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Update News:

June 18, 7:06 Lecture materials on June 18 have been uploaded| (20240618Diffeq.zip)
June 18, 9:06 Lecture materials on June 18 have been uploaded (20240616Diffeq.zip)
June 14, 13:07 Lecture materials on June 14 have been updated (20240614Differentiallntegration2.zip)
June 14, 8:45 Lecture materials on June 14 have been updated

June 13, 11:48 Lecture materials on June 14 have been uploaded

June 12, 14:13 Lecture materials on June 11 have been updated (2024061 2ComputerAndErorrSouorces.zip)
June 11, 8:24 Lecture materials on June 11 have been updated

June 07, 9:23 Lecture materials on June 11 have been uploaded.
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Class Schedule

Lecture materials (Kamiya’s part): http://conf.msl.titech.ac.jp/Lecture/
http://conf.msl.titech.ac.jp/Lecture/ComputationalMaterialsScience/index-numericalanalysis.html

#01 June 11 (Tue) Kamiya (Fundamental of computer, Sources of errors (A E 1 —42 D EFE, I2E))

#02 June 14 (Fri)  Kamiya (Numerical differentiation/integration (4 {E# % /3&43))

#03 June 18 (Tue) Kamiya (Numerical integration (3{E#& %),
Differential equation (#%>AF2=(), Molecular dynamics (72 F & 71575%))

#04 June 21 (Fri) Kamiya (Interpolation (##R&), Smoothing (£;&1t), Linear least-squares method ($ff4 &/ %),
Optimization (Fxi#E1t))

#05 June 25 (Tue) Kamiya (Numerical solutions of equations (A2 DEIEREE),
Nonlinear optimization (3E#& 2 &E1k))

#06 June 28 (Fri)  Kamiya, Matrix (Fourier transformation (7—!) TZ 1), 1751)

July 2 (Tue) No lecture (fK58)
#07 July 5 (Fri) Kamiya, Review (183



Explanation of the answers
REREORH



PROBLEM, June 14

» Submit electronic file(s) via T2SCHOLAR until June 16

(If T2SCHOLAR doesn’t work, send the files to kamiya.t.aa@m.titech.ac.jp.
In this case, file name must include your STUDENT ID and FULL NAME)

PROBLEM:

(i) Calculate dE(k)/dk, d°E(k)/dk?, and effective mass m,/m,
from E(k) in band.xlIsx, and plot m_,"/m; vs k.
Assume the lattice parameter is a=4.0 A.

(if) Compare the results obtained by different h.

See band_answer.xlsx



Effective mass

LCAO band
E(k)= &, —2h,|cos(ka)~ & —2|h,|+|h,[a’k® +O((ka)")

Free electron model ‘ ‘ .
E(k)=E, +—=E, +—
1 1 9°E,(k) 7/ " 2m 2m
m~ h® ok’ /
K 51.5
m =
Z\hlz\az i

o
Ul

-0.5 -0.3 -0.1 0.1 0.3
2n/a



Effective mass

k represents fractional coordinate in reciprocal unit cell:
generally expressed in the range [-%2 %2]

Unit conversion K., = (2a/a)k

Note E(k) iIsineV

_1 —
e g2 <azE](k)> . <2_n>2 <62Eev(k) e) 1
akreal2 a 0k?

Very often effective mass Is given by a ratio to
the electron rest mass m,° .

92E, (k)| ® 2m\* (92Eqy(k) \
m*/m°=h2< / > /m0=h2<—> ( < e> /m,°
’ akreal2 ) a akz )




Numerical differentiation: Accuracy

df (x)  f(x+h)—f(x)
dx h

Error: f(x+h)—f(x):df(x) 1d f(x) +1d f(x)
dx 2 dx? 3 dx®

h? +O(h*)

df (x) {f(x+h)— f(x)+ f(x)- f(x—h)}/zz f(x+h)-f(x-h)
dx

h h 2h
f(x+R)
df ), 1d°f(x) , 1d°f(x)
=fO) + = —h+5— 5T h P+ 0(hY)

Je df() 1d*f(x) d*f(x)
X X 1 X
=/ - dx +§ dx? h* - 3l dx3
Error: FEHD —fx—h) _dfe) [TdF@ ,
2h dx 3' dx3

h3 + 0(h%)

+0(h®)




Second differential (ZB&#4%)

If calculate 29 differential using forward differences with the 15t and
the 2"d differentials ... (—EMA T HZE D THELTHA O ZBM O EHIEED THET L)

dx dx
d?x(t)  qgrC+A) =g ()

dt? At
X(t+2A0)—x(t+At) x(t+At)—x(t)
At - At _ x(t+2At)-2x(t+At)+x(t)
At - At?

Use central difference

d?x(t) B % (t +At/2) — % (t —At/2)

dt2 ) At
t+At)—x(t t)—x(t—At
A E)HD) OBl (t+AD)—2x(0)+x(t—AD)
At - At2

Note: These two formula are offset in t byAt
2DONXTIL, BEHANMTNEIDOTIEIE !



