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_ecture materials updated (this morning, 8:45)
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Lecture materials on numerical analysis (by Kamiya)

EERCESTLEERIE. Other related programs®TFICHDET
Lecture presentation slides will be found after the python tips section.

Update News:

June 14,11:48 Lecture materials on June 14 have been updatgd (20240614Differentiallntegration.zip)
June 13,11:48 Lecture materials on June 14 have been uploaded

June 12,14:13 Lecture materials on June 11 have been updated (2024061 2ComputerAndErorrSouorces.zip)
June 11, 8:24 Lecture materials on June 11 have been updated

June 07, 9:23 Lecture materials on June 11 have been uploaded.
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Class Schedule

Lecture materials (Kamiya’s part): http://conf.msl.titech.ac.jp/Lecture/
http://conf.msl.titech.ac.jp/Lecture/ComputationalMaterialsScience/index-numericalanalysis.html

#01 June 11 (Tue) Kamiya (Fundamental of computer, Sources of errors (A E 1 —2 D EHEE, RE))
#02 June 14 (Fri) Kamiya (Numerical differentiation/integration ($(fE# 5 /3& %),
Differential equation ({5 AFER))
#03 June 18 (Tue) Kamiya (Differential equation (%% /A%23X), Molecular dynamics (5 F8) hi%),
Interpolation (##M#), Smoothing (FFi&1t))
#04 June 21 (Fri) Kamiya (Linear least-squares method (##28 /"= &%), Optimization (F3&1t),
Numerical solutions of equations (72X D 4 fEfAZ;X), Nonlinear optimization (GE#R 2 &xE1L))

#05 June 25 (Tue) Kamiya (Nonlinear optimization (JE#& s & #1t),
Fourier transformation (7—"') TZ #2)

#06 June 28 (Fri) Kamiya, Matrix (75!)
July 2 (Tue) No lecture (k3E)
#07 July 5 (Fri) Kamiya, Review (1€%)



Explanation of the answers, June 11
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PROBLEM, June 11

Submit electronic file(s) via T2SCHOLAR until the midnight of June 12

(If T2SCHOLAR doesn’t work, send the files to kamiya.t.aa@m.titech.ac.jp.
In this case, file name must include your STUDENT ID and FULL NAME)

Choose one of the following PROBLEM 1 or PROBLEM 2
PROBLEM 1:

(i) Convert 110011, to base 10

(i) Convert 5323,, to base 16

PROBLEM 2:

Choose one of the python programs given today (sum_error.py, sum.py, base.py).

- Explain what each block of the source code does,

or

- list up the source code parts that you cannot understand what they do or why they

are needed.

S HBERLI=FT O SL (sum_error-plt.py, sum.py, base.py) Hh 51 D& FE,
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PROBLEM, June 13

Choose one of the following PROBLEM 1 or PROBLEM 2
PROBLEM 1:

(i) Convert 110011, to base 10

> python base.py 110011 2 10

Convert 110011 in base 2 to base 10

O-thdigit=1 2: +1*2"0=>+ 1 10=> 1 10
1-thdigit=1 2: +1*2"1=>+ 2 10 => 310
2-thdigit=0_2: +0*2"2=>+ 0 10=> 310
3-thdigit=0 _2: +0*2"3=>+ 0 10=> 310
4-thdigit=1 2: +1*2M =>+ 16 10 => 19 10
b-thdigit=1 2: +1*2"5=>+ 32 10=> 51 10



332=20*16+12

20=1*16+4
1=0*16+1
=> 14CB,,

PROBLEM, June 13

(if) Convert 5323, to base 16
5323=332*16+11

> python base.py 5323 10 16

Convert 5323 in base 10 to base 10
0-th digit = 3_10:
1-th digit = 2_10:
2-th digit = 3_10:
3-th digit=5_10:

Convert 5323 in base 10 to base 16
16 + 11: base 16 =>B
16 + 12: base 16 =>CB

5323 = 332 *
332 = 20 *
20 = 1*
1= 0*

+ 3*10"0 => +
+2*10"M => +
+3*107"2 => +
+5*10"3 => +

3. 10=>
20 10 =>
300 10 =>

5000 10 =>

16 + 4. base 16 =>4CB
16 + 1: base 16 =>14CB

310
23 10

323 10
5323 10



PROBLEM, June 13
Related to PROBLEM I1:

Ex. python base.py 110011 2 10
sys.argv: EeENRFS I8, aA<X R SA U518, AU RSAUA T ay
command line arguments

Convert base by python built-in functions
Expressions for integer variables:

base 10: num= 14
base 2: num = 0b1110
base 8: num = 0016
base 16: num = OxO0E

NOTE: The expressions are different in program codes,
but identical in computer
Int(number, from_base): convert the base of number to from



PROBLEM, June 13
Modern C++ code by ChatGPT4:

Prompt:

make a C++ program to convert a base 10 value to base 20 value.

