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Class Schedule

Lecture materials (Kamiya’s part): http://conf.msl.titech.ac.jp/Lecture/
http://conf.msl.titech.ac.jp/Lecture/ComputationalMaterialsScience/index-numericalanalysis.html
#01 June 11 (Tue) Kamiya (Fundamental of computer, Sources of errors (A E 1 —2 D EEE, I2E))
#02 June 14 (Fri)  Kamiya (Numerical differentiation/integration (4 {E# % /3&43))
#03 June 18 (Tue) Kamiya (Numerical integration (3{E#& %),
Differential equation (%> A F&=), Molecular dynamics (53 F &) %))
#04 June 21 (Fri)  Kamiya (Interpolation (##f&), Smoothing (F£;&1t), Linear least-squares method (#ff4 &% /N = %))

#05 June 25 (Tue) Kamiya (solutions of equations (52X D fi#), Optimization (F&1L),
Numerical solutions of equations (2= D EUEREE),
Nonlinear optimization (3E#& 2 &E1k))

#06 June 28 (Fri)  Kamiya (Fourier transformation (7—!) TZ#2) , Matrix (1751))
July 2 (Tue) No lecture (k3E)
#07 July 5 (Fri) Kamiya, Review (1€%)



Explanation of the answers, June 18
REREORH



PROBLEM, June 18

PROBLEM:

(i) By filling the dx/dt and the x(t) columns in diffeq.xlsx,
solve dx(t) / dt = —x(t)sin(srt) using the Euler method.

Conditions:
t starts from 0 and ends at 3.0 with the time step of 0.1.
x(0)=1.0

Euler formula; £ = = f(x(t),t) = —x(t)sin(mt)
x(t + At) = x(t) + At - f(x(t),t)

Typical mistake:
x(t + At) = x(t) + At - f(x(t + At), t + At)
This calculation is not possible if f(x, t) includes x explicitly.

See diffeq2_answer.xlsx



PROBLEM, June 21

« Submit electronic file(s) via T2SCHOLAR in 2 days
(If T2SCHOLAR doesn’t work, send the files to kamiya.t.aa@m.titech.ac.jp.
In this case, file name must include your STUDENT ID and FULL NAME)

PROBLEM:

Smoothen the data DOS(E) in dos.xlsx
by simple average method and polynomial fit method.

Add them and plot the raw DOS(E) and the smoothed data in an
Excel file.

You can choose smoothing parameters as you like, but explicitly
descrive them.

Submit the excel file.



Approximation of discrete data:

Interpolation/Extrapolation
(BEEL T —2 DL fHfE /o)



Interpolation
Pattern 1: Reproduce all sample points @& d@3)
n sample points are reproduced by (n — 1) order polynomial.
- Interpolated data might be scattered largely in particular for

orders higher than 3 (Runge’s phenomenon/oscillation L5 nEKR).
B RO REIREIT SEEN TS FHFIBRULDZER
=> To suppress the Runge’s phenomenon:

Make the n-th order differentiations continuous at the boundaries
between neighboring regions
=> Spline function
n sample points are reproduced by (n + N — 1) order polynomial.

Pattern 2: Smoothing (FE:g1k)
Scattering of data will be reduced

Pattern 3: Does not reproduce sample points exactly,
but the deviation will be minimized
(BREZTELSTOD., MET—2FTERGAMhLRENINALY)
- Least-squares method (LSQ, &/ =%:%)
- Minimax approximation (=<v4- X5E)



Polynomial that reproduces sample points
(FEARRZTEHZIER)

n sample points (x;, y;) (i=1, ---, n) are reproduced by (n — 1) order polynomial.
Vi = Xik=o @i 2(i=l,"',lil)
1 x; x e X
/ R W T 7
Xy X X9 a, ¥,
X X 2 X n-—1 —
3 3 3
E a1 y
\1 X, Xp° xn"_1/ " "

IX;| > 1 might cause overflow,
IX;| < 1 might cause underflow errors.