Answer: How to present?

band-answer.xIsx
Full range

Too heavy states are not of interest

1.5E+13
—m*/me (h)
PE+13 —m*/me (2h)
—m*/me (4h)
S5E+12
A N
-0.5 0 0.5
-5E+12

Electron only (m™ > 0)

0.5
0.45
0.4

—m*/me (h)
0.3 —m*/me (2h)
—m*/me (4h)
0.1
0.05
0
0) 0.5

Hole band

| 0.5

Electron band

l

Electron and holes

0.3
2 —m*/me (h)
0.1 —m*/me (2h)
—m*/me (4h)
0
o1 0 0.5
0.2 5
c
0.3 3
2
0.4 T

-0.5




Accuracy and convergence check
band-answer.xlIsx

035 nin nh
0 5 10
L Converged? Possible nin nh m*/me
E ’convergence error 1 -0.386097987
x_ -0.4 m*/m, =-0.386£0.003 2  -0.385483462
- 4 -0.398234965

0 -0.415138589
8 -0.440277749

-0.45



Python program (k%)

python EffectiveMass.py

me / mg

2.0 1

1.5 4

1.0 1

0.5 4

0.0 -

These lines should not be drawn

BUOTIZUODMFARUER

| & nskip =1
| #&: nskip =4

b
-

T
—-0.2 0.0 0.2
k

T
-0.4

T
0.4

Data points can be disconnected by inserting
None values

T—A3(Z None CRERIE) AT SH_ET
HWTIXWTRLVREELT-
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|
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\\
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=. : |
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|
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| 2.nskip=4 |
\ {
2.0
T T T T
0.4 -0.2 0.0 0.2 0.4



Python program ($&x#%)

EffectiveMass.py

#EBOEHITEICGHE
km = hbar * hbar * (pi2 / a)**2.0

HE D DFEEZ LLE T 5728, h = nskip*dk IZF5

nskip =1
xk =1]
yme =[]

HHSOELZHRET S0, FEEHRZRAE

signprev = None
for i in range(nskip, nk - nskip, nskip):
#HBEM D TR

d2Edk2c = (E[i+nskip] + E[i-nskip] - 2 * E[i]) * e / pow(nskip *

dk, 2.0)

HEMD X EQIZEAIENHID T, TT (XUM*%E

minv = d2Edk2c / km
print(i, E[i-1], E[i], E[i+1], minv)

#1m*HBUmekYIEF IS FIE, m*FFHELAGL
if abs(minv) <= 1.0e20: # << 1.0/me ~ 1e30

HFENREET DIERTTS7DRETMRT HLE(E
#NoneT—4A%iBMNT %,

if signprev is None:
#signprevh® #HA{E None THEBE X FEDRANDELXEKA

signprev =m

#NoneT—A%EMNT 3,

if cutline:
xk.append(k[i])
ymc.append(None)

BN RET SBN T SODREVIMT 5L

IRELI- M aiix
signprev = -signprev
continue

else:
m = km / d2Edk2c

elif signprev * m < 0.0:
if cutline:
xk.append(k[i])

ymc.append(None)
#IXERLTZ f
signprev =m

xk.append(k[i])
ymc.append(m / me)

plt.plot(xk, ymc, linewidth = 0.5, marker ="'0', markersize = 1.0,
label = 'nskip = 1')

plt.xlabel(klabel)

plt.ylabel("m$_e$ / m$_e 0$")

plt.xlim([-0.5, 0.5])
# pltylim([-0.5, 0.5])

plt.tight_layout()

plt.pause(0.1)
print("Press ENTER to exit>>", end = ")

input()

if _name__ =="_ main__"™
main()



Read Excel file: openpyx|l module

See http://conf.msl.titech.ac.jp/D2MatE/2023Tutorial/tutorial2023-python-ChatGPT.html
http://conf.msl.titech.ac.ip/D2MatE/2023Tutorial/python-tutorial2023-V5.zip

Import openpyxl

# 1. Read data from Excel file
workbook = openpyxl.load workbook(input_path) # Open Excel file input_path

sheet = workbook.active # Assign current worksheet to sheet variable
T=1] # Initialize T and N lists to read Excel data
N=1]

for row in sheet.iter_rows(min_row=2, values_only=True):
# get row list variable from each row after row# min_row

T.append(row[0]) # add data by.append() method
N.append(row[2])

# .iter_rows() returns None when it reaches the last row: iterator


http://conf.msl.titech.ac.jp/D2MatE/2023Tutorial/tutorial2023-python-ChatGPT.html
http://conf.msl.titech.ac.jp/D2MatE/2023Tutorial/python-tutorial2023-V5.zip

Read Excel/CSV file: Easier by pandas

Pandas: - Easy read Excel, CSV, and text files with a table format
- Often used combined with machine-learning libraries like scikit-learn

- Array Is provided by DataFrame type. Data come with labels (columns) and indexes
- NOTE: DataFrame is “row-like ({T{2%c)”

Import pandas as pd

Ex 1: df = pd.read_csv(input_path) # Read DataFrame var df from CSV file
Ex 2: df = pd.read_excel(input_path) # Read DataFrame var df from Excel file
Ex A: d = pd.to_dict() # Convert to a dictional variable
Ex B: labels = df.columns.to_numpy() # Convert to numpy.ndarray
data_list = df.to_ numpy(). T  # Conver to 2 dimensional numpy.ndarray

# df.to_numpy() 2D array is of row-like (fTf&3E)
# data_list[O] corresponds to second row data in Excel file

# To extract T and N 1D list (column-like, F|&%kE), take transpose by .T method
T = data_list[0] # get T and N vars from data_list
N = data_list[1]



PROBLEM, June 18

e Submit electronic file(s) via T2SCHOLAR until June 20

(If T2SCHOLAR doesn’t work, send the files to kamiya.t.aa@m.titech.ac.jp.
In this case, file name must include your STUDENT ID and FULL NAME)

PROBLEM:

(i) By filling the dx/dt and the x(t) columns in diffeq.xIsx,
solve dx(t) / dt = —x(t)sin(7rt) using the Euler method.