(1) receive the base 10 value from command line argument

(1) The characters of the base 20 is given by a hash variable and to convert an integer from
0 to 20 to a character in "0123456789ABCDEFGHIJK"

(111) convert the base 10 value to base 20

Answer:

Here is a C++ program that meets your requirements. It receives a base 10 value from the
command line, uses a hash variable to map integers to characters in the base 20 system
("0123456789ABCDEFGHIJK™), and converts the base 10 value to a base 20 value.cpp



PROBLEM, June 13
Code: base20.cpp

#include <iostream>
#include <unordered_map>

#include <string>
#include <cstdlib> // For std::atoi

std::string convertBase10ToBase20(int base10Value, const std::unordered map<int, char>& base20Map) {
std::string base20Value;

while (basel0Value > 0) {
Int remainder = basel0Value % 20;
base20Value = base20Map.at(remainder) + base20Value;

basel0Value /= 20:

by
return base20Value.empty() ? "0" : base20Value;

}



Code: base20.cpp PROBLEM, June 13

int main(int argc, char* argv[]) {
if (argc 1=2) {
std::cerr << "Usage: " << argv[0] << " <basel0Value>" << std::endl,
return 1;

}

int basel0Value = std::atoi(argv[1]);

std::unordered_map<int, char> base20Map = {
10,0}, {1, 1}, {2,'2'}, {3, '3}, {4, "4},
15,9}, 16,6}, {7, 7'}, {8,'8'}, {9, "9},
{10, 'A'}, {11, 'B'}, {12, 'C'}, {13,'D'}, {14, 'E'},
{15, 'F'}, {16, 'G"}, {17, 'H'}, {18, 'I'}, {19, U},
{20, 'K'}
I

std::string base20Value = convertBase10ToBase20(base10Value, base20Map);

/[ hash (dictionally in python)

std::cout << "Base 10 value: " << base10Value << std::endl:
std::cout << "Base 20 value: " << base20Value << std::endl:

return O;



C++ compilers

Windows, macOS, Linux: Intel oneAPI compiler
Linux, WSL2, macOS: gcc
Windows: Visual Studio

mingw

Cygwin/gcc

NOTE: C++ is steadily growing (i.e., getting fat) language,
seriously depends on C++ compilers.

Check which C++ version and specifications are supported by the C++
compiler.



PROBLEM, June 14

» Submit electronic file(s) via T2SCHOLAR until June 16

(If T2SCHOLAR doesn’t work, send the files to kamiya.t.aa@m.titech.ac.jp.
In this case, file name must include your STUDENT ID and FULL NAME)

PROBLEM:

(i) Calculate dE(k)/dk, d?E(k)/dk?, and effective mass m,"/m,
from E(k) in band.xlsx, and plot m_,"/m, vs k.
Assume the lattice parameter is a=4.0 A.

(11) Compare the results obtained by different h.



LCAO band

Effective mass

E(k)= &, —2h,|cos(ka)~ & —2|h,|+|h,[a’k® +O((ka)")
Free electron model
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Effective mass

k represents fractional coordinate in reciprocal unit cell:
generally expressed in the range [-%2 2]

Unit conversion K., = (2m/a)k

Note E(K) is In eV

-1 -1
e (82E,<k>> 2 (2_n> (azEevao e)
0kyog” a 0k?2

Very often effective mass Is given by a ratio to
the electron rest mass m.° .

32E,(k)\ 2m\% (9%E,, (k) \
* 0 — ;2 J 0 _ 42 ev 0
m°/m, (akreazz) /m, a 312 e /m,




Numerical differentiation
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Fundamental of numerical analysis:
Differential => Difference (&4 %)

Differential #4) % => approximated by difference (&4 i—i’

The following terms will often appear.

Difference (ZS) Ax=x;—x;, Ay=y;—Y;
Divided difference (Z4®8) i—z

Forward difference (gigz4): i i::i z (%, < X;11)

Backward difference (224 i i:ic, :i (X1 < %))

Central difference (b4 YL (o oy —x;—x,, = h > 0)

Xi+1—Xi-1



Numerical differentiation (#iE#4s)

To calculate by computer,
replace the dlfferentlal ‘d’ with finite difference ‘A’ (for small AX)

df (x) h.ﬂx+m fO) Af(x)  flx+h)—fx) fx+h)—fx)
dx h>0 (x+h)—x Ax  (x+h)—-x h

Accuracy can be improved by decreasing h

< But limited by the error of cancellation of significant digits
at least h > 0.01v (v: a representative value to be handled)

32bit floating point (~7 digits) : h > 10V (should be much larger)
64bit floating point (~16 digits): h > 10-14v (should be much larger)

2
f(x+h):f(x)+df(x)h+%d 12, o(h?)
foxeh)- () _df(x) [1d7 F0y. one) | Errorec !

h dx |2 dx’ (Difference error,

ENRE)



Numerical differentiation: Effect of h
f@) =3

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1
1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9