=> Normalize (E#i1t) the x range e.g. to [-1, 1] : x; = 2

Xi—Xmid

Xmax—~Xmin

Standardize (#£#1k) by average and standard deviation: x;" =

’) Xi—Xaverage

Ox



agrange interpolation formula
CPPANL N VNS
FHEZER, NyaE AR BUESE, A — L+t (BBFI584)
(n — 1) order polynomial that reproduces n sample points
(X, y;) (1=0, -+, n—1) Is determined uniquely.
Lagrange interpolation formula

Pr_1(x) = f(xp)Po(x) + f(x)p1(x) + - f(xp—1) Pp_1(x)

¢(x) — Hz;il(x_xk) — -1 (x—xp)
i II
I1

no (=) REL (x;—x)
n=2:
_ (x—x1) (x—xp)
P;(x) = f(x0) o) + f(x1) (tn—xo)
n=a3:

Pz(x) — f(x()) (x—xl) (X—Xz) +f(x1) (x—xo) (x—xz) -|—f(x2) (x—xo) (x_xl)

(xo—x1) (xo—x2) (x1—x9) (x1—x2) (x2—xg) (x2—x1)




Problem of such polynomials

- Increasing the sample points will change the coefficients of polynomial completely.

= Runge’s phenomenon / oscillation QL4 OBRER)
High order (e.g. >3) polynomial will cause large oscillations at points other than the sample
points (FEROLERX TIFERRUNTREURETHENHD)

EX. Interpolate f(x) = 1/ (1 + x?) for (n
X =[-2, 2]

+1) points in the range

order

1

0.8

0.6

0.4

0.2

0
0 0.5 1 1.5 2

In the machine learning (B HFEE):
Overfitting B &), Overlearning (AFE)



Interpolation: Piecewise polynomial interpolation
(R Z A #EE)
Connect divided sections by polylines (#rh#2)

=> First derivatives will be discontinuous at the boundaries

=> (n — 1)-th derivatives are continuous for whole range:
Order n spline functions (nk» 2751 > %)

0.1
f(x) = 6exp(-x) —1/x
0
0 5 10 15 20
(| Polyline
-0.1
Order 3 spline
Order 2 (Simpson)

-0.2



Smoothmg
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Smoothing (F;i&1k)
Take some average for sample points
= Moving average (& ¥14)
= Simple moving average (Eff% e T1):
Average of sequential data with the uniform weight
*Weighted moving average (nE#&F1).
Average of sequential data with weight
Weight: Linear, Triangular, Exponetnial, Gauss, etc...

Approximate sample points by some function
= Polynomial smoothing (£E=®(-&%F&1L)

= Smoothing spline (x751> Fi&1k)

= Least-squares method (&/N=%:%)

Other
« Fourier transformation (7—1 T Z#y)



Calculation
Simple moving average (2m+1 points)
1 i+m

Yi smoothed — om+1 ~j=i—-m Yij

Weighted moving average (2m+1 points)
_ \i+m / I+m

Yismoothed = ZLij=i-mW;jJY;j j=i-m Wi



* Moving average (& F19:%)

Smoothing (F;i&1k)

Smoother with more sample points for average,
but would alter the function shape if the function is not monotonic.
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=> Affect peak height, valley depth, peak width etc...
The range of averaged sample points larger than the peak width
=> split peaks might become difficult to be separated.

Poor S/N ratio XRD pattern

Simple moving average: 5,11,31 R
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Smoothing: Polynomial fit method (2 E=R &4 %)

Adopt n,, 4, order polynomial to n, sample points among the given

n sample points, determined by LSQ
TR N REEBERZR/NERETRD ERARDEZRIET S

Polynomial fit: 11, 31 points Simple moving average: 5,11, 31 points
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3000 | LT —%
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Weights of polynomial fit (Savizky-Golay method)

