + xy_2(z2)z 't + 2 (xl(Zz)O + 2,z 4+ XN—1(ZZ)7_1)
= YinN/21 T ZVinN)2,2

N N
Vinyz1 = Xo(ZN0 + x,(ZD1 + -+ xy_,(zN)* 1 + (22) (xz (z*)° + xg(z) + - + xN_g(z“)Tl)
= YkN/a1 T (ZZ)Yk,N/4,3

Vinyzz = %1240 + x5z + - + Xy (95 + (22) (x3 (z)° + 27z + o + xN_z(z“)%‘l)
= Yinjaz + @) Vi a4
YN = YiN/21 T ZYVkN/2,2

Ye,N/21 = YkN/a1 T Zzyk,N/4,3

ViN/22 = YiN/a2 T Z°Vin /a4
Yin/a1 = Yin/sa + 2 Vin/ss
Yin/a2 = Yin/sz ¥ 2 Vin/se
YiN/43 = Yin/ss T 24 Vin ez
YiN/aa = Yin/se T 2 Vin/ss

The above is a recursion formula and can be solved from the last two-terms FT

to upper equations in the series of the number of terms 22, 23, ..., 2N
HEXDHIZE-O>TVNDD T, XEZEDEH2OFTHALIER 122, 28, ..., 2VNDFTOEFTEZTHET
FTEtEMNTES



Data swap In the FFT procedure

N data series XoX1X2 *** XN-1 =>FT: XOX1X2 '"XN—l
Represent the index number by binary (IlEF#%z =& THohH )

At each stage k, the data are split to two, and the data of odd order are moved to the
second half (note the order is counted from 0)

=> Data whose k-th bit is 1 are move to the second half

=> The change of the order numbers corresponds to bit reversal

Initial data order (values in parentheses are bitwise reversed)

X, X, X, X3 X, Xs X, X~ =

1F%| 000 (000) 001 (100) 010 (010) 011 (110) 100 (001) 101 (101) 110 (011) 111 (111) =

-

| gt = e | ]

2E% 1000 (000) 010 (010) 100 (001) 110 (011)//001 (100) 011 (110) 101 (101) 111 (111) ;

| Yea1=Yk21 T ZiYk,ZB l l Y42 = Yk2,2 +£23’k,2,4 l E

3E% | 000 (000) 100 (001)|| 010 (010) 110 (011)| [001 (100) 101 (101) || 011 (110) 111 (111) g

X0 X4 X2 X6 X1 X5 X6 X7 m
Vk2,1 Yk 2.3 Vk,2,2 YVk,2,4

The order to sum up for FFT is different from the order of x;.
FFT summation is performed in the order of the bit reversal of the index



FFTREOEIEF QT EvhREE

Nﬁa)'?—’)"ﬂ XgX1X2 ** XN—1 = FT: XoX1X7 - Xn_1
IGFF#%E—EHTHo DT

FFTOZENThDOBRETIFHEHOT 42 EFICToT I BEETS
=> [EFBOAMIEEBICHIETHEVEN 1 DT —4F&FI12T5T ]
=> [EFBOERME Y RERIZHIET S

BOT—42DAUIE (AyanILIEFHDOE v RER)
Xo X4 X, X3 X, X X X
1§%( 000 (000) 001 (100) 010 (010) 011 (110) 100 (001) 101 (101) 110 (011) 111 (111)

2 g% [000 (000) 010 (010) 100 (001) 110 {011)|[001 (100) 011 (110) 101 (101) 111 (111)

| Yia1=Yrk21TZ J’k 2,3 l l Y42 = Yk2,2 +£23’k,2,4 l
3£ 000 (000) 100 (001)|[ 010 (010) 110 (011)| [001 (100) 101 (101) | 011 (110) 111 (111)
X0 X4 X2 X6 X1 X5 X6 X7
Yk,2,1 Yk,2,3 Yk,2,2 Yk,2,4

FFTOMZRAIEEL x;, DEVIEEEDHS,
BRUIDIEFEHO —EHERR (hyaRO#F) ZEVERES (HyastOHF)
LTY—FT 5L ZDIEFTFFTOMZENS



L_ogical operations (bitwise operations)
(Eﬁ_' A E“Jl‘lig)

Logical NOT (Bitwise inversion) GREEE, v REE)
NOTO =1;NOT1 =0
python: ~x, not X ~1==0,~0==
Logical AND (GREE#)
OANDO0=0;1ANDO0=0
OAND1=0;1AND1=1
python: x &y, x and y 1&1==
Logical OR (G&E#n)
0OR 0=0;10R0=1
OOR 1=1;10R 1=1
python: x |y, x ory
Logical Exclusive OR (#fth a4 5Rz2F0)
0XOR0=0;1XOR0=1
OXOR1=1;1XOR1=0
python: x My, x xor y
Bit shift (n bit shift)

python: a<<n,a>>n 0b0001 << 2 == 0b0100
0b0110 >> 1 == 0b0011




Bit reversal (Ewk3l &)

Note: bit reversal (v k5l REE) != bitwise inversion (EwkREE) (~x, not X)

bit_reverse.py val = 11001, Z#lIZ
def bit_reverse(val):
ret =0 ret =0 # EvhREREF0THEAE
while 1:
vO=val &0b001 1. vO=val&1, =>11001,& 001,=1 # EIMTDE YMEZE VO ITIRTE
ret = ret| vO0 2. ret=ret|v0 =>0|1=1, #retDE—HTIZ v0 ZERTE
val =val >>1 3. wval=val>>1 =>11001,>>1= 1100,
# —HTRIZEYRTRL, valD2HT B #FE1TICHH)
if val == 0: 4. val H* 0 DIFE. NG Lbith FE>TLVELD T
break IW—T%E#T
else: 5. val B OTHLMEE.  ret Z1IEYR D TRL. 2. Tret OF1HMLICERELIZ VO EEICT 5T,
ret=ret<<1 ret=ret<<1l =>1,<<1=10,
LICE-THEYERL
return ret 6. vO=val&1l, =>1100,&001,=0 # EBIHTOE YMEZ V0 IZRE
7. ret=ret|v0 =>10,|1=10, #retME—HTIZ vO ZERTE
8. wval=val>>1 =>1100,>>1=110,
9. ret=ret<<1l =>10,<<1=100,

LICR->THYEL

10. vO=val&1, =>110,&001,=0

11. ret=ret|v0O =>100,|1=100,

12. val=val>>1 =>110,>>1=11,

13. ret=ret<<1l =>100,<<1=1000,
LICR->THYEL

14. vO=val&1l, =>11,&1,=1

15. ret=ret|v0 =>1000,|1=1001,

16. val=val>>1 =>11,>>1=1,

17. ret=ret<<1l =>1001,<<1=10010,
LICR->TH#YEL

18. v0=val&l, =>1,&1,=1

19. ret=ret|v0 =>10010,|1=10011,

20. val=val>>1 =>1,>>1=0, => JL—JH#T f#: ret=10011,



Bitwise operation can be replaced with other op

Usually bitwise operations are faster, but it is not the case for python ...
python bit_reverse _compare.py 1001100011110101101111011 1000000
measure time to reverse 1001100011110101101111011, for 1000000 times
by bitwise operation :6.265091180801392 s
without bitwise operation: 4.462110280990601 s

bit_reverse _compare.py bit_reverse _compare.py
def bit_reverse(val). def bit_reverse nobitop(val):
ret=0 ret=0
while 1: while 1:
vO = val & 0b001 v0 =val % 2 # save the final bit to vO
ret = ret | vO ret = ret + vO # put vO to the final bit of ret
val =val >> 1 val = val // 2 # bit shift for next iteration
if val == 0: If val == 0:
break break
else: else:
ret=ret<<1 ret=ret * 2 # bit shift ret to left
return ret return ret




Smoothing: FT

4500
4000 Original Remove high—frequgncy FT data: Smoothing
3500 Low-pass filter
3000 Remove low-frequency FT data: Cut drift
zzgz High-pass filter
1500 Ex. Cut FT data outside [K., 1 K1l
1000 5000
—kcutl=10
> | 4000 —keut1=50
0 1000 2%00 3000 4000 —x:t-z(]_aso)
300000 3000 ==t
250000 ——3 FT image
200000 — real part 2000
150000 — Imaginary part
100000 1000
50000
0 0
-50000 1
-100000 -1000
-150000
-200000



Note:

Be careful: FFT high-pass filter can remove a baseline, but that
baseline includes some signals

Usual ways:

1. Baseline function is optimized 2000 “keut1=10
simultaneously with peaks. 4000 A R

3. Baseline function is determined 3000 fg eSO,

from selected data where peaks do not a0  /
affect. o

-1000



Program: smoothing-fft.py

Usage: python smoothing-fft.py xrd.csv 0 5

(note: the x range is different from the previous slide)
=> plot smoothing-fft.csv

4000
—y
3000 — |ys(ifft)|

|

2000

1000

0



Note for FFT
smoothing-fft.py

Numpy fft module: F =np.fft.fftly) FFT
FFTed result is symmetric at the center of the reciprocal x axis at i, = n /2.

30000

10000

-10000 30
—y/(fft).r
—y(fft).