2

f(x)

df /dx = 3x*
h= 1
dfx)/dx  Af(x)/Ax

0 0 1
0.001 0.03 1.33
0.008 0.12 1.72
0.027 0.27 2.17
0.064 0.48 2.68
0.125 0.75 3.25
0.216 1.08 3.88
0.343 1.47 4.57
0.512 1.92 5.32
0.729 2.43 6.13
1 3 7
1.331 3.63 7.93
1.728 4.32 8.92
2.197 5.07 9.97
2.744 5.88 11.08
3.375 6.75 12.25
4.096 7.68 13.48
4.913 8.67 14.77
5.832 9.72 16.12
6.859 10.83 17.53
8 12 19

0.1

0.01
0.07
0.19
0.37
0.61
0.91
1.27
1.69
2.17
2.71
3.31
3.97
4.69
5.47
6.31
7.21
8.17
9.19
10.27
11.41
12.61

0.01

0.0001
0.0331
0.1261
0.2791
0.4921
0.7651
1.0981
1.4911
1.9441
2.4571
3.0301
3.6631
4.3561
5.1091
5.9221
6.7951
7.7281
8.7211
9.7741
10.8871
12.0601

0.001

0.000001
0.030301
0.120601
0.270901
0.481201
0.751501
1.081801
1.472101
1.922401
2.432701
3.003001
3.633301
4.323601
5.073901
5.884201
6.754501
7.684801
8.675101
9.725401
10.8357
12.006

1.00E-06

1E-12
0.0300003
0.1200006
0.2700009
0.4800012
0.7500015
1.0800018
1.4700021
1.9200024
2.4300027
3.000003
3.6300033
4.3200036
5.070003899
5.8800042
6.750004499
7.680004799
8.6700051
9.720005399
10.8300057
12.000006



How to Improve accuracy?: Average

dl;(x) fx+ h]z f&)  Asymmetric equation with respect to “x
X

_ f(x+h)—f(x)_df(x)_|_ dzf(x) Bt d3f()
Error: h T T dx |72 dx? 31 dx’

+ 0(h®)

1st order error (h(’l%slt,t—‘kaﬁﬁ%)

\\\\\\

af (x) f(X+h)—f(x)+f(x)—f(x—h) /Z_f(x+h)—f(x—h)

dx h h B 2h
1d2 1d3
Foet ) = OO 4 f(x) = d];(;)h”w d];(g) +O(hY)
2 3
Foe— ) = F(x )_df(")h 1d%f(),, 1d*(x )h3+0(h4)

2 dx? 31 dx3

h) — —h) d 1d3
crror; LD~ 260 [T 1] v o o

 h? (ZRDIEE)




How to improve accuracy?: Take average

df (x) fix+h)—f() af (x) f(x)—f(x—h)
dx h dx h
Asymmetric equations with respect to ‘x’

df@) [f&+h =70 f&)=7x=h) /Z_f(x+h)—f(x—h)
dx h h - 2h
Symmetric equation, better

f(x) = x3 df(x)/dx = 3x?
h=

1 1 0.01 0.01
X f(x) dfp/dx  (focrh)fe0)h - (focrh)-f(x-h))/(2h) (f(x+h)-f(x))/h (f(x+h)-f(x-h))/(2h)

0 0 0 1 1 0.0001 0.0001
02 0008 0.12 1.72" 1.12 0.1261 0.1201
04 0064  0.48 2.68" 1.48 0.4921 0.4801
06 0216  1.08 3.88~ 2.08 1.0981 1.0801
08 0512  1.92 5327 2.92 1.9441 1.9201

1 1 3 77 4 3.0301 3.0001
12 1728 432 8.92" 5.32 4.3561 4.3201
14 274 588 11.08~ 6.88 5.9221 5.8801
16 409%  7.68 13.48" 8.68 7.7281 7.6801
18 582 9.72 16.12" 10.72 9.7741 9.7201

2 8 12 197 13 12.0601 12.0001



Higher order formula
Three-point formula GRAR)

r@ = {znaen-zra-n}
+ éjm(aEJr---

Five-point formula GRAX)

1

@ = )L z 2 e+ L fa— )
f@ = h{ 5@+ 20+ 3@+ )= 3/~ h)+ 17/(a = 2b),

1 - ,
— 0 4.
+ 30]‘( (a)h* +

Seven-point formula (7R A X)
1

r@ = 3 {gfes - g Jasi - 3fa-n

3 |
+ %f(a—Zh)—@f(a—3h)}
|

DV + - - -
g/ @+



Numerical error
Analytic solution (f##2):