Conditions:
t starts from 0 and ends at 3.0 with the time step of 0.1.
x(0) =1.0



Numeral integration (quadrature)
MBS (RH)

Variable-Conversion type algorithms



Problem for integration with anomaly points
FHFEREZELHEDOME)

F(X) = j g(x')dx

g(x) =V1- X"

™~

Very large errors for large |f°(X)| / |f °(X)|



Variable conversion type: Double exponential
type formula @szmm: - sngmumas)

FHZEH, NHFTE, AM BESE, A —Lt (FEF585F)

Good for integral including anomaly points at the ends and for infinite range
mRICFHEROHLHIES . BERESICHER
e.g., finite range integral Is converted to the infinite range (-co, «)

by variable conversion
ERREEATDEEIE. EREBRICKYEREDICT S

Variable conversion X => u: x = @ (u)

Calculate by the Trapezoid formula

X1 Uq d i
S = j f(x)dx :j f((p(u))ﬂdu =hy Z f(QD(un = nh))wl(un)

o du



Iri-Moriguchi-Takasawa (IMT) formula
FE-FO-SR(IMT)D A

. _ _ _ FEZR MNFAE A REEHE, +— Lt (FBHISSE)
Good for finite range integral including anomaly points at the ends

and for infinite range

By variable conversion (ZE£{Z5#2)
1 cu 1 1 oy L 11
X:¢(u):6.[06Xp(_f_ﬁ)dt ¢(u)—Qexp( t 1_J

Q= [lexf {1 J#t =0.00702985841

an integral of f(x) Is converted to e
[ 1(0dx = [ f(#u))g (u)du
, and then calculate the integral by the Trapezoid formula
1. Convert the integration range to [0, 1] by x = (x’>-a) / (b - a)
jb f(x)dx = (b-a)[ f(x)dx

2. Calculate integration points x, = ¢(k/n) and weights w, = ¢’(k/n)

n-1
3. Calculate 1 =h) f(x)w, (h=(b-a)n)
k=1



Iri-Moriguchi-Takasawa (IMT) formula

> python integ_imt.py

1 1
xnzga(unznh)zaf exp( n
0

Q =0.00702985841

RE

E " AR

1.0 1.0
'____...-"""
'.-...'.r —
X 0.5 — X 0.5
=3 ff'____'._._--'“"
!'/ _.r"'"-.__-
9 A N o /
X ' ‘ B,
| / \ | 0.2-
= s 0-1
)] !. )] /
0.0 , , | 00 | . .
-1.0 —-0.5 0.0 0.5 1.0 —-1.02 -1.00 -0.98 -0.96
X

ER(IMTO AR

FHE#, NEFRE, AP BIEFE, A —Lt (FBHIS8E)

X

—0.94

-0.92




Variable conversion type: Double exponential type formula
(EMEHE: —SEHEHE L)
FHEZEE MEFTE AR BUESSE, A— L+t (FBFI584F)

1
For J_, f(x)dx
X, = @(u) = tanh F sinh(u)] o' (1) = n coshu
2 2 cosh?((m/2) sinhu)
For [, f (x)dx

T , n T
x, = @(u) = exp [E sinh(u)] @ (u) = Ecoshu exp (E sinh u)

For | Ooo f (xx)dx where f(x) includes exp(-x) type factor

x, = @(u) = exp E (u—exp(— u))] P'(w) = g(l +exp(—u)) exp (g (u —exp(— U))

For ffooof(x)dx

: T , T T
X, = @(u) = sinh [E smh(u)] o (u) = Ecoshu cosh (E smh(u))



Variable conversion type: Double exponential type formula

FEERE NFHE, AP HIEHE, A —Lit (BHS8LE)
1 1 .

For [~ f(x)dx = [~ fwe' @du = hy, ¥, f (0w = ihy))e' (W)

X range: [—1,1]

> python integ_double exp -1 1.py

u range: [—2,2] => x range ~ [—1,1] 5] i
fl) =V1—x2
x = @(u) = tanh Esinh(u)] % o #_#,,fﬂf"”'ﬁ

'(0) = T cosh u > ‘_,.e-"""”f
¢ 2 cosh?((r/2) sinh u) g'

164 ——

%

é 0.5

% ¥
0.0{ | | , , |

~1.0 -0.5 0.0 0.5 1.0



Variable conversion type: Double exponential type formula
FHZEE, NFaE, AM REFE, A7—L%t (BBFI584F)
For [” f(x)dx = [ f(w)e' (Wdu = hy, 3 f (9 (u; = ihy)) o' (wy)
X range: [0, oo]
> python integ_double exp 0 _Inf.py

u range: [—2,1] => x range ~ [0,6] 1- SR —
f(x) = exp(—x?) o o
X, = @(u) = exp E sinh(u)] ".__,.;? ~
o' (u) = %cosh U exp (g sinh u) _1_
-2 -
1.0 -
%
los __
o
\
0.0 S
0 1 2 3 4 5 6
X




Variable conversion type: Double exponential type formula

FHE#, NEFRE, A BIEFE, A —Lt (FBFIS8E)