-30000

For smoothing, cut the data in i, = [0, i,,,c], [l N/2]

and [n,—1, n,—1—i ], NJ/2+1, n—1—1 0 hype]
30000

10000
10000 0 10 20 30 40 50
—ys(fft,cut).r
—ys(fft,cut).i
-30000

, then perform IFFT by fs = np.fft.ifft(Fs)



Comparison: Calculation time by python

Usage: python dft.py ndata
ex: python dft.py 1024
python dft.py 2048

DFT1: DFT using rotation factor
DFT2: DFT not using rotation factor (calculate sin/cos every time)
FFT : numpy.fft.fft()

Time for DFT/FFT (sec)
1024 1.32 2.41 1.87e-5 3080
2048 5.59 10.3 3.54e-5 6780
4096 23.6 47.7 6.62e-5 14800

8192 97.3 165 16.1e-5 32100



Problems of DFT/FFT

mER, BEE RO DR T—2 01, CQHkR%t (1986)
= Usually FT needs integration from -o to oo, but DFT/FFT reduces data to finite
range => Loss of data

ex.: Fourier charge analysis by XRD gives ghost peaks and fringes
= Original data include noise/errors, giving rise to extra frequency peak
= Artificial periodicity required for DFT/FFT gives rise to artefact frequency
peaks => can be suppressed by Hanning Window (ZZBg#%),

but it may also give extra peaks

/{\/\/\/\/\/ J

¥(¢)
| ‘
R /\ /JI | | = >




Maximum entropy method (MEM, &xx>robE—%)
mER, BEE RO DR T—2 01, CQHkR%t (1986)
Concept of MEM
= Assume the lost data would have some constraints
= Use the concept of ‘information entropy’ and maximize it to estimate the spectrum
= Akaike’s autoregressive model (Fitick2 B2 EIFETIL) => identical to MEM
The order of the autoregressive model m must be determined
= S0 as to minimize Final Prediction Error (S#%8382)
= Algorisms: Burg method, etc
Features
= Sharper spectrum than FFT
= Less ghost peaks and fringes

FvRILES

la) A»27xz077L4 (b) FFTEMEMIZL B RA~=2 | L



MEM-RIietveld analysis

W HEE B A#ERFRES 30, 135 (1988)

Charge density calculated from structure factors ', =1,/ ). 1;
Charge density calculated from structure model p'; = p;/ Y. p;

Constrained entropy: S = —Y p’; lnf—,,f

=> smoothing p' and suppress fringes and ghost peaks

|F ["F hkl|2
Minimize the structure factor residual ¢ =) 2 . ShE
hkl
o A |F lhkl_F b hkl|2
Maximize constrained entropy QQD:—ZP'ilnr—,l—EZ ca - obs
i hkl

=> p = exp(In 1 + difference Fourier (Z7—')I) term)
When converged to F_,, = F_,., p =t will be achieved



Matrix problems
1THIEIRE D AR A



Fundamental matrix operations

C =A+B:
for ix in range(nx):
for 1y in range(ny):
clix]liyl = alix][y] + bix][iy];

C=A*B:
for ix in range(nx):
for 1y in range(ny):
cl[ix][iy] = 0.0;
for k in range(nk):
clix]liyl = clix][ry] + a[ix][k]*b[K][iy];

Tosolve BC=A
(i) B-1 is obtained and calculate B-1A
(i1) Directly solve BC = A
=> Better to use open libraries



Gauss elimination method (Gauss®;H % %)

Upon a square matrix (IE739T751) A and a vector B are given,
solution of AX = B is obtained by X = A1B.

= Efficient for case more than one solutions for the same A and different B.
- Can produce roundoff errors and not efficient

=> Solve the linear simultaneous equations directly.

ay &, T b
X 1
8y 8y Ay Az, X
2 2
d3; @83 g3 e P el
Xn bn
Ay 8pp  8pg a

nn

Multiply a;,/a,; (1=2,3, ..., n) to the first line and subtract it from i-th line
=> make all a;; (I = 2) zero.

Repeat this procedure for all the lines, A will be converted to upper-right triangle
matrix (5t =£1751)

Gt
0

0

0

Note: Converting A to a band or triangle matrix enables solve the equation very easy

CP:
8y’
0
0

0

A3

a23'

Ay,
0
0

a,
a2n'
a,’

n

) a'nn|
Solve from the last line to upper lines, giving all x;




Row reduction method (&= Li%)

Similar to the Gauss elimination method, but eliminates all non-diagonal terms

0 0 0
all Xl bll
0 a, O 0 |
X2 b2
0 0 a 0 .
0 0 |
Xn bn

0 0 0 a

Obtain the solution by x;=b;’/ a;;

Important: Regular matrix can be converted to triangle / band matrixes
(EATHNIE, BHEITIIC R DR TZATIOFITIDETED)
=> ex. LU decomposition (Lus#2): A = LU
L: Left-lower triangle, U: Right-upper triangle matrix

Solution of linear simul. egs. : LU decomposition

1. Convert AX=BtoLUX=BbyA=LU
2. Solve LY =B toobtain Y
3. Solve UX =Y to obtain X



Diagonalization of real symmetric matrix:
Jacobi method (raki#)
d; ap

a12 a‘22

Diagonalization of A=£
=> can be done by conversion UTAU with an orthogonal matrix (&E3z1751) U
U - cos¢é -—siné
~\sin@ cos@
UT AU — co_sH sinf \(a, a, c_os@ —-siné
—sin@ cosf \a, a, \sinfd cosé
[ a,cos’@+2a,c0s0sinf+a,sin"0  (-a, +a,)cosdsind+a,,(cos’ —sin’ )
(—a,, +a,,)cosdsind+a,,(cos*@—sin’H)  a,sin’ H—2a,cosdsind+a,, cos® &

(—a,, +a,,)cosAsin 6 +a,,(cos® @ —sin? §) =1/ 2[(-a,, +a,,)sin 260 +a,, c0s20|=0

O=rl4 a, =4a,,
6=(1/2)tan"(2a,, /(a,, —a,,)) &, #ay,




Jacobl method

A; &, dz &y,
1. Choose the largest absolute value &, dp Ay o Ay,
non-diagonal element a;; in A=|a, a, ag, 0
a, a,, AR ©
.. o 0
: cosd —sind :
2. Converting by A’=UTAU with u =|: 1 - | will give ;"= 0
: siné cos @ :
O oo eee ... 0 1

3. Choose the largest absolute value element a;;> and repeat 2
=> The square sum of non-diagonal elements is reduce by a factor of 2a;?
=> finite iterations will complete the diagonalization

But it is hard to estimate the number of iterations required,

and Jacobi method is not efficient for a large-size materix



Diagonalization of large-size matrix

Householder method

1. Convert a symmetric matrix A to a triple diagonal matrix (Z=EZxt&1751) D

using an orthogonal matrix (3% 17%) U
Note: eigen values of UTAU are equal to those of A

2. Solve eigen values of D by bisection method

QR method

1. Regular nxn matrix A is decomposed to A = QR (QrR4%fi) using a regular
orthogonal matrix Q and a right-upper matrix with positive diagonal
elements R.

2. QR-decompose A.: A, = Q.Ry

3. ConvertA to A, = Q.TAQ, = R.Q, (similar transformation, 84 Z )

4. Repeating 2 and 3 will converge A, to a right-upper triangle matrix Ag

=> Solve eigen values of Ag
If A is a symmetric matrix, Az will be a diagonal matrix.



Applications




Linear algebra libraries
(R R MAZ-1THFHES AT 3Y))

Fortran, C, C++, etc

LAPACK (Linear Algebra PACKage)

ScaLAPACK (Scalable LAPACK)

Intel Math Kernel Library (MKL)
(Sca/LAPACK and FFTW3 implemented with Intel Compilers)

Python: numpy.linalg, scipy.linalg

matrix.py
Product of matrixes
Inner product

Outer product

Inverse matrix
Determinant

Eigen values/vectors
Solve simul. linear egs.
LU decomposition
Cholesky decomposition
QR decomposition

AB
V1-V2

V1xV2:

AX

1
oy,

A=LLT

- C =A@B
inner = numpy.dot(V1, V2)
inner = numpy.inner(V1, V2)

V3 = numpy.cross(V1, V2)
Al = numpy.linalg.inv(A)
: det = numpy.linalg.det(A)
1A, VA =numpy.linalg.eig(A)
: X = numpy.linalg.solve(A, B)
: P, L, U =numpy.linalg.lu(A)
L = numpy.linalg.cholesky(A)
: Q, R =scypy.linalg.qr(A)

A=0OR



Representation of lattice geometry

1. Unit cell is determined by a set of lattice parameters (a, b, c, a, 3, )
2. Atom positions are expressed by ‘fractional coordinate’ (internal
coordinate) (X, X,, X3).
Usual range is 0 <= x,, X,, X5 < 1.0 but can be extended.
3. Unit cell axes are expressed by base vectors a; (lattice vectors)

4. R=Xx,a,+Xa,+X3a; =% (X q)

L attice vectors are not always orthogonal



fEmEFORER: EX

1. DB FIL. BFEHRDM(a, b, c, o, B, y) TEEND,

2. BREIIEEDLO. B TFADRFOERZEL, EDEE1H
HVIITATEZ I TRESINS, Chik. BAKFDREZE (0,0,
0), aBlDimZ x = 1.0, bEAD ImZ y = 1.0, cEADUmZ z=1.0&L. 0
Mo 1 DEIOBIETERZRIRT H5LDTH S,