d
7 €xP(X)
x=1
N 4iy 2-point
1 0.5 8.09E-01
2 0.25 3.70E-01
3 0.125 1.77E-01
4 0.0625 8.67E-02
5 0.03125 4.29E-02
6 0.015625 2.13E-02
7 0.007813  1.06E-02
8 0.003906  5.32E-03
9 0.001953 2.66E-03
10 0.000977  1.33E-03
11 0.000488 6.64E-04
12 0.000244  3.32E-04
13 0.000122 1.66E-04
14  6.1E-05 8.30E-05
15 3.05E-05 4.15E-05
16 1.53E-05 2.07E-05
17 7.63E-06  1.04E-05
18 3.81E-06 5.18E-06
19 1.91E-06 2.59E-06

exp(1.0) = 2.71828182845905

3-point

1.15E-01
2.84E-02
7.08E-03
1.77E-03
4.42E-04
1.11E-04
2.77E-05
6.91E-06
1.73E-06
4.32E-07
1.08E-07
2.70E-08
6.75E-09
1.69E-09
4.19E-10
1.06E-10
1.92E-11
-9.94E-12
-9.94E-12

5-point

-5.83E-03
-3.57E-04
-2.22E-05
-1.38E-06
-8.64E-08
-5.40E-09
-3.38E-10
-2.11E-11
-1.37E-12
-1.23E-13
-8.42E-13
-2.36E-13

1.28E-12
-2.36E-13
-5.09E-12
-7.51E-12
-1.48E-11
-4.87E-11
-2.93E-11

7-point

3.18E-04
4.80E-06
7.43E-08
1.16E-09
1.81E-11
2.64E-13
4.44E-15
-7.90E-14
-3.51E-14
-3.65E-13
-5.70E-13
7.04E-13
5.92E-13
-1.93E-12
-1.69E-12
1.63E-11
3.64E-12
-9.94E-12
-2.18E-12



Program: diff_order.py

Analytic solution (f&#£2):

d
— eXpPlX
dx p( ) %exp(x)| » :exp(l.O) = 2.71828182845905

x=1

run: python diff_order.py

—— Af/Ax (2-points)
3.4 1 AffAx (3-points)
% 321 —— Af/Ax (5-points)
3 ——  Af/Ax (7-points)
301 df/dx (exact)
2.8

T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5

h

10-1 - —— error (2-points)
_ _ error (3-points)
:E_ 1074 1 —— error (5-points)
[, A e £ .
. 10-7 '~F:"'ﬁ%"'-_..:-\c e L error (7-points)

A0 '.:I'-'” 'ri_-- » 4 K

G‘;-;‘ 1010 4 ' """'J""amhf
- ' \ l,fv:‘ .

10713 - L AoV S

10-* 107 102 103 10-1



Richardson extrapolation differentiation
(UFr—kVo5)
FHFIEHR, FORTRAN 77 BEFHETOY 307 | HiREIE (1987FBHR)
- Start from the three-point formula (g2 8l]), and then
Iteratively repeat the following formula that updates the

calculation precision until a required precision will be satisfied.

(PRAMGHREL, BROMAITHEITHSLXZBBHISERL.
ERBEZ®E-TETRYIEY)

1. Calc by three-point formula D,© = (f(x+h) — f(x-h)) / (2h) at
the x mesh h = h,,

2. Reduce the mesh to a half h, = (1/2)*h, and the calculate D,®
by the three-point fomula.

3. Calculate next quantity

o o _4" D, """ -D,,"
" 4™ -1

4. Iteration will be terminated if |D, (9 — D, ;%] becomes smaller

than the required precision.




O© 00 ~NO Ol & W DN P
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Numerial error

Analytic solution (f##2):
exp(1) = 2.71828182845905

X=1

2-point
0.5 8.09E-01
0.25 3.70E-01
0.125 1.77E-01
0.0625 8.67E-02
0.03125  4.29E-02
0.015625 2.13E-02
0.007813  1.06E-02
0.003906  5.32E-03
0.001953  2.66E-03
0.000977  1.33E-03
0.000488  6.64E-04
0.000244  3.32E-04
0.000122 1.66E-04
6.1E-05  8.30E-05
3.05E-05  4.15E-05
1.53E-05 2.07E-05
7.63E-06  1.04E-05
3.81E-06  5.18E-06
1.91E-06  2.59E-06

3-point

1.15E-01
2.84E-02
7.08E-03
1.77E-03
4.42E-04
1.11E-04
2.77E-05
6.91E-06
1.73E-06
4.32E-07
1.08E-07
2.70E-08
6.75E-09
1.69E-09
4.19E-10
1.06E-10
1.92E-11
-9.94E-12
-9.94E-12

5-point

-5.83E-03
-3.57E-04
-2.22E-05
-1.38E-06
-8.64E-08
-5.40E-09
-3.38E-10
-2.11E-11
-1.37E-12
-1.23E-13
-8.42E-13
-2.36E-13

1.28E-12
-2.36E-13
-5.09E-12
-7.51E-12
-1.48E-11
-4.87E-11
-2.93E-11

7-point

3.18E-04
4.80E-06
7.43E-08
1.16E-09
1.81E-11
2.64E-13
4.44E-15
-7.90E-14
-3.51E-14
-3.65E-13
-5.70E-13
7.04E-13
5.92E-13
-1.93E-12
-1.69E-12
1.63E-11
3.64E-12
-9.94E-12
-2.18E-12