For [~ f(x)dx = [ fW)e' Wdu = hy X3 o f (0 Uy = nhy)) e’ (uy)

X range: [—oo, oo]

> python integ_double_exp _inf_inf.py

u range: [—1.2,1.2] => x range ~ [—5,5]

f(x) = exp(—x?) 11 L
x=q@u) = Slnh[ Slnh(u)] % o
=3
p'(u) = —coshu cosh( smh(u)) #
—14 T
1.0 - :
% |
% 0.5
S
0.0




Error for integration with anomaly points
S = [V1-x?dx Exact: m/2 = 1.5707963

Order 3

nDivid Rieman Trapezoid Simpson Simpson Bode Romberg Cul_3|c Gauss- IMT bouble
ed 3/8 Spline exp*
Legendre
2 571E-01 5.71E-01 237E-01 2.37E-01 2.08E-02 1.03E+00 1.5708035
3 3.14E-01 3.14E-01 1.57E-01 1.74E-01  -0.52993
4 2.05E-01 2.05E-01 8.28E-02 7.24E-02  7.24E-02 6.93E-02 7.24E-03 2.72E-02 0.1417235
5 147E-01 1.47E-01 5.26E-02 3.40E-03 -0.0288253
6 112E-01 1.12E-01 4.48E-02 5.47E-02 3.97E-02 3.92E-03 2.99E-03 0.0050382
7 8.90E-02 8.90E-02 3.17E-02 8.70E-04 -0.0007911
8 7.29E-02 7.29E-02 2.90E-02 2.54E-02 2.47E-02 2.60E-02 2.54E-03 2.37E-05 0.0001138
9 6.12E-02 6.12E-02 2.96E-02 2.18E-02 7.98E-05 -1.55E-05
10 5.23E-02 5.23E-02 2.07E-02 1.87E-02 1.81E-03 4.90E-05 1.99E-06
11 4.53E-02 4.53E-02 1.62E-02 1.32E-05 -2.49E-07
12 3.98E-02 3.98E-02 1.57E-02 1.92E-02 1.38E-02 1.42E-02 1.38E-03 4.53E-06 2.82E-08
13 3.53E-02 3.53E-02 1.26E-02 8.86E-06 -6.05E-09
14 3.16E-02 3.16E-02 1.25E-02 1.13E-02 1.09E-03 6.87E-06 -3.54E-09
15 2.85E-02 2.85E-02 1.37E-02 1.02E-02 2.03E-06 -5.65E-09
16 2.59E-02 2.59E-02 1.02E-02 8.95E-03 8.62E-03  9.25E-03 8.93E-04 1.23E-05 -7.57E-09
17 2.36E-02 2.36E-02 8.45E-03 2.22E-06 -9.79E-09
18 2.17E-02 2.17E-02 8.54E-03 1.04E-02 7.76E-03 7.48E-04 1.05E-05 -1.22E-08
19 2.00E-02 2.00E-02 7.15E-03 1.21E-05 -1.48E-08
20 1.85E-02 1.85E-02 7.29E-03 6.40E-03 6.63E-03 6.38E-04 1.12E-05 -1.75E-08
32 3.04E-03 -5.18E-08

* RS EEIE u=[-2.0,2.0]



Density of states and carrier density in metal

Fermi-Dirac function

f(&) = e

exp(B(E—EF))+1
Density of states (DOS)

D_.(E) is normalized by D

—— De(E)
B 2.5 - £.(E)
De(E) Bl DeO\/E ol — De(E)-fo(E)
3/2 :
D, = (28 + DV 2ZEWT
h Q 1.5
Number of electrons in CB =~ | f(E)
o O 1.0-
N = [y DB () dE— 74
0.0 1




Program: Calculate N, in metal

Issue: How to integrate N(e)f(e) efficiently

- Wide integration range E =0 ~ E¢ + akgT ~ several eV (if precision is ~exp(-a))
- The range that needs precise calc is only around Eg with a range akgT ~ 0.1 eV
- Function changes sharply around E, so integration mesh AE should be fine enough

(e.g., AE < akgT /100, 1 meV)

=> We should not the same AE throughout the entire integration range E = 0 ~ E¢ + akgT

=> Divide integration range
(We can use the analytical form for the range 0 ~ E¢ — okgT)

Usage: python N-integration-metal.py cal 300 5.0 2E+21
Temperature at 300K, E,=5.0eVT
Measure time by repeating for 300 times

1.5E+21
Precision 8 digits (epsrel = 1e-8), a = 6:
Integ. range Time for 300 repetition 1E+21
(1) 0~ Eg + akgT 0.109 #
(2) 0 ~ Eg — akgT 0.063 # 5E+20
(3) Er — akgT ~ E- + akgT  0.016 #
30% faster for (2) + (3) 0

Using analytic form for (2) is
10 times faster

N(e)
f(e) x 102
N(e)f(e)

@ //

e

(2) 3)

0.5 1 1.5
Energy e (eV)



Program: Debye model of heat capacity

0

® 3 ;v x'e :
Cy =3Rf| 22| f,(y)=— _d
(Tj )= J R Debye function

MIEFE N ZF>TEHE: python @D scipyEL a1—ILD quad B (BEIHTEHE) 2> THD
ZZ 1l  https://org-technology.com/posts/integrate-function.html
HUETE S DFEZEEH: http://conf.msl.titech.ac.jp/Lecture/python/index-numericalanalysis.html

Debye function (TD=300 K)

l.ﬂ _..................................................,E ....................................................................................