3.8, b, CHIZARINILTRIT DIMEFITH S, CNLITH LT HNY
L% a, b, c £ETHE EBRERE (XY, 2) ITHARFDELENIL
JLRIZ

R=xa+yb+zc =% (X a) (1)
EHhohHEnd (a; H&FAIRIL),

BFARIMVIFERLTWNSEERLAL



— A& EEIZE R (general coordinate system)

E3XEE4ZE % (Orthogonal) — R EE1ZE/JEIE3Z % (Non-Cartesian)
THILNERE R (Cartesian)

P T=Xc1817 Xc 287

oL

el ; al Xn,l
IEFRE3Z R (orthonormal system) — A& EEZ # (general coordinate system)
ei-ej=5l-j ai-aj:,tSij
le;| =1

e;, a;: ZEEANYJRIL (base vecor)



Cartesian — general coord. Conversion
(EXFHR — —HREEREH)

= Xc,lel+ Xc,Zezz Xg,1a1+ Xg,ZaZ

Xe1= Xg1 A1 - €1 T X5, Az - €1
Xeo= Xg1 A1 €2 T X5, Az * €

If a, = a,eq + ape; a;\ (411
Az = 8y €1+ 8ye; (az) - (a21
are given,
Xc1™ Xg,1011 T Xg,2021 xc,l . a11
Xe2™ Xg,1Q12 T Xg,2077 (xc,z) B (a12

aq2
a22

a1
az2

€1

32)
xg’l
xg’z

)



Fractional coordinates in crystal
(FE SR D NEBEER)

Lattice parameters: a, b, c (= a4, a,, az), a, B,y(= ay3, a3, 1)
Lattice vectors: a4, a, a3 = a,b,c
M= Xga@q Xpo8y  Xp 83 = X 1817F X 085 + X 583
(Xt 1, X¢ 1, X¢5): Fractional coordinate (BB 43 EEAE
Internal coordinate (PRI&fEEE)

la;| = a

a;-a; = a;a;cosa;; (i #j)
aq i1 A12 QA13\ /€1
Az | =| A21 A2 dz3 || €2
as dz1 Q32 d33/ \€3

Fractional coordinate to Cartesian coordinate

Xc a1 Qz1  Az1\ /Xf1
Xe2 | =12 Qz2 azz || Xf,2

Xc3 ai3 0dz3 A33/ \Xf3



Conversion matrix

a 117 QA2 aA13 €1
Az | =421 QA Q23 || €2
as a31 A3z Aaz3z/ \€3

|al‘| :ai a,b,C (: al,az,a3)
a; - a; =cosqa;; (i #j) a, B,y (= az3, @13, A12)

tkcrystalbase.cal lattice vectors()

aq a 0 0 €1
<a2> = | bcosy b siny 0 (ez>
as ccosf ccosf —ccosfcosy azsz/ \es

_ 2 2 _ 2
a33 = \/C aszq as;




|_attice properties

Unit cell volume
V=aq (a, xa3) tkcrystalbase.cal _volume ()

Distance r,=r,—r, tkcrystalbase distance2() / .distance()
2 _ 2 _
T = |Tl® = 02 =0 Q" Aj Xy iXgj = Zi,j GijXkl,iXkl,j
gi; = a; - a;: Metric tensor (Bt ETVIL)

tkcrystalbase.cal _metrics()

Reciprocal lattice vectors iycrystalbase.cal_reciprocal_lattice vectors()
a*1 = Qay X a3/V a*1 = 2n'a2 X a3/V
a, =az X aqlV
a‘s =aq X a,/V
Reciprocal vector at (hk 1)
thl = ha*1 + ka*z + la*3
Lattice space
dpia* = 1Grial® = g Xi—o @*i - @’jhih; = ¥ Rgijhihy
Bragg angle hk,l (= hy, hy, hs)
2dyp Sinf = A Rgij =a*;-a’;



Inter-atomic distances
python crystal distance.py NaCl

Lattice parameters: [5.62, 5.62, 5.62, 90.0, 90.0, 90.0]
Lattice vectors:

ax: ( 5.62, 0, 0)A

ay: (2.546e-10, 5.62, 0)A

az: ( 2.546e-10, 0, b562A

Metric tensor:

gij: ( 31.58, 1.431e-09, 1.431e-09) A
(1.431e-09, 31.58, 6.48e-20) A
(1.431e-09, 6.48e-20, 31.58)A

\olume: 177.5 A"3

Unit cell volume: 177.5 A"3

Reciprocal lattice parameters: [0.17793594306049823, 0.17793594306049823, 0.17793594306049823, 90.00000000257246,
90.00000000516778, 90.00000000516778]

Reciprocal lattice vectors:

Rax: ( 0.1779, -8.06e-12, -8.06e-12) A"-1

Ray: ( 0, 0.1779, 0) Ar-1

Raz: ( 0, 0, 0.1779) Ar-1

Reciprocal lattice metric tensor:

Rgij: ( 0.03166, -1.422e-12, -1.422e-12) A™-1
(-1.422e-12, 0.03166, 6.382e-23) A*-1
(-1.422e-12, 6.382e-23, 0.03166) AM-1

Reciprocal unit cell volume:  0.005634 A"-3

nmax: 111

Interatomic distances:

Cll1 ( 0.5, 0, 0)-Na4 ( 05, 05, 0)+(0,-1, 0):dis= 281A

(cut)

Na4 (0.5, 0.5, 0)-Nal ( 0, 0, 0)+(0, 1, 0):dis= 3.974A

Na4 (0.5, 0.5, 0)-Na2 (0, 05 05)+(1, 0,-1):dis= 3.974A
Na4 (0.5, 0.5, 0)-Nal ( 0, 0, 0)+(1, 0, 0):dis= 3.974A



Bragg angles NAC
python crystal xrd.py

Lattice parameters: [5.62, 5.62, 5.62, 90.0, 90.0, 90.0]
Lattice vectors:

ax: ( 5.62, 0, 0)A

ay: (2.546e-10, 5.62, 0)A

az: ( 2.546e-10, 0, b562A

Metric tensor:

gij: ( 31.58, 1.431e-09, 1.431e-09) A
(1.431e-09, 31.58, 6.48e-20) A
(1.431e-09, 6.48e-20, 31.58)A

\olume: 177.5 A"3

Unit cell volume: 177.5 A"3

Reciprocal lattice parameters: [0.17793594306049823, 0.17793594306049823, 0.17793594306049823, 90.00000000257246,
90.00000000516778, 90.00000000516778]

Reciprocal lattice vectors:

Rax: ( 0.1779, -8.06e-12, -8.06e-12) A"-1

Ray: ( 0, 0.1779, 0) Ar-1

Raz: ( 0, 0, 0.1779) Ar-1

Reciprocal lattice metric tensor:

Rgij: ( 0.03166, -1.422e-12, -1.422e-12) A™-1
(-1.422e-12, 0.03166, 6.382e-23) A*-1
(-1.422e-12, 6.382e-23, 0.03166) AM-1

Reciprocal unit cell volume:  0.005634 A"-3
hkl range: 777

Diffraction angle, d, h, k, I:

2Q= 1575 d= 562 (-1 0 0)
2Q= 1575 d= 562 (0-1 0)
(cut)

2Q0= 2235 d= 3.9739%4 (-1 -1 0)
2Q0= 2235 d= 3.9739%4 (-1 0 -1)
20= 2235 d= 397394 (1 0 1)
1"



Fractional — Cartesian conversion

python crystal _draw_cell.py Rhombohedral cell
and reciprocal unit cell




Conversion matrixes

crystal_convert_cell.py

def get_conversion_matrix(key):
If key == 'FCCPrim";
return np.array([ [ 0.5, 0.5, 0],
[0, 0.5,0.5],
[0.5, 0,0.5]])
elif key =="'BCCPrim"
return np.array([ [-0.5, 0.5, 0.5],
[ 0.5,-0.5, 0.5],
[0.5,05,-0.5]])
elif key =="ACenterPrim’
return np.array([ [ 1.0, 0.0, 0.0],
[ 0.0, 0.5, 0.5],
[0.0,-0.5,0.5] ])
elif key == 'BCenterPrim":
return np.array([ [ 0.5, 0.0, 0.5],
[ 0.0, 1.0, 0.0],
[-0.5,0.0,0.5] ])
elif key =="'CCenterPrim";
return np.array([ [ 0.5, 0.5, 0.0],
[-0.5, 0.5, 0.0],
[0.0,0.0,1.0] ]

elif key == 'RhombHex'"
return np.array([ [ 1.0, -1.0, 0.0],
[0.0, 1.0, -1.0],
[1.0, 1.0, 1.0]])
elif key == 'HexRhomb':
return np.array([ [ 2.0/3, 1.0/3,
1.0/3],
[-1.0/3, 1.0/3, 1.0/3],
[-1.0/3,-2.0/3, 1.0/3] ])
elif key == 'HexOrtho"
return np.array([ [ 1.0, 0.0, 0.0],
[ 1.0, 2.0, 0.0],
[0.0,0.0,1.0] ]



Program: crystal convert cell.py
YEED = BEAKFTH MAERD = BEREFEHR

python crystal convert cell.py FCC FCCPrim python crystal_convert_cell.py BCC BCCPrim

=7 = RNARFER NG = BEABFER

python crystal convert cell.py Rhomb RhombHex python crystal convert cell.py Hex HexOrtho