Richardson extrapolation

-3.57E-04

2.06E-09

-1.38E-14

-3.11E-15

4.52E-13
1.69E-12



For non-constant h; = x;.1 — X;

Rough method: Take average
(maybe good but not best)

, 1Ivi—Yo Yo—Y-1
2 — — x_
X, Vi X1 —Xo Xg— X1

Polynomial method: Lagrange polynomial (5245221 %1E5)

Ph_1(x) = f(xg)Po(x) + f(x1)p1(x) + - f(xp—1) Pp_1(x)

n-1

N [Mezi(x —x) (x — x)
$ix) = [Thz; G — xi) B r (x; — x)

(x) = (x —x0)(x — x1) (x —x_1)(x — x1) (x —x_1)(x — x¢)
P T G = %) (e —x) 70 (g — 2 ) o — x1) 2 Gty — 2 (g — xp)
, 2x — (xg + x1) 2x — (x_1 + x1) 2x — (x_1 + xp)

y(x)=y-1

(x-1 —x0)(x_1 — x1) Yo (X9 — x-1) (%o — x1) " (x1 —x_1)(x1 — xp)



Second differential (ZB&#4%)

If calculate 2"d differential using forward differences both for the

15t and the 2nd differentials ...
(—lEMR xR EENCEHELTHAL MO ZaIEEN Tt ET 5L )

d d
P EEr-E®
dx? f( AA% f(x+Ax) f(x+Ax)—f(x)
X+2Ax)—f(x+Ax X+AxX)—f(x
N Ax - Ax _ f(x+2Ax)-2f(x+Ax)+f(x) (1)
Ax Ax?

If use backward differentials only for the 15t differentials

(but logically inconsistent):
fx+Ax)—f(x) fxX)—f(x—Ax)

dzf(t) ~ Ax Ax
dx? Ax

d’f(x)  f(x+Ax)=2f(x)+f(x—Ax) ,
dx? Ax? (2)

Symmetric formula w.r.t. X + AX and X — AX Is obtained

(X + AX, X — AX [TDWTHRFRIZHED AT N BFEN L HB)
Note: x value of eq. (1) is shifted by one Ax from eq. (2)
(eq.(1) TIL. BEAAXVEDR TN TVS-OITHRENEL D)



Second differential by central differences

If < dxz @) is approximated by the central difference of dx:
de(x) f (x + Ax) — f (x — Ax)
dx? f(x+2A )29%) f(x)—f(x—2Ax)
X+2Ax)—f(x X)—J(x—2Ax
T aax T aax _ f(x428%0)-2f(0)+f (x—24%)
2Ax (24x)2

d’f(t)  f(x+Axn)-2f(x)+f(x—Axr)
dx2 Axr?
Symmetric formula w.r.t. X + Ax and X — AX Is obtained again

(ATEERZFEoT-LE LR FR.
X + AX, X — AX [TDWNWTHR IR AN, FBENLMNB)




Numeral integration (quadrature)
MIEMS (RHE)



Numerical integration (#{E#&%)

How to calculate F (X) = J'X g(x')dx' by computer
X

Replace integral with summation of small mesh area
(&5 & TEZHRZD)

[ g0e)dx= Y glx

Derivation from difference approximation (Zo=XHMo0EH):

df (x)  f(x+h)-f(x) _ F(x+h)-F(x)
dx h » 900 h

F(x+h)=F(X)+g(x)h=F(x=h)+[g(x)+g(x-h)]n

:)?Z;g(xi)h




Rieman integral (Rieman&%)

[ g0xydx=>"g(x)n
° i=0
X, =X, +1h
g(x’)
Xo X1 X, Xn X’

Asymmetric formula:
monotone increasing g(x) => Underestimation (;&7/]>gEil)
monotone decreasing g(x) => Overestimation (38X &)



Take average: Mid-point formula (& s 81)
N\

ing(xl)dx':ilg()(i +Xi1jh// \

2

=X, +1h \
T

Xy X1 X5 X x’
Necessary to know g(x) at (x;+X;_,)/2.
=> Unavailable for g(x) given only by numerical data

QX)DBUET—2TEZALN TS EIXFEZLLY)



Trapezoid formula (&#2=)
e & (XX EE A DS Forran77I= & BHEEE
L g(x)dx'=Y gl -2 |h SN VIR IT, AERR S (ERLE)
0 = 2 n

_ h’ N
g(xi-l_zxil _9(%)+9(%.,) \ R % E;f (Xi)

2
J:; g(X')dX': i g(xi) +2g (Xi+1) h

g(x’)

Xo X1 X X x’



Simpson formula

1. Approximate by g(X) ~ g(¥)+a (X — %) +a,(% —X,);
and determine a; so as to reproduce f(x,), f(x,), and f(x,).
(X; =X, — h, X{, X + )