python debye function.py 300 0 500 10
Debye temperature 300 K
Temperate range 0 — 500 K, 10 K step

fD(TD/T)

0.4 1

0.2 1

0.0

T T i T T T T
0] 100 200 300 400 500 600 700 800
T(K)



Numerical solutions of

differential equations
MAAREXDBIEREE



Motion of planets — Analytical solution
(EREDES - FEHTRR)

2
m dr __G mM r 240 _, l:aconstant, conservation of
dt? rer dt angular momentum
1 (drjz ( 12 GMJ
—m — | +m 5~ =E
. 2\ dt 2m°r r
2
I 9 — —I_ 2 2
( ) 1+8COS(9—5) b_mC £ =1+ 2EI12/mc
Elliptic equations (M A=)
Long radius of ellipse a'= 2b/(1—52)
Short radius of ellipse b'=2b/V1-¢&°

Eccentricity (s#i0%) £aMOEM/EE £=1+2E°/mc’
Close distance point (& & a#) q=a’(l-e) = bl(l+e)
Long distance point (i & i58¢) Q =a’(1+e) = b/(1-¢)

Period (/&%) T =2zyma’/c



Normalization of equation

(FRADHRBIL/ERITIE)
d2 __ g™ r
dt rer

Convert variables to T and R by representative constants t, and |,

t =T T r = | R 15, lp: Time and length specific to the system
0 Chose so that T and R will the the order of 1.0

E.g., for planet simulation

|O d°R 1 MM R 7, = Revolution / Rotation period
m 2 5 -G 2 2 (N8R | BEsfEHA)
r,” dT Io R R l, = Revolution radius, Astronomy unit
for molecular dynamics (MD)
= MD time step

I0 Bohr radius (atomic unit)

2 2
d |§:_G,m|\2/| R G':GTO
dT R R 3

IO



First-order diff. eq. : Euler formula (+45—%)

dx
— = f(x,t
" (x,t)

X(t+At)-x(t) _ f(t,x(t))

At

X(t+At)= x(t)+ At - f (t, x(t))

= Accuracy not good
= Asymmetric with respect to t, t+At



[llustrative image of Euler method

X(t + At) = x(t)+ At - x'(t)

X(t)

X(t + At)

X(t) —




First-order diff. eq. : Heun formula (k1)
dx
— = f(t, x(t
- = ftx)

= Average the Euler formula at t and t+At

x(t + At) = x(t) + %At[f(t,x(t)) + f(t + At, x(t + At))]

Problem: x(t+At) and f(t+At, x(t+At)) are unknown
=> Use X(t+At) by Euler formula
x(t + At)~x(t) + Atf(t) = x(t) + kq
k, = At- f(t, x(t))
k, = At- f(t+At, x(t + At))~ At- f(t+ At, x(t)+k,)

ko + k4
2

x(t + At) = x(t) +




Illustrative image of

dt

Heun method

O M= 1axw)  Heun X+ AL = X(t)+ At Xy (1

Euleriz X(t+At)=x(t)+ At-x'(t)
f (.0
X'(t+ At)
X(t+At) 2% (t)+ x'(t+ At))/ 2
[ =)
X(t) —
t t+At i



First-order differential equation

dx

=1 (x,t)

Euler formula: ky, = At - f(x(¢t),t)
x(t + At) = x(t) + kg

Heun formula: ky, = At - f(x(¢t),t)

Outline of program
ki =At- f(x(t) + ko, t + At)

dt =0.01 x(t + At) = x(t) + 221

t0 =0.0

x0=1.0

# dx/dt = dxdt(t, x)

def dxdi(t, X): 4 solve by the Euler formula # Solve by the Heun formula

FEUM -X*X  gef diffeq_euler(diffifunc, t0, x0, dt): def diffeq_heun(diffLfunc, t0, x0, dt):
kO = dt * diff1func(t0, x0) kO = dt * diff1func(t0, x0)
x1 =x0 + kO k1l = dt * difflfunc(t0O+dt, x0+kO0)
return x1 x1=x0+ (k0O +kl)/2.0
return x1

x1 = diffeq_euler(dxdt, t0, x0, dt)
x1 = diffeq_heun(dxdt, t0, x0, dt)



Program: Euler vs. Heun methods
Usage: python diffeq_euler_heun.py x0 dt nt iprint_interval

python diffeq_euler _heun.py
& — _x2for xy = 1.0, At = 0.1,n, = 501

dt

1.0

1.0

—— Euler Eul
0.8 Heun 0.8 Heu
— exact exa
0.6 -
= = 0.6
= 3
0.4 -
0.4 -
0.2 A
0.2 |
0 10 20 30 40 50 0
0.000 0.000
— Eul
—0.005 —0.005 1
. .
2 -0.010 £ -0.010 4
—0.015 - —0.015 1
0 10 20 30 40 50 0
0.0008 0.0008
—— He
0.0006 0.0006 1
. .
2 0.0004 £ 0.0004
o Eil
0.0002 0.0002 1
0.0000 T : ‘ ' 0.0000
0 10 20 30 40 50 0




First-order diff. eq. : Simpson formula v7v-m

[, 90x)x - %h[G(Xo)+4g(x1)+ 0(x)]= (%)= ()

T gy = T=tx)

dt
X(t + 2At) = x(t)+%At[f ()+4F (t+AL) + f(t+2At)]