Vector analysis: Lattice conversion

Convert base vectors (a;) to («’;) in real space:
a'i =% (t; ) (A'=TA) T = (t;): Conversion matrix

Find conversion rules by ‘Invariants (F~Z &)’ such as scalar and vector

Any point vector R: R = X; (x; &) = Z; (X'} @) = Z;; (X'} t;; &)
X =Z; (X t;) (X=TX")
X _2 i X ()™ (X' =THX)

R-G,,=hx+Kky+Ilz isscalar: R* G, = R""G",
Z (h ) 2 (h XI) Zl,j (hIXj tjl)
h'j =2 (hitji) (H'=TH)

Any reciprocal space vector G, ;: Gy = G’y
% (ha™) =% (hia™) =% (ht; ™)
a.*i - Zi,j (tjl a*'j) (A TtA*' )
a”i =% ((tp)™*a”) (A" =TA")



Lattice conversion: Summary

Real space base vectors A =TA
a' = % (t; &)
Q=% (th; a%)
Real space coordinates X’ =THX

X' = X (T X))

X =2 (t; x5)
(Reciprocal space base vectors A" =THA™

a’; =% (th a7

a’y = (fa™))
Reciprocal space coordinates H =TH

h'i =% (t; hy)
(3;) and (h;) have the same conversion rule

%*ﬁ?%ﬂi’\mﬁlx&lﬁ’fﬁ?rﬁliﬂL""?ﬁ’é"x"ﬁ'%’o
(Covariant vectors: 2£ZEARJkK)L)

(x;) and (a*;) have the same conversion rule
PRSI TEARIPLLRALERER TS
(Contravariant vectors: RZENIKIL)



Madelung potential

Sum of Coulomb potential in 3D is very slowly converging
Potential is proportional to r-1
Polarization potential due to +/- ions is to r2
Number of ions on the sphere surface at radius r is to r?

=> Contribution of ions from a surface region at r
to Coulomb sum is almost constant, independent of r

ZiZje2 1 Crystal structure A
Ui-(ﬁ-): +URi.(ri-) Rock salt type(NaCl) 1. 7476
JA Are. T Ak
o i CsCl type (CsCl) 1. 7627
Z°e Zinc blend (CuCl) 1. 6380
ZU =—AuN, +Ug Wurzite (Zn0) 1. 6413
25 Are,R
Cu0 type 4.116
Fluorite type (CaFy) 2. 520

1 1
A, =—
M 2; 3 R Madelung constant



Madelung Potentlal Simple sum
python crystal MP_simple

Coulomb sum in sphere with the radius r

60 1

| |
BRI

gt 2: ]V' | \(‘ J"” W\”W h\n A y' \ Exact: -8.9 eV
ST

r / angstrom

Rock salt type =i




Efficient Coulomb sum: Evjen method

Sum up Coulomb potential in jw /ﬁw ve
units with zero net charge R
| JI144 1il,."2T 4
lon charges: Z, %o e 7
e R an R P (e
On boundary plane :1/2Z ICZAN C A 4
On boundary edge : 1/4Z, IRV e ez
On boundary corner : 1/8Z. i e W

Fig. 1. Elementary cell of the NaCl-type.

Madelung constant of Rock salt type structure

1 = n,+n,+n 1
Av==7 Z (_1) A 2 2 2
2 NNy N, =—0,%(0,0,0) \/nx +n,” +n,
V. L ! +8><E>< L =1.456

—Bx X ———12%x —x
A 2 1 4 J1+1 8 J1+1+1



Madelung potential: Evjen method
Usage: python crystal MP_Evjen.py n

cell

n.,; MP Madelung constant
-8.9766 1.7517691
-8.95586 1.7477211
-8.95521 1.7475955
-8.9511 1.7475744
-8.95508 1.7475686
-8.95507 1.7475665
-8.95506 1.7475652

0 -8.95506 1.7475648

Exact (FEFE{E) 1.74756

= O O Ol B~ WM B

Rock salt type



3D sum of Coulomb potential: Ewald method

Periodic calculation can be enhanced by FT?
Periodic positions of charge
=> converted to the origin of FT data

But the charges are point charges
=> converted to infinite in FT space

=> Calculate for charges with finite width
FaAY DHLEFTDRAEABIELTEHET D)

A e




3D sum of Coulomb potential: Ewald method

The finite width charge distributions are converted by FT

=> Take faster calculation parts in the real space and the reciprocal space
MM o=BRIOT7—)IEZF AL EEBMMEFSZERMDA R DRV ZEESD

7. 02
<I>i=KcZiZ;’j (Ke = 7o) Bl T | T L

£ g
@{:Kczizzjem(alr"l) l /\
; 7351 \/ T
Z; 1 %Gy |#
n_ g 2 _
O SRR NN

X{cos(Znthl ;)X Z cos(2mGpy - r]) + sin(2nGpy; - 1) X5 Z; sm(Znthl r])}

thl ri = hxl- + kyl + lZi

2a/;
1 _ _ i _ ol 11 111
D; —Kclﬁ CIDL-—CDL-+CIDL-—CDL-

raY



Madelung potential: Ewald method

Usage: python crystal MP_Ewald.py alpha prec

Alpha Precision
0.3 103
0.3 10-
0.3 107
0.2 103
0.6 103
0.8 103
0.2 10-10
0.4 10-10
0.5 10-10
0.6 10-10
Exact (fEHE{E)

Rock salt type

MP Madelung constant

-8.95558
-8.95506
-8.95506
-8.95506
-8.95607
-8.95584
-8.95506
-8.95506
-8.95506
-8.95506

Range: R, [A]/n
Time: Real space sum / Reciprocal space sum / Total [s]

1.7476663
1.7475646
1.7475646
1.7475646
1.7477629
1.747718
1.7475646
1.7475646
1.7475646
1.7475646
1.74756

Xmax ymax Zmax

Range Time (s)

10.1/222 0.063 /222 0.016/0  /0.016
11.9/333 0.105 /222 0.031/0  /0.031
13.6/333 0.147 /333 0.047/0  /0.047
15.2/333 0.028 /111 0.042/0  /0.042
5.1/111 0.25 /333 0 /0.016/0.016
3.8/111 0.45 /444 0 /0.016/0.016
24.3/555 0.093/222 0.16/0 /0.16
12.1/333 0.373/444 0.036/0.016/0.052
9.7/222 0.58 /555 0.016/0.016/0.031
8.1/222 0.84 /666 0.016/0.031/0.047

Gnax [A™]/

max max max



Comparison: Evjen method

Rock salt type

N2 =000 —=00%X

NN =N == -mo<

>
N

NPMNMNDNMNDMNDNMNDND = ——-

1
1.4142
1.7321

1.4142
1.7321

2.2361
2.8284
2.4495

3.4641

m
6
12
8

YA

-1
1

-1

‘4ﬂ4 -

S(mZ/r)
-6
8.48528
-4.6188

-2.13

S(mZ/r)
-6
8.48528
-46188
3
-10.733
424264
9.79796
-8
2.3094
-1.92

1
2

(0]

nx,ny,nz=—00,¢(0,0,0)

.F

0.5
0.25
0.13

0.5
0.25
0.5
0.25
0.13

S(mZf/r)
-3

212132034

-0.5773503

-1.456

S(mZf/r)
-6
8.48528137
-4.6188022
1.5
-5.3665631
1.06066017
4.89897949
-2
0.28867513

-1.7518

n

WNMNN =22 w2000 O0ON—=~000 —=00X

=

WWNWN=WN=OPNMNMNN=2N—=20O0 =K

(_1)nx+ny+nz

>
N

WWWWWWWWWWwiNhdNMNMNMNMdDDMdDDNNDNNN ==

1
1.4142
1.7321

2.2361
2.8284
2.4495

3.4641

3.1623
3.6056
4.2426
3.3166
3.7417
4.3589
41231
4.6904
5.1962

m
6
12
8
6
24
12
24
24
8
6
24
24
12
24
48
24
24
24
8

1

\/nxz +ny,% + n,?