2. Integrate the above approximation analytically
for a range x = X, ~ X, + 2h:

I:Q(x')dX"‘ %h[g(xo) +49(%) +90x;)]

3. For multiply divided range (X = X, ~ X, = X, + nh):

Jxxong(x')dX"‘ g[g(xo)+4g(x1) +20(%,) +49 (%) +29 (%) ++-+ g (x,)]



Derivation of the Simpson formula

1. Approximate by - g(x) ~ g(x) +a (X =) +a,(% —X,);
and determine a; so as to reproduce f(x,), f(x,), and f(x,).
(X; = X, — h, X{, X + )

_ g(xz)_g(xo) . g(xz)—2g(x1)+g(xo)
# T On %= oh?

g(xo) - g(x1) _a1h + a2hz
g(x,) ~ 9(x)+ah+a,h’

szg(x')dx ~ g(x)x Z_I_lg(xz) g(xo) g(xz) — 2g(x1)+g(x0)]( X, —

2
2 2 e )it [ 2h?
1 -2 +
{g(x1)xo n _g(xz)Zhg(xo) (xo — x1)2 n ! [g(xz) g;le) g(xo)] (xo — x1)
_ g(x2)—29(x1)+9g(xp)
=2g(x)h +2| - |

X2 1
| “gtax ~ Zlgte) + 4gGx) + g@xo))

X0

X0

FEEn . BEfET AR, o0F 1

Error < ‘f(“) )(
180



Comparison of numerical integration
g(x) = x?

X ._1 3
jo g(x)dx—gx

X g(x) Exact Rieman Trapezoid Simpson
0 0 0 0 0 0
0.2 0.04 0.0027 0 0.004

0.4 016 0.0213  0.008 0.024 0.021333



Series of Newton-Cotes formula

Trapezoid formula (&#281)
[ £ (x)dx = h{l s f2}+0(h3f”)
X 2 2 -
Simpson formula (Simpsongll)
" 1, 4, 1
L f (x)dx = h{s firs forg f3}+0(ﬁ’f(4))

Simpson’s 3/8 formula (Simpson@3/88l)

" 3, 9, 9, 3
L f(x)dx:h{8 f1+8f2+8f3+8f4}+0(h_5f(4))

Bode/Boole-Vilarceau formula (Bode/BooleAl)

X5 14 64 24 64 14
f(x)dx=hl—f +—f,+—f,+—f,+—f, |[+O(h"f®
J, fe {451452453454455} &)



Rieman/Trapezoid formula are better than
Simpson formula for infinite-range integration

SimpsonBll &Y B #iF/ SRR D AL RLY
* h
| gG)dx ~319Gr) + 4g(r) + 202) + 4g(xs) + 29 (i) + -+ g o)

For infinite-range integration (-oo ~ o), X, and x,, are not essential.

h
| 9Gdx' ~31g0e0) + 4g(o) + 290ea) + 4g(2) + 2(x5) + -+ g (n )]

°° h
| gGax~31 9(x0) +49(x0) + 29(x) + 4g(x) + - + 9
also provides the essentially the samfe result.

" 90x)ix- 2[0.5g(x_1) +250(4) +39(4) + 3 (%) +39 (%) +39 (X,) +-+++ 0.5g (x,)

Considering g(x_,) and g(x,,) are negligible for infinite integration

leads to .
I} 90)dx~ hlg(x) + 906) + 006) + G 0) +--+ 9 (x, )]

, which is the same as the Rieman sum and the trapezoid formula.



1.0 1

0.9 1

0.8 1

Program: integ_order_h.py

! 1 ! !
g(x") = exp(—x2), [ g(x")dx’ = erf(x;) — erf(x)
[Xo: X;] = [0, 1.0], exact = 0.746824132812427
Run: python integ _order h.py 0 1 18 gauss

—— Rieman

ff” —— Trapezoid
e —— Simpson
— —— Bode
e
T exact
..... - —
I I 1 I I :
0.0 0.2 0.4 0.6 0.8 1.0
h
_._——r—_"__r__-__*__ h T
I—__"__—r_ -d__‘_.-"' -
el - T - _//
_—" _~—— Rieman
'_,H"'x .~ —— Trapezoid
e - —— Simpson
———— __.:-'_ _ ‘ . Bode
B """|‘ Tl T L MR AL
1073 104 103 102 10-1 100

Trapezoid approx. is
better than Rieman sum
for asymmetric function
over finite range



Program: integ_order_h.py

! 1 ! !
g(x") = exp(—x2), [ g(x")dx’ = erf(x;) — erf(x)
[Xo, X;] = [-1.0, 1.0], exact = 1.493648265624854
Run: python integ_order h.py -1 1 18 gauss

1.6 P—
1.4 4 -
—— Rieman
T iy - Trapezoid
104 —— Simpson
—=— Bode
0.8 exact
0.0 0.5 1.0 15 2.0
h
102
— 10—5 - -
3 _ | Trapezoid approx. is better
v 1078 —" - —— Rieman )