Z I B A % (Savizky-Golay;%) D EH
mER, BEERDOIO DR T—2 018, CQHMR%t (1986)
Table 5.1 Weights for #ofeeintsN 25 23 21 19 17 15 138 11 9 7 5

i . m=int(N/2) 12 11 10 9 8 7 6 5 4 3 2
order 2 and 3 polynomial fit 12 253

-11 -138  -210

-10 -33  -105 -171

-9 62 -10 -76  -136

-8 147 75 9 -1 -105

-7 222 150 84 24 -30 -78

-6 287 215 149 89 35 -13 -55

Order 1: Simple moving average o] 2 270 04 144 90 2 9 -3
. -4 387 315 249 189 135 87 45 9 -21
Orders 2 and 3 have the same weights 3 42 350 284 224 170 122 80 44 14 -10

-2 447 375 309 249 195 147 105 69 39 15 -3
-1 462 390 324 264 210 162 120 84 54 30 12
0 467 395 329 269 215 167 125 89 59 35 17
1 462 390 324 264 210 162 120 84 54 30 12
2 447 375 309 249 195 147 105 69 39 15 -3
3 422 350 284 224 170 122 80 44 14 -10
4 387 315 249 189 135 87 45 9 -21
5 342 270 204 144 90 42 0 -36
6 287 215 149 89 35 -13 -55
7 222 150 84 24 -30 -78
8 147 75 9 -51  -105
9 62 -10 -76  -136

10 -33  -105 -171

11 -138 -210

12 -253

Normalization factor 5175 4025 3059 2261 1615 1105 715 429 231 105 35
Weights for order 2 and 3 using (2m+1) points (2m+1) mZFFAWV=2 3R ZIERXEESDEH)
wy3(j) =3m(m + 1) — 1 — 5j2 j=-m,---,-1,0,1, ---, m
W,s = (4m? — 1)(2m + 3)/3



Calculation
Simple moving average (2m+1 points)
1 i+m

Yi smoothed — om+1 ~j=i—-m Yij

Weighted moving average (2m+1 points)
_ \i+m / I+m

Yi,smoothed = Lij=i-m Wi)j j=i-m Wi

Order 2 and 3 polynomial fit using (2m+1) points
wo3(j) = 3m(m+1)—1-5j2 j=-m, -+, -1,0,1, ---, m
W3 = (4m? — 1)(2m + 3)/3
1 ] .
Yi,smoothed = Wys ;-:;n—m W23 (])yj



Program: smoothing.py

Usage: python smoothing.py
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Fourier transformation (7—V) Tz )

Different definitions
CFTo—uzzm)  F(o)=[ fexplet)dt

1 = .
CIFT @#o—yIE®) f(t):2— j F (o) exp(—iot)de
72' —00

—

ET F(w) = f(t)exp(i2zft)dt

CIFT f(t)=| _ F(o)exp(-i2t)do

Features of Fourier transformation

= Convert time-dependent data to frequency data

= Convert position-dependent data to wavenumber data

= Origin of original data is converted to whole range of FT data

= Whole range of original data is converted to origin of FT data

- |FT of FTed data recovers the original data
FourierZ#L1=T —4%Fourienf £ 5ETDT—2IZRS



Convolution (& #5A#)
(F+ ) = £ = | FaDglx - ¥y’

Observed peak has a finite width

originating from apparatus function g(x)  For a real case a sample has an intrinsic peak
Even if the intrinsic peak has zero width  f(x), the observed peak will be a convolution

(delta function 0(X)) of f(x) and apparatus function g(x), f*(x).
ARAREDT—RILRIEEL D (GBEEN) TH. HEAEDTF—2E f(x) TH. BIEENDZDIE
BIEMEITZEEREE g(x) DIEMYEFED EBBEK g(X) DBHAZELTF(X)

9(x) 6(x)

[ g(ax=1



Convolution: Matrix representation (1751% %)

BEX wmE. BEFAOLOHDERT 20 CQHR (19864F)

. N
a0 = | Fege—x)dr =N Y FagGn - )
. Z

\.A__
e PR, PR N,
_/\__
| =
f(x)
f(x) 9(x; — x;) Intrinsic signal

Observed signal Apparatus function

Very often, matrix g;; Is band matrix with maxima at diagonal
(175l g;; TR AERICRREZFEOFITIIGEIENZLY)