Z S(mZ/r)

-1

-6
8.48528
-4.6188

3
-10.733
4.24264
9.79796

-8

2.3094

-2
7.58947
-6.6564
2.82843
—-7.2363
12.8285

-5.506
-5.8209
5.11682
-1.5396

-1.91

f

— ot )t ek et ) )

o|e
oo =

0.5
0.25
0.5
0.5
0.25
0.5
0.25
0.13

S(mZf/r)
-6
8.485281374
-4.61880215
3
-10.7331263
4242640687
9.797958971
-8
2.309401077
-1
3.794733192
-3.32820118
0.707106781
-3.61813613
6.414269806
-1.3764944
-2.9104275
1.279204298
-0.19245009

—-1.7470

Exact value = 1.7476



Schrodinger eq.; Plane wave method (FF @ik ;%)

Plane waves are employed as basis set of linear combination
9 (r) = exp(ik ' r)zchkluhkl (r) Uy (r)= eXp[ithl ' r]

Plane waves with wave numbers G,,, forms a perfect basis of periodic system
Any function is represented if use all G, for all
=> In actual calculation, approximate by |G, | < G

max

H11 - ES11 H12 - ESlZ Hln - ESln
H21_E821 H22_ESSS H2n _Eszn ~0
Hnl_ESnl HnZ_ESnZ Hnn_ESnn

—I(K+G e )1 hz 1K+ -r
<uh'k'l"H‘uhkl>:Je s {_%Vz +V(r)}e Gty
h* 9 N
:5hk|,h'k',|'ﬂ(k+c‘hkl) +V (thI_Gh'k'l')

Most of PW calculations are done by Fourier transformation
=> Possibly speed up with GPU



Program: 1-D PW method
pwld.py

Lattice parameter (Si) a =5.4064 A m* =1.0m,
Potential V(x): barrier width 0.5 A barrier height 10.0 eV

FT coefficinets of
python pwld.py ft 5.4064 64 rect 0.5 10.09 -0.50.5 21

potential
# of basis 64
1.0 -
10 -
0.8
8 1 0.6 -
0.4 - "
6‘ ] 4 4
— (=]
X 2 024,
| -
0 =
= a- = 0.0+
—0.2 -
2 .
—0.4 -
+ real
imaginary
D._ 1 ] 11 —D.ﬁ- - ghsolute
0 5 10 15 -1 0 1

X (A) 1/x, normalized (1/A)



Program: 1-D PW method

python pwld.py ft 5.4064 64 rect 0.510.09 -0.50.5 21

pwl.py

python pwld.py band 5.4064 64 rect 0.5 10.03-0.50.5 21

python pwld.py wf 5.4064 64 rect 0.510.0 30.0 0 0.0 16.2192 101

a=4.0A
potential V(x):

FT coefficients of

potential
w=10A.h=0.3eV :
’ # of basis 16
0.30 - - - 1.5 - —— real
| | imaginary
agbsolut:
0.25 | | |
| | 1.0
0.20 | | | |
— | = D 5 .
s 0.
Z 015 | | | o . A
3 | | C v
0.10 | | | | 0.01 /
|
0.05{ | | | | ~0.5
|
0.00 ' |
T T T T T _10 = T T T T T
0.0 25 50 7.5 10.0 > -1 0 1 2

1/%, normalized (1/A)

E (eV)
W

Band structure
# of basis 5




Analytical DFT XC calculation
Transfer matrix method



Selected answers

Q: HMEEARADENW—RITFAFIRIIFDONIILC=T7oOEHEREZL. Korn-ShamA 2=
R ETR O NS EZpythonad—F,

A: This code need to include (i) calculation of Hatree and XC potentials (need to be defined in
one dimension), (ii) solve 1D equation, and (iii) SCF iteration
No specific codes for this but the followings include some relations.

(i) See DFTOHCHEERRE: HRA{IELDAIZKHKFRIRF1s BLE: Hls-HF-
LDA.py (B 5.La—F-E{7#ER) in http://conf.msl.titech.ac.jp/jsap-
crystal/index.html

(i) See BRETTIEICKSDFERE, REIEHMDEHE transfer matrix.py (AT S La—F-
E17HR) in http://conf.msl.titech.ac.jp/jsap-crystal/index.html for free electron problems
(kinetic energy > 0 at &=o0)

But the solutions must be smoothly connected to extrapolations to +oo

(ii1) No particular code at present



http://conf.msl.titech.ac.jp/jsap-crystal/H1s-HF-LDA.py
http://conf.msl.titech.ac.jp/jsap-crystal/H1s-HF-LDA.html
http://conf.msl.titech.ac.jp/jsap-crystal/index.html
http://conf.msl.titech.ac.jp/jsap-crystal/transfer_matrix.py
http://conf.msl.titech.ac.jp/jsap-crystal/transfer_matrix.html
http://conf.msl.titech.ac.jp/jsap-crystal/index.html

p.16 [X]10-2 HIRF D ;B ENBIZX

Hartree-Fock (HF) FE=X
{—172 —§+j p(in) dr —f p(Ein) drm}qv(r) = ep(r)

2 r [T — 1| m |7 — 1l
B2 H#EERA (Self-interaction: SI) [ HF & TIXAREN S
Slater’s Xa (DFT)
1 . Z p(r) 3 13
—=V?% ——+ dr —Sa{— r} r) = cp(r
{ > ” o — ] 2P0 @(r) = gp(r)
DFTTIZ SI (FHEFEShT . RELLTES
| T Eseneptmized | T
H1s-HF-LDA.py | e "
ISENOBFHNE | o
%ﬂ: E g 0.90 - R
a — 2/3 :1,, -12 ;-:0-85_ —— ka {opt|mlze-:1]lI \\
R % E(1s) = -13.6 eV o] e : o8] . \\\
-18 A / 0.75 - i \\\.

Ne Ne


https://annex.jsap.or.jp/kessho/contents/2020school/Sc2020_10.pdf#page=16

p.16 [X]10-2 HIR ¥ DK ENRIEX

http://conf.msl.titech.ac.jp/jsap-crystal/
DFTO BCHEBEERERE: HREBELDAIZKAKERF1s #hE

Usage: python H1s-HF-LDA.py mode Z ka Ne

£ 174511: python H1s-HF-LDA.py ng 1.0 1.0 1.0
ka=1.0 (HF®D H 1s B EDIEHBEHD%RE) TD
1SENEEMDBEF#NeZF 0~ 1 EE/SETTOVE

E471512: python H1s-HF-LDA.py nvg 1.0 1.0 1.0 Ry(1)
EATHIIZ, keZ E S FETRBEIESEIBREBMN  _ 20 32 exp _ka1£r>
python H1s-HF-LDA.py nvg 1.0 1.0 1.0

A Y l:FI_ = sls
1S$j.|, I-é- W 0) EE_,%;;& Ne % —— E 1s (non-optimized)
.‘ 61— E1s (non-opt,parabolic)
'i{t —— E 1s (optimized)
—8 4 —— E 1s (opt,parabolic)
1
1
e 27, — —10 - 1 —
B E(1s) =-13.6eV i
1 = 1 A
= -12 ! E —— ka (optimized) N
3 ! =1 : A
w d < o085 \
1ad F-- T r—=—--- == =" = h
| | '
' 0.80 - | \
~16 __ ! ' | \
T | \
-84 0.75 :
1
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Ne Ne


https://annex.jsap.or.jp/kessho/contents/2020school/Sc2020_10.pdf#page=16
http://conf.msl.titech.ac.jp/jsap-crystal/

¥ (x)= A exp(ik,x)+ B, exp(— ik, x)

5i=N i=0

} E=5eV
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Z ol

FEBOE L R TAE

H. Mizuta, T. Tanoue, “The Physics and Applications of Resonant Tunnelling Diodes,” Cambridge Univ Press (1995)

Position / nm

Y. Ando and A. Itoh, J. Appl. Phys. 61 (1987) 1497

2m.
ki: F(E V)
R EH

LPi (Xi+1) = LPi+1(Xi+1)
mi_lqj'i (Xi+1) =m,, ¥

1+1

i+1 (Xi+1)

aHee RIR
ﬁ:%[l (m, /m )k /k )]

I:)i — eXp[ (kl - ki+l) i+l]
Qi = exp[i(ki + I(i+1 )Xi+1]



FEBOEEL: ERX1TIA

H. Mizuta, T. Tanoue, “The Physics and Applications of
Resonant Tunnelling Diodes,” Cambridge Univ Press (1995)
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N (04 N—lQN_1 (04 N—1/PN_1 N-1 N-1 N—2 0
iI=N i=0

T=TyTho Ty O
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BREHH:
4l (i = 0) Tl
HEITRDADERD

A,=1,B,=0

D

Psi(real part)
w

N
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Position / nm




1MDOEEDR IV
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S UAVAVAN
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Position / A
ﬁ —_— s —
JRF (PEEE) (CLBHEEL T, BBEIINT 1 LD/NEL
=> [RFN{ShdoTzh, BB FEIL 0235 ?



2MDEEDRRIL(QW, RTD)

1
; 1t

E’ 0.8} E

g | ol

2 067

= | N_ZO Ez 0. 159eV

S 04} £10t

[ | [

2 : 0F ,
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Electron energy / eV 9 Ez 1 4724eV
10 NE 2t
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g o4f =27

= 1t
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%09 1 2 3 0_2‘ ‘
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Electron energy / eV

Position / A

JRFH7z{ShdoTch, B BRI 012135 ?
=> JRF (FEEE) B 22LL EHNIE FHEDIXILF—T 100% FEBET S
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Tunnel probability
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Fe/MgO/Fe TMRZRF D AE U KkFFHIAE

W.H. Butler, X.-G. Zhang and T.C. Schulthess, Spin-dependent tunneling conductance of Fe|MgO|Fe sandwiches

Majority Density of States for Fe|MgO|Fe Minority Density of States for Fe|MgQO|Fe
1 ‘=~<; Aq(spd) ] 1F
s ammmna—
Pm_:! 10 | ] g’_)_ 105 [
L e
(%) Ag (pd) 7]
5 100} Fe Fe { o5 1010}
2 w1 &
w [77]
5 10-15 | ] S 10-15 L
a ]
10—20 L ] 10-20 E
o (d)
-10—25 L L L I L i I L 1 I L 10-25 1 L L 1 1 L 1 1 I 1 1
2 3 4 5 6 7 8 9 1011 12 13 14 15 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Layer Number Layer Number
Density of States for Fe(majority)|MgO|Fe(minority) Density of States for Fe(minority)[MgO|Fe(majority)
15 1 #@kg: ]
MgO
g 10-5 E 10° ]
3 2 A5 (pa)
5 1010 B 1010 ¢ Fe Fe ]
_‘é‘ _;i_:* [ e ——
g 10-15 [ ] g 10-15 [ Ao ( ]
a =]
10-20 [ Ay (0) ] 1020 | 5 (0) \
10—25 I 1 1 1 1 1 1 I 10~25 1 1 1 1 1 1 L
2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20
Layer Number Layer Number