U:'ﬁ_ 10-11 4 f,,f"x. _ —— Trapezoid than Rleman sum aISO fOf
1014 ] e L T Smesen | symmetric integration
e e e OVET fiNite range

10-° 1074 103 102 101 10°



Program: integ_order_h.py
g(x") = exp(—x?), [0 g(x)dx' = erf(x;) — erf(x,)
[Xo, X,] = [-5, 5], exact = 1.772453850902791 (~+/7)

Note: The range [-5, 5] is virtually equivalent to infinite integration range

as exp(-25) can be negligible

Run: python integ_order_h.py -55 12 gauss

|S - S_ex|

lD—] 4
lD—S 4
lD—E 4

lﬂ—lEl i

—— Rieman
—— Trapezoid
—— Simpson

—— Rieman

—— Trapezoid
—— Simpson
—— Bode

T T T T | T T T T T T T T | T T T T T T T I|
102 101 10° 101

Simposon method looses
accuracy for integration
over infinite range



Features of other numerical integrations

Newton-Cotes formula: Analytically integrate approximated
polynomial that exactly takes g(x) with uniform integration points.
(EHEEZENEIL. E-P HEBLZERX TERLULTRITHICES T 5)
= Trapezoid formula (first order) (&#81, —&=)
= Simpson formula (second/third order) (Simpsonfll, Zx=. =X =X)
= Bode/Boole formula (fourth order) (Bode/Bool 8, /@ =)
Maximize precision by optimize both weights and integration points
GIERUELEHTHRENRKIZGLELIITT D)
(High precision, Non-uniform points & E XS, 5 SRR TEL))
= Gauss-Legendre formula
= Gauss-Chebyshev formula
Interpolation type (w2 (Better precision?)
= Spline integration (R 75125
Extrapolation type (#4+2) (Controlled precision)
= Romberg integration (B> /A\—45'#& %)
Variable conversion type (Z#z#2) (better for infinite integration,
anomaly points &RES CEESRESTESITHR)



Gauss-Legendre method

FHE#, NFRE, AP BIEFE, A —Lt (FBHS8E)

= Choose n integration points x; and weights w; so as to minimize

the integration error by (2n-1) order polynomial.
A RBICMEDES REESIR. B REEHFD 2nED /NG A—5%
f(x) A 2n-1)RDLZBERIT—ET HLIIT RDB,

= Can integrate a function with anomaly points.
IMREEFEVDT, EARERIHRESNH-TLHETES

= Best accuracy for good functions in finite integration range.
FRXE CTHTNGEBOES TIERVBENSL

- Integration points x; are given as the zero points of

Legendre polynomial.
S EldLegendreZIERXDEF R

d" ,
P (0= 2“1 ! dx” =S =0

2(1-x?) S = Z F(x)w,
W, = > > i=1
(n+1)°[P,..(x)]




Gauss-Legendre method:

Fractional coordinates (%' &)
Four points formula (4 mR2A)
—0.861136311594052575223946488892
—0.339981043584856264802665759103
+0.339981043584856264802665759103
+0.861136311594052575223946488892
Five points GR2A)
—0.906179845938663992797626878299
—0.538469310105683091036314420700
0
+0.538469310105683091036314420700
+0.906179845938663992797626878299
Six points (6 RA)
—0.932469514203152027812301554493
—0.661209386466264513661399595019
—0.238619186093196908630501721680
+0.238619186093196908630501721680
+0.661209386466264513661399595019
+0.932469514203152027812301554493
Seven points (7 RAR)
—0.949107912342758524526189684047
—0.741531185599394439863864773280
—0.405845151377397166906606412076
0
+0.405845151377397166906606412076
+0.741531185599394439863864 773280
+0.949107912342758524526189684047

fractional coordinates and weights (5> &£z

Weight (2R E)

0.347854845137453857373063949221
0.652145154862546142626936050778
0.652145154862546142626936050778
0.347854845137453857373063949221

0.236926885056189087514264040719
0.478628670499366468041291514835
0.568888888888888888888888888888
0.478628670499366468041291514835
0.236926885056189087514264040719

0.171324492379170345040296142172
0.360761573048438607569833513837
0.467913934572691047389870343989
0.467913934572691047389870343989
0.360761573048438607569833513837
0.171324492379170345040296142172

0.129484966168869693270611432679
0.279705391489276667901467771423
0.381830050505118944950369775488
0.417959183673469387755102040816
0.381830050505118944950369775488
0.279705391489276667901467771423
0.129484966168869693270611432679

[rap




Extrapolation method: Romberg integration

FHE#, NFRE, AP BIEFE, A —Lt (FBHS8E)

Good for finite range integration without anomaly points
= Start from the Trapezoid formula, and sequentially apply higher

order Newton-Cotes precision formula.
(ERAIMGHFEL. 8RO=—a—t - a—YRIZHAT IR ZBEIMNICER
L. BERBEZEH-TETHITH)

1.