Smoothing by convolution (smearing)
BAHIAAIZEDHTEIE (FHL)
Density of state (DOS) function calculated by density functional theory
ZENEME THza-InGaznO,DIRREFE
Problem: Many noise, difficult to read
Add finite-width Gauss function to each data (FhFh DT —42(-GaussBIZ D LEHY)
G(E) = exp(-[(E — Eg)/w]?) (w=0.2eV)

I 200

;Calced DOS
— Convoluted

[IEY
00
o

[REY
[=2]

(o=} (==}

{ .

[IEY
H

o ]
4

0O
\°J

s 7 6 5 4 3 2 a1 o 1
Note: Estimation of band, edge energies will have the errors originating from
the smearing width w




Program: convolution.py

Usage: python convolution.py width
width: width of Gaussian function to convolute

python convolution.py 0.05 python convolution.py 0.2

¥ Figure 1 - O = ¥ Figure 1 - O
A € > 4 Q A € > 4 Q
70 A —— raw data —— raw data
—— convoluted 701 —— convoluted
60 4

60 l
[ [ i
20 50 - Tl |, | II Hl
ittt
40 1 40 1 Lot l!} “i’ ||
= = CLY S (el [lll' [
‘ it L
30 A 30 \ | ]rr ‘{' ’
. w ‘
20 A 20 | [ ]
10 4 10 4
0+ . 04
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
X X




Convolution (&#iA#)
(F*)() =) =] f(x)g(x-x)dx

Example UPS spectrum of Au Fermi edge
' T F‘(E)' T' :;oolK 7 Intrinsic sample spectrum
= 0 E_=-0.017eV S(E) _
Apparatus function

G(E) = Goexp(-[(E-Ep)/aw]?)
Fermi-Dirac distribution

f(E) = 1/(1+exp[(E-ER)/kgT]) eq. (1)
Observed spectrum

I(x) = j_ S(ENG(E — ENf(E — E"dE'

Assuming constant S(E) for Au reference,
J G(E) is determined by fitting eq. (1) to I1(x)

1.0 05 00 05  -10 B
Binding energy (eV) w=0.12eV

S(E) for different sample is obtained by deconvolution using the G(E) obtained by

the reference spectrum
GE)YDNHMEE MMDEBARIRILNG HEEHIAHTSE) HNHrhd

Intensity (a.u.)

7
=== =t-4 1




Filter and convolution

i V1
: : : Convolution: dy |1
First differential Matrix product of T, |21 (—_1 0 1) <§2>
data vector and filter 2 F|Iter 2
. . a<y
Second differential axZy th 1 -2 1) (3’2)
Y3
. V1
Simple moving average (3 points) V2,5 = 3 1 1 1)
V3
) V1
Weighted moving average (3p one-side triangle) Y2,s =3 0 2 1)|Y2
Y3
) V1
Weighted moving average (3p double-side triangle) Y25 =3 1 2 1))
Y3
V1
y
Polynomial fit smoothing (2m+1 points) V3¢ = %(—3 12 17 12 -3) yi
Va
Ys

Differentiation, smoothing, convolution may be performed with
the same convolution program by adopting appropriate filters.
W, FiBie.avRa—23avik, T4WE—EEZASEFT RLaVRYa—3arTno
JoLERATES



Smoothing by python library

Smoothing. py

Simple moving average

# make a constant filter with weight of 1/N
w = np.ones(nsmooth) / nsmooth

# convolution

ys = np.convolve(y, w, mode = ‘same*)

Polynomial smoothing: Savizky-Golay filter
ys = scipy.signal.savgol_filter(y, nsmooth, norder, deriv = 0)

nsmooth: number of smoothing points

norder : order of polynomial

deriv  : order of differentiation

;E &= savgol_filter() takes differentiation to specify deriv = 1,
but its absolute values are different from the first differentials
because savgol_filter() does not know x-axis values.
Divide the results by h®" after smoothing if you need absolute values
Note: check the final results by yourself