FIG. 7. Tunneling DOS for k=0 for Fe(100)|8MgO|Fe(100). The four panels show the tunneling DOS for majority (upper left)
minority (upper right). and antiparallel alignment of the moments in the two electrodes (lower panels). Additional Fe layers are included in
the lower panels to show the TDOS variation in the Fe. Each TDOS curve is labeled by the symmetry of the incident Bloch state in the left
Fe electrode.
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Tunnel probability
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Tunnel probability

Tunnel probability
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7077 L B5iEfT

Transfer_matrix.py

Si DEFERH a =54064A m*=1.0m,

f& EEE

05A

fEEES S 10.0eV 10ﬂHﬂ

python transfer_matrix.py tr 501 0.1 0.01 9.5 2001

— 1.30
1{]_— Mi=srlZ)
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0 : . | ‘ . . 1.00
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| 707 7 L: i5 1T
Transfer_matrix.py

Si DEFERH a =54064A m*=1.0m,
EEHE  05A [EEEES 100eV 1043

python transfer_matrix.py wf 5001 Ez

Ez = 0.61371 eV Ez =0.701645 eV
Wireal) i Wireal)
175 4 ' Wimag) Wirnag)
Jw|3 i w*
150 - 15
125 1
10 +
= 100 | N
> >
75 - 27
50
D_
25
D_ = — .
! I T T _5 ] T T T T
=20 0] 20 40 60 =20 0] 20 40 60

Z (A) z (A)



e ssegack e meeEr. Thomas-Fermi®J )L

®BpEE— th, FERAYEEES . LTI (1972)

o(r): BRSNI=RFERTUIvIL

1 Ze
o(r)— P (r > 0)
0 (r — o0)
R
Z(r)z 472'50 r¢(r): 472-‘90 r(EF /e+¢(r)) b= 21/3(3_7[)2/3 ﬁ
e Ze 4 2
~1/3
r=by =0.8853Z""a,y " de
BFEEICKSEL (Thomas-Fermi€TIL) _ 0%2921 A

1/2 dzZ . 3/2 (r) 1 (r O)
y dy2 _Z Z — —
0 (E- =0,r > x)



e ssegack e meeEr. Thomas-Fermi®J )L

42 ST, HRIRAYIEEET . TR (1972)
X 12 312 PN
=Yy ' x Fowi =200 + Xna =N27" +O(N") =%y, 2 7% + O(h*)

—1/2 3/2

Zn+1:2Zn Zn 1+h yn

*ﬂﬁﬂ%ﬁ: Xo =1 y 4l :1—0(
g; . o = 0.01442860
>0, | 7. |<EPS - 0.01442869

;(n'< 0, | 7,'|< EPS 1

0.1

0.01

0.001
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rodinger A2 DENE D MBEE R(r):
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BHS A READIEFERE:. /407185

B BiE, RIAE. B, AL—4—5 FHEHE 535
- - HERASHIRS (1982
[RFDSchrodinger A2 D ENFE B (Rydbergsifin) AT (1982)

—ii(rzdR(r))+[—g+V(r)+'(':1)}2() o IImR(r)=0

r dr dr r—0,00
P(r) d—er(r) g(r)__g+\/(lr)+|(|r+1)
PO=gP() 20

P.,—2P +P_, =h’P" +O(h*)=h’g P, +O(h") ws&ozzci
Verlet;%
— (2+ hzgn)Pn o I:)n—l

/4087 (Noumerov) F&847:
=R -1 10| LU TROREBSE, EDIHEM LS

_ h°g, +O(h°)
yn+1_ 1 h gn/12 yn yn—l



B sAEADREFERE: KRR

BB B8 BIME. FH &, AL—5—

P FEERE,FEIE

P(r)=rR(r) HRASH RS (1982)
) Z 101+
=(2+h°g,)P,—-P,_, gnz—E—Zr—+ —
WEAEEP =0, P =« n
EREE: I|m P(r)=0
r—0,00
1.2
% Z=1,n=0,1=0
1
ngl 2 3
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-25
2000 ~0.6
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ZIRNSN
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B BS(E, BIIME. BFH &, AL—3—nFHEETE $F£3E
P(r) =rR(r) 2 10s HE KRS (1982)
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Basis function in quantum
calculation

How to plot band structure



Selected answers

Q: EFNEEZRAVNMEEZITLEHO>TLWEYT , EFNETIX. TR HEEIZEKET S
DTIMN, TATSLTRIEZRIRTDIZITIESITHIDTTM?
BIZIX. REVDTIREE. [IKREALE)

A If the basis functions are given by analytical function, just perform integration.

For plain wave method, see FHEIEEKIZKSD—RIT/N\VREE pwidpy (B S LO—F-
FE1T7HEE) in http://conf.msl.titech.ac.jp/jsap-crystal/index.html

For abstract state vectors, replace their integrals (i|H|j), (i|j) etc with analytical results using
numerical integration

Q: Matplotlib ZFWM=/\UFRIDEZHIZTDOVWTEUVERDT=LY,
A See the band structure programs in http://conf.msl.titech.ac.jp/jsap-crystal/index.html.
Simplest one may be =Rt EBHEF/ \F free_electron_band.py (ZF OS5 5.La—FK-E{T
faR) and free_electron_band.py.

You need to calculate reciprocal space distances.



http://conf.msl.titech.ac.jp/jsap-crystal/pw1d.py
http://conf.msl.titech.ac.jp/jsap-crystal/pw1d.html
http://conf.msl.titech.ac.jp/jsap-crystal/index.html
http://conf.msl.titech.ac.jp/jsap-crystal/index.html
http://conf.msl.titech.ac.jp/jsap-crystal/free_electron_band.py
http://conf.msl.titech.ac.jp/jsap-crystal/free_electron_band.html

SO 85 A
—RGEEDEREEHELTIEERZEMES
9 (r) = exp(ik ' r)zchkluhkl (r) Uy (r)= eXp[ithl ' r]

B G DEmEIIRFRHOREAMDEEEESR:
ITARTOD hkl IZDWVTHZEENIL., TEIZELWVEIZES
=> EEDOHETIE |G, | <G, . , DEETHELTS

H11 - ESll H12 - ESlZ Hln - ESln
H21_E821 sz_ESss H2n _Eszn ~0
Hnl_ESnl Hn2 _ESnZ Hnn_ESnn

h* N
= 5hkl,h'k',|' _(k + thl )2 +V (G hkl — Gh'k'l')

2m
EEODEHAEDIZFEAENRTUOOYIILOT—) T EHR
=> GPUTERILNE S




(o] S — i} 'S — & 'S
7077 L —RcFERE
http://conf.msl.titech.ac.jp/jsap-crystal/
TEHEEEICEKSD—RIT/N\VRETE pwld.py

Usage: python pwld.py
python pwld.py (ft a na pottype bwidth bpot)
python pwld.py (band a na pottype bwidth bpot nG kmin kmax nk)
python pwld.py (wf a na pottype bwidth bpot nG kw iLevel xwmin xwmax nxw)
pottype: rect|gauss
£ 1741: python pwld.py ft 5.4064 64 rect 0.5 10.0
RTUIYILDT—) TEBRERT,
BT ELS.4064A B F% 2°6= 6450 E| (FFTD1=8bnald2m
EfsRT vl 0.5 AlE, 10.0 eVES
F1745: python pwld.py band 5.4064 64 rect 0.5 10.0 3-0.5 0.5 21
NURBEZHE . BE. 2EI8. RToov)LIELEERLC
NUREEE HZEEREEE [ %] (BE—TVILToU—2) T2LREILTERR
= 1745: python pwld.py wf 5.4064 64 rect 0.510.030.0 0 0.0 16.2192 101
ERREERTRR BE. 7B, RToovILIE EERL
BEAVRLETRISEVLIRZRALS,
k=0.0TR), EHHED O EFHDEMDKENRENZ.
0.0 ~16.2192 %' 3& LOEETIONAEILTERT Energy levels:
(

FE: Iﬁljﬁﬁg[il*)l’jf‘—lﬁli‘/—FLTL\@L\O)'C\ 0 0.624459eV

kL 1 6.39666 eV
:‘ N C<s \ = Ez‘?\
) —ILE A DEnergy levels: TEI D BESZEHE 5 608362 eV


http://conf.msl.titech.ac.jp/jsap-crystal/

oy 7077 L —RTFERBE

Si DEFEL a =54064A m*=1.0m,
RToovILV(X): EEEIE  05A PEESX10.0eV

th 1d.py ft 5.4064 64 rect 0.510.09-0.50.521 RT2 w0
python pwld.py ft 5. rect 0.510.09-0.50. ) T
10- LK 64
10 . P
0.8 -
8 0.6 -
04l /
—~ b1 o *
" 2 029,
2 i
4 = 0.0 1
—0.2 -
2 .
—0.41 =— real
imaginary
01 ) - —0.6 { — absolute
0 5 10 15 ) 5 3