2.

3.

Integrate by the Trapezoid formula in [a, b] with the mesh h,
=> Sp,0
Decrease mesh to h; = (1/2)h, and integrate all the range
=> 310
Decrease mesh to h, = (1/2)h, , and integrate all the range
=> S, ,, and calculate S, 4(d=1,2, ---, k) by
g - 4d Sk,d—l o Sk—l,d—l

- 4% 1
S, Will be the approximated integration values.
Stop If |Sy  — S.1 k1| becomes smaller than the required
accuracy.




Error of numerical integration:

Monotone increasing function
S = _[ exp(x)dx Exact: exp(1) - exp(-1) = 2.3504023872876

i Order 3
nDivide Rieman Trapezoid Simpson i;gnpson Bode Romberg Cubic Spline Gauss-
Legendre
1 1.61E+00 -7.36E-01 -7.36E-01
2 9.83E-01 -1.93E-01 -1.17E-02 -1.17E-02 6.55E-05
3 6.97E-01  -8.64E-02 -5.25E-03
4 5.39E-01 -4.88E-02 -7.92E-04 -6.85E-05  -6.85E-05 7.19E-03 1.13E-06
5 4.39E-01  -3.13E-02 3.75E-03
6 3.70E-01 -2.17E-02 -1.59E-04 -3.53E-04 2.35E-03 1.01E-07
7 3.20E-01  -1.60E-02 1.54E-03
8 2.82E-01 -1.22E-02 -5.06E-05 -1.18E-06  -1.07E-07 1.07E-03 1.81E-08
9 2.51E-01 -9.66E-03 -7.08E-05 7.73E-04
10 2.27E-01  -7.83E-03 -2.08E-05 5.77E-04 4.75E-09
11 2.07E-01  -6.47E-03 4.41E-04
12 1.90E-01  -5.44E-03 -1.00E-05 -2.25E-05 -1.05E-07 3.45E-04 1.59E-09
13 1.76E-01  -4.63E-03 2.75E-04
14 1.64E-01  -4.00E-03 -5.43E-06 2.23E-04 6.32E-10
15 1.53E-01  -3.48E-03 -9.25E-06 1.83E-04
16 1.44E-01 -3.06E-03 -3.18E-06 -1.88E-08  -4.21E-11 1.52E-04 2.84E-10
17 1.36E-01  -2.71E-03 1.28E-04
18 1.28E-01  -2.42E-03 -1.99E-06 -4.46E-06 1.08E-04 1.40E-10
19 1.22E-01  -2.17E-03 9.27E-05
20 1.16E-01  -1.96E-03 -1.30E-06 -4.95E-09 7.99E-05 7.45E-11
32 -3.55E-15



Problem for integration with anomaly points
FHFEREZELHEDOME)

F(X) = j g(x')dx

g(x) =V1- X2

™~

Very large errors for large |f°(X)| / |f °(X)|



Variable conversion type: Double exponential

type formula & #izma: —

BEMEHE AN

FHZEH, NHFTE, AM BESE, A —Lt (FEF585F)

Good for integral including anomaly points at the ends

and for infinite range
mRICFHEROH LA L. ERBFFICTEY

Finite range integral is converted to the infinite range

(%D,

AR

o) by variable conversion

XEIESDEE(F ERERICKYE

Calculate by the Trapezoid formula
S=h ) f(eun = k) (uy)

n=—o0o

HRIEDICT D



Iri-Moriguchi-Takasawa (IMT) formula
FE-FO-SR(IMT)D A

. _ | FEER NGSE AP REHE AL (BR84S
Good for finite range integral including anomaly points at the ends

and for infinite range

By variable conversion (ZE£{Z5#2)
1 ¢u 1 1 oy L 11
x:¢(u)=6joexp(—f—ﬁjdt ¢(u)—Qexp( : 1_J

Q= [lexf {1 J#t = 0.00702985841

an integral of f(x) Is converted to e
[T (0dx = [ f(#u))g (u)du
, and then calculate the integral by the Trapezoid formula
1. Converttherangeto[0,1]byx=(x’-a)/(b-a)
jb f(x)dx' = (b-a)[ f(x)d

2. Calculate integ. Points x, = ¢(k/n) and weights w, = ¢’(k/n)

n-1
3. Calculate 1 =h) f(x)w, (h=(b-a)n)
k=1



Iri-Moriguchi-Takasawa (IMT) formula
FE-ZFO-SRIMT)O AR

FHE#, NEFRE, A BIEFE, A —Lt (FBHAIS8E)

1 [ 1 1
xn=g0(un=nh)=—J exp| ———-——]dt 1.2
0

_ 0.8
Q=0.00702985841 = .

0.4
0.2

0
0 0.2 0.4 0.6 0.8 1

u, = nh
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