Solution of

Problem: x(t+At) and x(t+2At) are unknown
=> Use X(t+At) by Euler or Heun formula

k, = At- f(t, x)
X(t+2At)=X(t)+ ko"'4k1‘|'k2 k, = At- f(t+At x+k)
3 k, = At- f(t+2At, x +k, +k,)
Convert At to a half
K, + 4k, +K, k, =At- f(t+At/2,x+k,/2)

X(t+At) = x(t) + =

(
k, = At- f(t+At,x+(k, +k, )/ 2)
= > Runge-Kutta formula



First-order diff. eq. : Runge-Kutta formula
dx L T—0v B 3K)
—= = f(t,x)

at d 1d? 1d°
(t) X X X

+—At+——At +——At + -
dt 2 dt? 3! dt’
X(t)+:u1k1 + 1Ky + 11Ky +
k, = At- f(t, x)
k, = At- f(t + o, At, X+ Sk, )

k, = At- T (t+a,At, X+ B,k + Bk, )

X(t + At)

X(t + At)

Determine w; and k; so as to get minimum error
Number of k, n => n-stage formula
Formula of O(AtP) = 0 is called ‘order p formula’



3-stage 3-order Runge-Kutta formula

(BEX3 R MRunge-KuttaZy =)

N k, + 4k, + K,
6

K, = At- f(t, x)

K, = At- f(t+At/2,x+Kk,/2)

K, = At- f(t+At, x|+ 2k, —k,)

Different from Simpson formula
(ko + ky)/2

X(t + At) = x(t) +0(h")

Different w; and k; can provide the same accuracy
(RICHEETESMY AL TED)

"= At- f(t+At/4,x+Ax/4)
K, = At- T (t, )
<1=At-fét+At/2,x+k*/2)
K, = At- f(t+At, x+k,)




4-stage 4-order Runge-Kutta formula
(AE% 4R DRunge-KuttaZ> ()

ko + 2ky + 2k, + ks
6

x(t+ At) = x(t) +

ko = At - f(t, x)

ki =At- f(t+At/2,x + k{/2)
ko, =At-f(t+At/2,x + k,/2)
ks =At- f(t+ At,x + k3)



dx

dt

First-order differential equation

— f(x, t) Euler formula:

Heun formula:

ko = At - f(x(t),t)

x(t + At) = x(t) + ky

ko = At - f(x(t), t)

ky = At - f(x(t) + ko, t + At)

x(t + At) = x(t) + % (ko + kq)

Simson formula: kg, = At - f(x(t),t)

ki =At- f(x(t) + ky/2, t + At/2)
k, = At - f(x(t) + (kg + ki)/2,t + At)

x(t + At) = x(t) + ¢ (ko + 4ky + kz)

3-stage 3-order Runge-Kutta formula:

ko = At - f(x(t),t)
ki =At- f(x(t) + ky/2, t + At/2)
k, = At - f(x(t) + 2k, — ko, t + At)

x(t + At) = x(t) + ¢ (ko + 4ky + k)

4-stage 4-order Runge-Kutta formula:

ko = At - f(x(2),t)

ki =At- f(x(t)+ky/2,t+ At/2)
ko, = At - f(x(t) + ky/2,t + At/2)
ks = At f(x(t) + ks, t+At)

x(t + At) = x(8) + 3 (ko + 2k + 2kz + k3)



Second-order diff. eq. (ZB# 45 HER)
d°r,
dt”

= 2nd-order diff eq is divided to two simultaneous 15t-order egs
(ZREHMPAREXDGE . —BHP AREXICHBETIOHNRLY)

=F/m.

d?x

W=f(x,v,t)
dv_ ( 0 dx_
ac S dat

Euler formula: v(t + a)~v () + At - =
v(t + At) = v(t) + At - f(x(t),v(t), t)
x(t+ At) = x(t) + At - v(t)



Second-order diff. eq. : Heun formula
(=M AKX DEE: RAVE)

d?x

sz(x,v,t)
dv
E=f(x,v,t)

(1) ko = At - f(x (), v(t), 1)
(3) ky = At - f(x(t) + kg, v(t) + ko, t + At)

(4) v(t + At) = v(t) + - (ko + kl)\‘

Each step needs to calculate

dx k, and k,: time-consuming for MD

T v(x,v,t)

(2) ko' = At - v(t)
(5) k" = At - v(t + At)

(6) x(t + At) = x(t) + = (ko' + k1)



Second-order diff. eq. : Verlet formula
(ZREM R AKX DMEE: NILLE)
= f(x,v,t)

d?x
dt?

d?x(t) x(t+ At) — 2x(t) + x(t — At)
foov,t) ==gm~ At?

x(t + At) = 2x(t) — x(t — At) + At?f(x(t), v(t), t)

v(t) = zim{x(t + At) — x(t — At)}
Each step only needs to
calculate one f(x(t),v(t),t)
= Better accuracy than Euler formula, equivalent to Heun formula
* Directly solve 2"d-order differential equation
* Drawback:
The subtraction of similar values, x(t+nAt), may cause
roundoff error.




velocity Verlet formula
d“x
? — f (t, X,V)
d?x(t + At) x(t + 2At) — 2x(t + At) + x(t)
dez At?

x(t + 2At) = 2x(t + At) — x(t) + At?f(t + At, x(t + At), v(t + At))

x(t + At) = 2x(t) — x(t — At) + A2 f (¢, x(¢), v(b))
v(t + At) = v(t) + %{f(t + At, x(t + At), v(t + At)) + (&, x(), v(D))}