X (A) 1/x, normalized (1/A)



oy 7077 L —RTFERBE

Si DEFEL a =54064A m*=1.0m,

= RBEMS = BE =
[FE2ME  05A [EESS10.0eV python pwid.py band 5.4064 64 rect 0.5 10.0 9 -0.5 0.5 21

10
python pwld.py wf 5.4064 64 rect 0.5 10.0~9 0.0 2‘9.0 17 501 . /{,‘/ F‘Eiﬁ
k=0.0, 13 B 0 #41 (E=0.608eV) DK ENET %K
CER: BT LF—IEISY—FLTOELOT, - HZEH9
a2y — L ADEnergy levels: CEI D E S £ D) “ “
Energy levels: —— °] - V(x)
0 83338leV 14 - Ve 1o :
1 47.3631eV [ e W r
2 0.608457 eV d
3 6.91001 eV . .
4 22477eV
5 83.3212eV s
6  47.2599 eV =
7 20.7386 eV 6
8 5.18836 eV 4
§ T EmET
) ] V(x)=0
L2
0.2 4
0.0 0 0 T
0.4 —0.2 0.0 0.2 0.4
0 2 4 6 8 10 12 14 16 k (m/a)
x (A)




Monte Carlo method
for numerical integration



Selected answers

Q: ZERODENT. BEHSHEHNBEWCAHLGZERESATLEIEHES. EDOLSICHEIT
SO EYT=LY,

Q: python scipy|Z{t BT AR TCHEM LT =ZFEFEZHELELEA . HHLALIS—IZLYS
FLWEFEFATLE:

A: Better to use python numpy/scipy libralies in particular for multiple integral because those
are generally time-consuming calculations.
However, scipy.integrate.tplquad() is slow because it guarantees the obtained accuracy given
by the argument epsrel (and .quad() for 1-D integration as well).
Therefore, the following Rieman sum may be faster that tplquad()
J | &, y)dxdy ~hehy 355 f (i, y))

by Rieman sum for x; = x, + ih, and y; =y, + ih,,

If you don’t need a high accuracy, Monte Calro method can be easily applied.
For infinite integrals, apply double exponential conversion algorisms



—ERELBE SR EL 2N

OB A—3TSUF L BERITRESEITKWN
=> PILTYXLIZE>TRLEBERETS

-FEEEARE: a, b, LEIEHEL.,

N, =a
N, = bN,; mod L N mod L [& N Z# L TEBRLT=RY
N; = bN, mod L

ETBENIFTOSNLL-1 DOFLE SIS,

EAHARE a b LZEREL.

|

|
N, =a
N, =bN;+c mod L
N;=Db

2
3 = bN,+c mod L

*N, =N, &G5&, ALRICARENREET S




SELLEL B DERTE

RUVEELIEL S (—HRELBISELY) DEH

- hE—

- AR ALY

REREN N2 ZEAHILTHE X HE
9000

SR ELBDRLE D BLIZIL “FE (seed)”

HINE 8000 AWM~ A
seed BEILESEBERLIZES, 2000 ——nt=100 nt=200 nt=400 nt=800
FMsccdZERAIDENRHS —nt=1600 ——nt=3200 —nt=6400 — nt=12800

I I R

(Fv Y HERBRO L) 5000

seedZ#BICICLTEHE

4000 YN VMM AN AN AN
3000

Perldfl => 2000

srand(0);
for(my $i=1;8i<=$n;$i
{
$rint(rand(100))]++; 0 20 40 60 80 100

, ’ e



Perl®randBE#X
seedDHETE (srand()) [EFE
for(my $i = 0 ; $i < $nMax ; $i++) {
my $x = rand(1.0);
my $y = rand(1.0);
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0<r<1MELIELEL (x,y) Z N[O
o nzZKHBHE NN (X TS5

TEEESAY (hit-or-miss) Monte Carloik

(0.1)

(0,0)

N

100

200

400

800
1600
3200
6400
12800
25600
51200
102400
204800
409600
819200
1638400
3276800
6553600

N—1/2

0.1
0.070711
0.05
0.035355
0.025
0.017678
0.0125
0.008839
0.00625
0.004419
0.003125
0.00221
0.001563
0.001105
0.000781
0.000552
0.000391

(1,0)

4S

3.12
3.16
3.12
3.145
3.145
3.16875
3.12375
3.130625
3.1375
3.137188
3.133984
3.139961
3.139854
3.14063
3.141702
3.14045
3.141

NIZ 1
nl1/4

|error|

0.021593
0.018407
0.021593
0.003407
0.003407
0.027157
0.017843
0.010968
0.004093
0.004405
0.007608
0.001632
0.001739
0.000963
0.000109
0.001142
0.000593

HOE

_ﬁﬁéﬁl-ﬁ?ﬁ
[ZEBT=R

0.03

0.025

0.02

[a) 0.015

0.01

0.005

%’# L.(x2+y)12<1.0&55

1O EEDELEEED

0 0.05
N-1/2

0.1



0<r<1DFFLELE (x) Z N

ELEZE

FEHERY (crude) Monte Carlojk
f(X)=4v1-x°

A

%q: L/\

1 1 &
S=| f(x)dx~—) f(x
J () PO
THLTES,

LN =RIERS
ZRTHA7 T

LoD

f5l: Discrete Variational Xoi%
B3NS A HEMEL 20 THEAE

N
100
200
400
800
1600
3200
6400
12800
25600
91200
102400
204800
409600
819200
1638400
3276800
6553600

2.18E-01
1.99E-03
1.84E-02
3.41E-03
2.16E-02
9.66E-03
1.15E-02
9.41E-03
3.47E-03
1.69E-03
2.57E-03
9.48E-03
2.93E-03
2.50E-03
4.83E-04
1.62E-05
1.03E-03

Hit—or—mis: crude

1.23E-01
1.31E-02
9.53E-02
2.41E-02
1.91E-02
1.70E-02
2.69E-03
1.11E-03
1.68E-03
1.83E-03
1.95E-03
2.52E-03
9.56E-04
1.10E-04
4.01E-04
8.08E-04
3.59E-04



Integ_montecarlo3d.py

Calculate the volume of radius 1.0 sphere

Python integ_montecarlo3d.py

Output:

Hit-or-miss Monte-Carlo method

IV |error|

100 4.3200000000
200 4.2000000000
400 4.0200000000
800 4.2000000000
1600 4.2450000000
3200 4.2025000000
6400 4.1537500000
12800  4.1868750000
25600  4.1618750000
51200  4.1620312500

102400 4.1902343750
204800  4.1915625000
409600 4.1894921875
819200 4.1852148437

1638400 4.1913476562
3276800 4.1906274414
6553600 4.1887829590

0.13120979521360976
0.011209795213609652
0.168790204 78639095
0.011209795213609652
0.05620979521360958
0.013709795213609155
0.035040204 786390916
0.001915204786390845
0.026915204786390312
0.026758954786390454
0.0014441702136096524
0.0027722952136093326
0.0007019827136094392
0.0035753610363906674
0.002557451463609084

0.0018372366198597945

7.245802015276581e-06

Error oc 1/N



Metropolis Monte Carlo method
for materials simulation



Ising model and Monte Carlo method

See ex. https://school-
crc.kek.jp/SummerSchool06/TEXT/text2.pdf



https://school-crc.kek.jp/SummerSchool06/TEXT/text2.pdf

Metropolis Monte Carlojk

DHOYMBIRREEEZ . CORTUVYILIRILF—EETEL U, £ET 5,
ELBMZEFES> TR OMEBREEZ/EY. CORTUIPILIRILF—% U, T
%o

1. AU= U,-U, <0 THNIE. BEEHICZEDREZTEIRT S
2. AU >0 ThIZL, exp(- AUKST) DIFEETIRIRT S

2. [ZBWWT. BB 0<r<1 A r<exp(- AUKST) THNILERIR,
ZOTRHITNIEIEAL., KKRE1ZFEYBLET

ELWSFmICKYEONE=REIX, A HDFOBRRIC—ET S

ZOBEFHICOWTYEEDEBNZENITHETEBELTD
MIBENFoNS,



Monte CarloiED#Hl: k>rRrY> Y
A O — H6 FLEFE(—AeB) AR K R HEZZE
IRILF—E, DIRENSEFNLRITIZEY E, DIKE~NEFERT D
(FoRILTHLTH, ERBREICEDSBH THNILREL)
1=>2D R R ILL—RETH, 2=>1%T,
ERRDRRILL—bET =T -T"¢9 5

— =eXp| ——— | =—el'=— ORI R.-DEE
T p( kBT \J eRT /;ll, 1: *J-L T TR
+ E _E
I =(E -E, )/{eZRT [1— exp[— LBsz
k< JURFRE

BEfE O ~ t DREICk U RILDFEC ST WVERES P(t) &9 5
1
P(t +dt) = P(t)(L-Tdt) |:> t=——InP()

BB, ERICF AN ECSETORMuUE | _ Ly
O<r<l1D—FKEBMrZHAWNTEHEOLSIZEZENS N T



SIS EL I

http://www.sat.t.u-tokyo.ac.jp/~omi/random_variables_generation.html#Gauss

p(X; A) = Aexp(— Ax) (T 1A, £ 1/A?)