Multi-dimensional filter, convolution, image processing

X differential filter (edge detection)

NOTE: different from

0 —1 0
Y differential filter (edge detection) %( 0 0 O )
convolution in mathematics

0 1 0

0 1 0
Diagonal differential filter (edge detection) % <—1 0 1)
0 -1 0
Smoothing filter (smearing/blur) < sharpening can be done by deconvolution

. 1 1 1
5 <1 1 1)
1 1 1
Convoluted Neural Network (B#AH =21 —FILRYET—2)

Insert a convolution layer in multilayer neural network to learn the elements of the filter
We may know how the filter works by analyzing the values of the filter elements



Deconvolution (%8 #&3A#)

(F*)(x) =70 =] f(x)g(x~x)dx
Fourier transformation F*(k) =f f7(x) exp(ikx)dx

(FT) . |
Inverse Fourier F(x)= LO F (k) exp(~ikx)dk

transformation (IFT) 90 =] G(k)exp(-ik'x)dk’
Fe(k) = f O:o FO0g(x — x) exp( ikx)dxdx’
_ f: 765 ( j g(x — x") exp( ikx)dx) dx’
- j_o:o £ ( j 9(x) exp(ik(x + x’))dx) dx

= j ) f(x)G (k) exp(ikx)dx'
= F(OG(K)

f(x) can be obtained by IFT of F(k) = F*(k) / G(k), but usually

IS vulnerable against small perturbations like noise
F(K)=F'(k)/ GKZETELTHEI—) TEHT f(x) hAFELND
=> JAXGEDHDHEFRRETHEMNFEHRLLT L



Convolution: Matrix representation (1751% %)

BEX wmE. BEFAOLOHDERT 20 CQHR (19864F)

. N
a0 = | Fege—x)dr =N Y FagGn - )
. Z

\.A__
e PR, PR N,
_/\__
| =
f(x)
f(x) 9(x; — x;) Intrinsic signal

Observed signal Apparatus function

Very often, matrix g;; Is band matrix with maxima at diagonal
(175l g;; TR AERICRREZFEOFITIIGEIENZLY)



Deconvolution (%8 #3A#)

. BEX wmE. BEFAOLOHDERT 20 CQHR (19864F)
Fr(x)=N"> f(x)a(x —x;)
j=1

Deconvolution is carried out by solving the linear simultaneous equations,

£ Jdo 9-1 g-w-0\ /hH
fy In-1 9o I

However, similar to the FFT method, usually vulnerable against noise
(F—IIEMELRER. /A RGEENHIERRETEMNFERHRL LT L)

Better way:

1. Remove noise effects (smoothing etc) before deconvolution

2. Use an iterative method (e.g., Jacobi method and Gauss-Seidel method) to
solve the simultaneous equation, where noise-compensation process Is
Included during the iteration process.



Jacobi / Gauss-Seidel method

Solve large-size simultaneous linear equations:

a1 Q12 ain X1 b4
Az1 dz2 X2 | [ by
an1  Ann/ \XN by

For (k+1)-th iteration, x;**1) is estimated from x;
(initial data may be chosen as x;(®) = b;, uniform value x;(® = 1, etc):
(i) Jacobi method: x;¥*1) = (b; — ¥1.; a;;%;%) /a;;
x, D) = (b1 — a12x2(k) - a13x3(k) — aleN(k))/all
x VA = (bz — a1, — az30031) — - — azzva(k))/azz

(||) Gauss-Seidel method: xi(k+1) = (bl — Z]l;i ai]-x-(k“) —yN i+1 ai]-x]-(k))/aii

J j=
Using the known x]-("“) values enhances convergence.
x1(k+1) = (b1 — a12x2(k) - a13x3(k) — aleN(k))/all
xz(kH) = (bz — a21x1("+1) — a23x3(k) — aZNxN(k))/aZZ

Convergence Is better for the Gauss-Seidel method,
While parallelization is more easy for the Jacobi method.