= Better accuracy than Verlet formula



t
t=0.00
t=0.01
t=0.20
t=0.40
t=0.60
t=0.80
t=1.00
t=1.20
t=1.40
t=1.60
t=1.80
t=2.00
t=2.20
t=2.40
t=2.60
t=2.80
t=3.00
t=3.20
t=3.40
t=3.60
t=3.80
t=4.00
t=4.20
t=4.40
t=4.60

Program: diffeq2nd_verlet.py
Usage: python diffeg2nd_verlet.py

x(cal)
0.000000
0.010000
0.198673
0.389425
0.564652
0.717367
0.841484
0.932053
0.985463
0.999586
0.973858
0.909305
0.808501
0.675464
0.515499
0.334981
0.141109
-0.058388
-0.255558
-0.442539
-0.611878
-0.756823
-0.871595
-0.951620
-0.993706

x(exact)
0.000000
0.010000
0.198669
0.389418
0.564642
0.717356
0.841471
0.932039
0.985450
0.999574
0.973848
0.909297
0.808496
0.675463
0.515501
0.334988
0.141120
-0.058374
-0.255541
-0.442520
-0.611858
-0.756802
-0.871576
-0.951602
-0.993691

v(cal)
1.000000
0.999950
0.980066
0.921060
0.825334
0.696704
0.540299
0.362353
0.169961
-0.029206
-0.227209
-0.416154
-0.588509
-0.737400
-0.856894
-0.942226
-0.989994
-0.998294
-0.966795
-0.896752
-0.790958
-0.653631
-0.490246
-0.307315
-0.112133



Second-order diff. eq. : Leap Flog formula
(=B AREXDERE NZDIHVER)
Essentially the same as the Verlet formula.

However, Verlet formula
x(t + At) = 2x(t) — x(t — At) + At?f(t, x(8), (1))

Includes the subtraction of
X(t) terms and may cause roundoff error.

Converting the equation to
v(t + At) = v(t — At) + 24t - £(t,x(6), v(t))

x(t + 2At) = x(t) + 2At - v(t + At)

Can reduce the roundoff errors.
Note: Time calculated for x(t) and v(t) are shifted by At



eap Flog vs. Verlet

Confirm the Leap Flog formula is identical to the Verlet formula

Leap Flog  x(t+2At)= x(t)+ 2At - v(t + At)

v(t—At)= X(t)- Z(tt— At)

x(t + At) —x(t)  x(t) —x(t — At)
At B At

+ 2A¢ - f(t,x(6), v(t))

x(t + At) = 2x(t) — x(t — At) + 24t - £(t, x(8), v(t))
Verlet



Program: diffeq2nd_2d_euler.py

Usage: python diffeg2nd_2d_euler.py

t
t=0.00
t=0.01
t=0.20
t=0.40
t=0.60
t=0.80
t=1.00
t=1.20
t=1.40
t=1.60
t=1.80
t=2.00
t=2.20
t=2.40
t=2.60
t=2.80
t=3.00
t=3.20
t=3.40
t=3.60
t=3.80
t=4.00
t=4.20
t=4.40
t=4.60

x(cal)
0.000000
0.010000
0.198862
0.390186
0.566322
0.720212
0.845671
0.937633
0.992364
1.007603
0.982665
0.918464
0.817482
0.683677
0.522322
0.339800
0.143353
-0.059207
-0.259811
-0.450448
-0.623492
-0.772001
-0.890001
-0.972722
-1.016792

x(exact)
0.000000
0.010000
0.198669
0.389418
0.564642
0.717356
0.841471
0.932039
0.985450
0.999574
0.973848
0.909297
0.808496
0.675463
0.515501
0.334988
0.141120
-0.058374
-0.255541
-0.442520
-0.611858
-0.756802
-0.871576
-0.951602
-0.993691

y(cal)
2.000000

2.000000
1.962097
1.845820
1.655653
1.399036
1.086077
0.729152
0.342415
-0.058761
-0.458394
-0.840535
-1.189900
-1.492481
-1.736110
-1.910948
-2.009878
-2.028803
-1.966806
-1.826199
-1.612436
-1.333901
-1.001578
-0.628623
-0.229835

y(exact)
2.000000
1.999900
1.960133
1.842122
1.650671
1.393413
1.080605
0.724716
0.339934
-0.058399
-0.454404
-0.832294
-1.177002
-1.474787
-1.713778
-1.884445
-1.979985
-1.996590
-1.933596
-1.793517
-1.581935
-1.307287
-0.980522
-0.614666
-0.224305