Ty =exp(-x) &ERSHE. THREDOEESFEAMIT
P(y)=P(x)|dx/dy|
L1 b. —RELB y oW EHL

x =—log(y)
[CXY. A= 1DFBEHIHICHESEE,LEOND,
FED L IZHLTIE
X’=X/A

b (R4



SIS EL I

— 1R SR EK —IRHER —EHE%
—N=100 ' —N=1600 —N=51200
1 2 40 1 2 3 40 2




IEFR 2 M IZPESELE (Box-Mullerik)

http://www.sat.t.u-tokyo.ac.jp/~omi/random_variables_generation.html#Gauss
(x—pf

0| exp(‘?) (F¥9 p, S8 o DIERS )
—RRELE x, y Z1EY . BEEATHR 2
P(x,y) = P(X)P(y) = P(r,8) = (zljrexp[— rzj

T

EHE r DB r2ITEZRSD P(rd)=P(r)|dx/dy|= P(r)/(2r)

r.2

P(r*,0) = (Lllﬂjexp[— 2]
—RELH r, 0 M5

X =r cos(0),y =rsin(0)
DIERFPMICHESEL R ELLHD T,

2 =(-2.0*log(x)}""* *sin(2zy)
TEHETES, FH u, 78l o ITTBHICIE

Z =U+0oZ

[T hiE kL

4
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Optimization of problems with many
local minimums



Selected answers

Answer: Using basin-hopping algorithm for global optimization of molecular
structure.

Q: MEIEFERLEGE . Ea—URTA VI

Q: BERBEILDRIZHILDFTFHEET>TLEN, FRTYT THILDENREKELDLIS
ahH b,

A: Choose appropriate optimization algorithms that include mechanisms to escape from local
minimumes.

- Simulated annealing, Dumped molecular dynamics
- Try many initial parameters and find the minimum result: Basin-hopping algorithm

Magnetic order often induces a new periodic symmetry so you need to
examine larger supercells as well.



Kramers-Kronig Transformation



PS5R—RA—0—=wk (KK) DEEHFRK

AREMARILLTLINIE

AREDREN,. BEOEEOERETRELTLIWVNIZ),

B EDEHE T, BRECEEH ¢(o0) DEEPEEEIZIE
LLT D Kramers-Kronigh® BER A RKIL T S

g =1+— Pj (wl)da)' (=1+3P @@,

o0 a) a)z T 0 a)lz—a)z 4‘//?)1/1171':'\%75“%%10)

5E. AvaRDR 75“%2.6
2 o ")—-1
( P gr(a)) d ,)

— 12 2
7T Y 0o —w

&= P'f_ r 2_)_2 do'

0—0

FERDIIBROIBYFICIO>TENENS
=> 9 oDMEBIMNSRICELIITIBRZERS

'DEfE P dw_lim(j:’ dw+jw+5dw)




V5X—RA—70—=vEDRHEI

Kramers-Kronig relation

g, :1+£P ww'f‘(w;)da)'
7T 0 0 -w
& :—EP Oogr(wl)_lda)'

I 2

12
7T Y 0 —w

P: Principal value of the integral 046
Pjo da)'slimi[jo do'+ ; da)')

0—0

The above equation is derived from Cauchy integral a(w) =—P [ g

0 s—w

that is valid for complex functions a(w) satisfying Jim_a(w) =0



KK relation: Refrectivity spectrum and phase

R LA

)=+/R(v)e"") Inr'(v)=InR> +i6(v)
[CKKZE#ZZHTIEH S

1 InR v'+v| dR(v )
O(v)=——FP In
(V) 27 0y -[

v—v| d



Optical spectrum (GFERE# >, TR F o)

H=Hy—er-E
\TO,\

( ) 1+47zz B

W —®
T, = (W |r|¥,)= [ W redr

- = IJ
Kramers-Kronig transformation

g,(w)= 47Ne” Zfﬂ&(a) — o, )

_ 47er?|1€ ZJ: f %[5(0)_(0])4-5(&)-!-&)]-)]

N(o)-ix(o)=&(0)-ia(0)




KK transformation: Numerical approach

(9(1/9): 2y J.oo In \/R(v)/ R(vg)

a0 Ve —v

dv

4y < In /R, Numerical integration
Hmed(vg):—gAV Z 2\/72 g

7T ieddereenV; —v,-  fOr given data
0,.(v.)=- N Rogr In ~max Ve Extrapolation to high f
g™ o 7T V... —V
max g
2 ( ) In RIow In Vg ~ Vimin .
V,)=—
ow\Vg . Vo V., Extrapolation to low f
n(v) 1- R(V)

"~ 1+ R(v)—2R(v)cosd

()= ZWSin 0
1+R(v)-2/R(v)cosé




NEBEZRINILDOKKZEEHL: SV ERE

FourierZ 2 & R#RI(Z. A E BLEEI DIEHR M E N EAVHE RE

BIERB RSN T —RIERICKE(EET S
0.1eVIZHITHTEHZIEHEITKD HIH5E
WIadEB4~5eVETDRIENIHE

BRI E—BIE ITHMET DD — R
XY=L aEIEAN0.1eVELTR:
S BOETHLF—4EI: Drude RS ETH I
K- FEADET R LE—5EH
BIEEEe,h DROREE M (7 -1] /(2 +1f

LA

-%ub)tb\“ﬁiﬁ;b\‘lev&r *T:
A/ DIEES0.1eVUTIEEET S EIILL

FER-FERDOEI R —TEE:
BRRFER: N ORORNE TME (Jo, —1f /e, +1f



Selected answers

Q: 12\ A BRI IER L TCEI N EZ AR THESEX TV I R/ILEX—
ZEtEL=LY

Q: pythonzZ ALVT/NAUFBE L. REBEELGEDEFEEHRZLL
See pymatgen, pydft etc if you want to find libraries.

Q: Elastic-net as a post-processor of DFT
Nudged elastic band method to search reaction path
or
elastic-net in regression (machine learning)?



Machine learning, data processing

Q: pandas, scikit-learn, etc

Q: Python Z AWV =BWFEEICDWTEWL, ITUT ALV ITAITAVRIZDNWTIEES
ROT=LN,

Q: ERATICDOVTHYEWNEEZZTLET,

A: Sorry, no good code for machine learning and data processing, but many textbooks are
available

Python @ Python Python Python
Ei% £ % Ei%
T—571h F—HMI/af BREEIATL AITETFIVIEE

100Ky 1004/ w2 1004 /v

FUNR-HTAMS SXFT ¥ TUSE-PBI=-BARS ¥ FURE-ZART-Ca9= ¥ FWRE PHE-BRET A

CNDRBTEEDT— 5 BRAL!
Py EMTO= 17 FRHOH X
[GBERERLE. MEROBS IR ZTL] |

AHFOENS "HE" “HER"CBWEL = a=7AN
SNV T IIET—F 3R
BRMSVWT=21XBRTISA?

Lona SRONI (AR ) HOREPE. B LMBET.
L —EZAARNITERACSNS (RAN) EREDNED/

FLIES
=
et Iroribi AFE#FE, HEESHRT ST (NEC)OFRAFRACT/\— RO P ORTHERBCHE L@, B, #RFETERAL
EF—A5IreS Y L ah— BFY VEICEFELT. TSSO ILS Y REULTIRLCEHICEDS. ENCABKC. BER

Graduated Tokyo Tech, the former materials science course, 5272252 <&
E gs(IoT).

now operating a data analysis company

ENERBOT = THRILIEED!
F-TOREL LV BB HOT-7 2R ThIL,
CALT— 7 HETEHLL

CNNAIZEARRICED T EST VISR
WEF LRI SEHOZIZHL 25!

TN YATLTOONTNREFD. ANTRORSURT,

A". F=IORISONRTANFRCFAORBEPR LS =F <« TOKN
; REOLZ3ADRUCORNTRCAIETFARRO-ENANERIE

@ RAMS5)SA—2 53— 00 AP AT XAONACARERET,

2
A¥2

{79A9 Excel- MEN AR-EA-AF -3 $ATNLTRE,
 —EOIANMTRRNLERD (BN ERCIIE

L/ ARG RN T - S ERRETLA (MMYR AP AIENE




Programing: GUI



Selected answers
Q:GUIZAWT., 7Y S LFXUERLYLIKT BAE

A: Use tkinter with python (other choices: pygtk etc, or HTML CGlI)
See http://conf.msl.titech.ac.jp/Lecture/python/tutorial-optimize/index-python-optimize-

qui.html

f Second-order polynomial Isq

File

Ini file path: ( | path
Data file path: |data.csv path data .CSV
Save path:[data-?it.csv : save E;() -
x range: [0 | - [10 o raw data
Title: |data.csv
x label:|rho(ohm) 60 il | ﬁttEd
v label:|T(K)
fit order: i? ’ Q ‘®
Isq exit o — 40 4
Font size: 24 ‘ |—
e
CSV data: 20 e
header: [’ rholohm)’, 'T(K)"] ®
x: [0.0, 1.0, 2.0, 3.0, 4.0, 5.0, 6.0, 7.0, 8.0] . "
y: [1.0, 2.0, 5.0, 8.0, 15.0, 20.0, 30.0, 50.0, 80.0] () oo SRR ® -~
polynomial fit by scipy.optimize() start: : : v :
lsq result: ai=[ 1.70562771 -4.94502165 | 4.56363636] 0 2 4 )

residual=3.870100977711246

rho(ohm)



http://conf.msl.titech.ac.jp/Lecture/python/tutorial-optimize/index-python-optimize-gui.html