Program: deconvolution.py

Usage python dECO Nvo I Utl on. py file mode convmode smoothmode xmin xmax Wa Grange kzero klin
see usage of the program output

python deconvolution.py pes.csv fft full convolve+extend -4.52.00.122.055

Use FFT and iFFT without smoothing

x=-0.616378

%, Figure 1

AEIPQEXDRB

300000 A

200000 A

100000 A

0

Compare the raw data (blue)

and the deconvoluted data (orange)
Convolution is unstable

unless noise-compensation is applied

input{convoluted)
deconvoluted

T T
2 4 6

T
8

300000 A

200000 A

100000 -

0

Compare the raw data

and the convoluted data of the deconvoluted data.
Q‘\ould be the same

input{raw)
input{convoluted)

T T
2 4

T
8

—— WF for FFT

v=0.475817




Deconvolution: Gauss-Seidel method w/o smooting
Usage: pythOn dECOﬂVOlUtion.py file mode xmin xmax Wa dump nmaxiter eps nsmooth zeroc

see usage of the program output
python deconvolution.py pes.csv gs -6.0 2.0 0.12 1.0 300 1.0e-4 1 0

Use Gauss-Seidel (gs) method with the width of the Gaussian function of 0.12 eV.

No smoothing is applied for each iteration.

400000 4
300000 ~ =
200000
100000 7/ \

0 T T T T T ==

—— input({convoluted)
deconvoluted

N Compare the raw data (blue)
______________ a \, and the deconvoluted data (orang

T
-5 -4 -3 -2 -1 0

T
1

300000 A

200000

Compare the raw data
and the convoluted data of the deconvoluted data.
Should be the same

100000

0

—— input{raw)
input{convoluted)

T T T T
-5 -4 -3 -2 -1 0

T
1

Gaussian function to convolute

—— WF for Gauss-Seidel method

e)



Program: Gauss-Seidel method with smoothing

Usage: pythOn deconvolution. PY file mode xmin xmax Wa dump nmaxiter eps nsmooth zeroc
see usage of the program output

python deconvolution.py pes.csv gs -6.0 2.0 0.12 1.0 300 1.0e-4 50
Use Gauss-Seidel (gs) method with the width of the Gaussian function of 0.12 eV.
5-point polynomial-fit average is applied for each iteration.

0

0

%, Figure 1

A€ Q=X A

300000 -

200000 -

100000 4

| Compare the raw data (blue) \

and the deconvoluted data (orange)

T T T T T
-3 -2 -1 0 1

300000 A

200000 -

100000

—— input{raw)
input{convoluted)

Compare the raw data
and the convoluted data of the decenvoluted data.
Should be the same

T T T
-3 -2 -1 0 1

—— WF for Gauss-Seidel method

Gaussian function to convolute

-4




Linear least squares method (ILSQ)
Rz a/NE A




Approximation of many sample points:
Minimization (Optimization)
(ZHDEREDEL: &x/MERERE)
How to determine most plausible parameters a and b

If observed data (X, ¥y), ==* (X, Y, follow f(x) = a + bx,
X Error g; should be considered: y; = f(x;) + &;

Fundamental idea: Determine a and b so as to minimize (maximize)
a target function S (e.g., error residual function G%=R%)

Mini max approximation: minimize H<la<Xb|f(xi) — vl
asxs

L, norm: _ Minimize Ly norm 0 S = Z[F(%) - Vil
Sn = 2ilf(x) = yil™ | east-squares (LSQ) method (&/he&%i%) (L, norm) 1S =X(f(x) - y,)?
Lynorm: §¢ =0 S=X(a+ bx,— V)

dS/da=2X(a+ bx;,—y;) =2an +2bXx,—2Xy;=0
dS/db = 2Xx;(a + bx; — y;) = 2aXx; + 2bXx;? — 2Xx.y; = 0

" zxi a 2. Vi
XX (b)_<2xm>

Even for f(x) =a + bx + cx? += ==, only one matrix operation can
give a final solution



Mini-max approximation

Minimize max |f(x;) — v;
asxsblf( i) — il

AP #EFE

y y=f(z)

2 =2 7 AFEHL 1

Wl 2 FilE A

0. 80

=2y 2 R

.