Program: diffeq2nd_2d_verlet.py

Usage: python diffeg2nd_2d_verlet.py

t
t=0.00
t=0.01
t=0.20
t=0.40
t=0.60
t=0.80
t=1.00
t=1.20
t=1.40
t=1.60
t=1.80
t=2.00
t=2.20
t=2.40
t=2.60
t=2.80
t=3.00
t=3.20
t=3.40
t=3.60
t=3.80
t=4.00
t=4.20
t=4.40
t=4.60

x(cal)
0.000000
0.010050
0.199666
0.391372
0.567475
0.720954
0.845691
0.936713
0.990390
1.004584
0.978727
0.913852
0.812544
0.678842
0.518076
0.336656
0.141815
-0.058680
-0.256836
-0.444752
-0.614937
-0.760607
-0.875953
-0.956378
-0.998674

x(exact)
0.000000
0.010000
0.198669
0.389418
0.564642
0.717356
0.841471
0.932039
0.985450
0.999574
0.973848
0.909297
0.808496
0.675463
0.515501
0.334988
0.141120
-0.058374
-0.255541
-0.442520
-0.611858
-0.756802
-0.871576
-0.951602
-0.993691

y(cal)
2.000000

1.999950
1961126
1.844068
1.653492
1.396995
1.084805
0.729366
0.344850
-0.053414
-0.449550
-0.827762
-1.172975
-1.471424
-1.711211
-1.882778
-1.979283
-1.996880
-1.934867
-1.795716
-1.584975
-1.311046
-0.984849
-0.619389
-0.229235

y(exact)
2.000000
1.999900
1.960133
1.842122
1.650671
1.393413
1.080605
0.724716
0.339934
-0.058399
-0.454404
-0.832294
-1.177002
-1.474787
-1.713778
-1.884445
-1.979985
-1.996590
-1.933596
-1.793517
-1.581935
-1.307287
-0.980522
-0.614666
-0.224305



Accuracy of numerical solutions: Diff. eq.

dt?

Exact (t=0:x=1.0,v=0.0)

2
d*x = —471°X (

dv
- =V, -
dt

= —4722Xj

X =c0s(2zt) v=-2zsin(2rt)

At = 0.04

8 Elllnr/\
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Accuracy of numerlcal solutions: Diff. eq.

At =0.04

15 Exact

Verlet  RK3 '

05
05 - \/ [
O = 0 H| | | | |
9 9 9 9 100 996 997 998 999 1000
05 \
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\ \

W—Exact
—3rd Runge-kutta
—A4th Runge-kutta

] \/
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Molecular dynamics (MD) (2F&h%i%)
3D periodic condition: MD cell

@) O @
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d°r
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V,(t+At):Vi(t)+Ati

r(t+At)=r(t)+At-v,(t)



Empirical interatomic potential
(RREMEFRRTIvIL)

Hard core potential Hr)=c r<oc
N—RA7 (AHR) RToPvIL =0 r>co

12 6
L_ennard-Jones (LJ) potential é;(r) = 4s; (ij N (ij
L —R—Ca—VXRFoL vl r '

Born-Mayer-Huggins (BMH) potential

RIL—A( ¥ —EaF X 2,2,e° o +o,-r} C, D
¢ij(r) = " + Aijb°exp( 5 j_ 6 - 8
Kawamura potential (MXDOrto/MXDTricl)
ARRTU vl L b b ) [ai+aj—ri,-]+ci0,-
i'—Tj o\0; +0; JEXP b +b, rij6

2.7.6° a+a, —r
¢ (r) = If + fo(bi +bj)eXp[ : +ij j

0, (o241 1] 205, (r 1))
Morse potential



Empirical interatomic potential

2
ZiZje 1 a; + Clj — rij CiCj
Usj(rij) = TP + fo(b; + b)) eXp[ bi+b, t 76

Coulomb potential Repulsion term Dispersion
(London interaction)

Example of Parameters for an ion
loncharge :z;  Fixed to ion formal charge

~lon radius :a;  Adjust to crystal structure
~lon hardness: b,  Adjust to elastic constant

Dispersion  :c¢;  Fixed

Potentials and forces for the ion 1 at r; ,
Ui(ri,t) =%, Uy(rj(0) —ri()), Fi(ry, ) = = %; a_riUij(rj(t) —1i(t))

Most time-consuming term
Better to re-use previous steps,
Fi(ri, t — At), Fi(ri, t — ZAt) etc
=> Verlet formula is better than Heun and Runge-Kutta formula



Requirements of algorisms used for MD

Requirements
= Enough accuracy (can be checked by energy /
momentum conservation laws)
= Fast calculations (note the most time-consuming process
IS the force calculations, better to re-use the previous results)

Runge-Kutta formula: not suitable for MD
High accuracy, but high cost
It cannot re-use the previous results
Each step requires three/four new force calculations, high cost

Frequently used formula:

= Verlet formula (Leap Flog formula)

- Beeman formula

* Predictor-Corrector method (% 81F—1BE Fi%)

Rahman predictor-corrector method
(T—rDFBF—EEFE)
Gear predictor-corrector method (X7 ® % 8% — 18 EF%)



Program: Planet simulation
Usage: python diffeq2nd_planet.py solver dt nt

solver: ‘Euler’ or ‘Verlet’
dt: time step in day (time is normalized by a day)
nt: number of steps

python diffeg2nd_planet.py Euler 0.2 5000 python diffeg2nd_planet.py Verlet 0.2 5000

%, Figure 1 O e *. Figure 1 - O X
Aa€EIPQEXDB A€EI Q=X B
4 4
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Program: Check by conservation law

python diffeg2nd_planet.py Euler 0.2 5000
python diffeg2nd_planet.py Verlet 0.2 5000

4.35E+24
1222;22 — 4.3E+24 —|P|(Euler)
= 1.32E+23 é 4.25E+24 —|P|(Verlet)
2 1.318E+23 &, 4-2E+24
D 1316E+23 = 4156424
1.314E+23 —U(Euler) A 1E+24
1.312E+23 —U(Verlet) 4.05E+24
1.31E+23 JEso

0O 200 400 600 800 1000 0 200 400 600 800 1000

t (day) t (day)
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