[=]

(=]
. X 5b. po : <40 0.60 0. 80 1.00
1.00 1

E_ T T T T T T T 1%
. 5b. po : 0.60 80 1No
e S = 711(’_““ |
s & J
' ¢
E6-3 :=v-2 23F00E K 2 SFHL E6-2 XM [0, 1] kBIFa flx)=x'®2:KD

iz 7 ARNLE FoEENME



ILSQ: Polynomial
wR BN &k ZIE

2
f(x) = Xk=0 akxk S Z 1(3’1 k=0 akxik)
d—al = —2 Zl 1le()’i — Dik=0 akxik) =0
OZL 1akxlk+l i= 1ylxl (IZO’ 1""’N)

(v 2w xwt o 2 2w
Yo Yw Yx Y

Z XX . N || ] z%xiz
\zxi,v Ny g | X ) \Zﬁxﬂ )

;] > 1 might cause overflow,
;| <1 might cause underflow errors.

=> Normalize the x range e.g. to [-1, 1] : x; = 2

Xi

Xiz xl-3

Xi—Xmid

Xmax~Xmin

i—Xaverage

by average and standard deviation: x;" = 27

Ox



python Isg-polynomial.py 3

Program: Isg-polynomial.py
Usage: python Isg-polynomial.py n,, e,

python Isg-polynomial.py 6

. Figure 1
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ILSQ: General functions
WM s/ —REHDIGE

flx) = z ay fre(x) S = i (%‘ - i akfk(xi)>

fe=1 kzcllS N n
P _ZZfl(xi) <Yi - Z akfk(xi)> =0
ap .
1=1 k=1

YA@AED ) AELE) ) ACHE) < Y A > vihie)
DSEIRE) ) LEILED ) LESE) ) LEMNGD | (M | ) fi)
S ARG Y AR Y AEARE Y AN (| 1] | D sk

: an :
D REAE) D ALE ) WEDEGD D Gfu) > ifaC)

If f(x) Is linear with respect to fitting parameters,

final solution is obtained by one matrix operation
FRBICEALTRETOHNIL, 1EDITIEGETRERBNGEONDS

ex. f(x)=a+blogx+c/x
f(x,y)=a+bxy+cy/x



Program: Isg-general.py

Usage: python Isg-general.py e,
fittoy = co+ cysinx +c¢,cosx + c3sin2x + ¢4 cos 2x
+c5 sin 3x + ¢4 cos 3x

python Isg-polynomial.py 6

python Isg-general.py 2 y = 0.753 + 0.0064 sin(x) + 0.00358 cos(x)
y = 0.740 +0.000432 sin(x) +0.125 sin(2x) + 0.303cos(2x) + 0.0119sin(3x)
AEI Q=B A€E>I Q=B
12{ . Underfitting (Ri#&) . e - . e
.Underlearning (R#&) - ]




Ex of ILSQ: Lattice spacing of triclinic lattice
(=R EFE R0 mEER)
dni > = |Gpa|? = |ha* + kb* + Ic*|?
iz =S,,h? +S,,k% +S,,1° +2S,,hk + 25, kI + 25,,Ih

hkl

S,=a -a =b*c’sin’a/V’
S,,=c’a’sin® BIV?

S,,=c’a’sin’y/V?

S, =a -b" =abc’(cosacos f—cosy)/V?
S,, =a’hc(cos fcos y —cosa )V 2

S,, = ab’c(cos y cosx —cos B)/V 2

V = abc+/1—cos? a —cos® B —cos’ ¥ + 2COS & COS 3 COS ¥
The form of d,, is a linear function with respect to S;;.
1. 5; Is obtained by ILSQ
2. 5;; => Reciprocal lattice parameters (a”, b, ¢*, o™, 7, y')
3. => Lattice parameters (a, b, c, o, 3, v)
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