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Update News:

June 28, 8:24 Lecture materials on June 28 have been updateq (20240628FT Matrix2.zip)

June 27, 10:09 Lecture materials on June 28 have been uploaded (Z0Z400678F T Matrix.Zip)
June 27, 9:25 Lecture materials on June 25 have been updated (202406271 SQEquationOptimize.zip)

June 25, 12:51 Lecture materials on June 25 have been updated

June 24, 10:40 Lecture materials on June 25 have been updated

June 23, 10:12 Lecture materials on June 25 have been uploaded

June 23, 9:32 Lecture materials on June 21 have been updated (2024062 1InterporlateSmoothing.zip)
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Class Schedule

Lecture materials (Kamiya’s part): http://conf.msl.titech.ac.jp/Lecture/
http://conf.msl.titech.ac.jp/Lecture/ComputationalMaterialsScience/index-numericalanalysis.html

#01 June 11 (Tue)
#02 June 14 (Fri)
#03 June 18 (Tue)

#04 June 21 (Fri)
#05 June 25 (Tue)

#06 June 28 (Fri)
July 2 (Tue)
#07 July 5 (Fri)

Kamiya (Fundamental of computer, Sources of errors (A E 1 —2 D EHE, 122%))
Kamiya (Numerical differentiation/integration (3{E#%4>/3&47))
Kamiya (Numerical integration ($2{E%&47),
Differential equation (%> 5 %2z(), Molecular dynamics (5 F & 7 5%))
Kamiya (Interpolation (&), Smoothing (FE;&1Lt), Linear least-squares method (¥&F&/IN=5i%))
Kamiya (Numerical solutions of equations (772X M fiEfigi%),
Nonlinear optimization (FE#& 2 & 1k))
Kamiya (Nonlinear optimization (JE#& 2 &#1t)), Fourier transformation (Z7—") TZ#2) , Matrix (1731))
No lecture ({K58)

Kamiya, Review (Fourier transformation (Z7—') TZ#2) , Matrix (#731), Others)



Evaluation (Kamiya)

- Small quiz
Not evaluate correctness of the answers
but consider how you answered them

= Term-end assignment
Problems will be given at the end of Q2
from T2SCHOLAR



Explanation of the answers, June 28
REREORH



PROBLEM, June 28

« Submit electronic file(s) via T2SCHOLAR in 2 days
(If T2SCHOLAR doesn’t work, send the files to kamiya.t.aa@m.titech.ac.jp.
In this case, file name must include your STUDENT ID and FULL NAME)

PROBLEM: Answer can be in Japanese or English
(i) Find (x, y) to minimize exp(-x4) * sin(x+y) by your-chosen algorisms
hint: use SD method with fixed alpha
If df/dx and df/dy are approximated, use central differences

(1) Optional: Propose if you have any other numerical analysis you want to
learn in Computational Materials Science

(1) Optional: Propose if you have any python program (should be simple)
you want to learn



PROBLEM, June 238

PROBLEM: Answer can be in Japanese or English
(i) Find (x, y) to minimize exp(-x?) * sin(x+y) by your-chosen algorisms
hint: use SD method with fixed alpha
If df/dx and df/dy are approximated, use central differences

See minimize2D answer.xlsx
exp(-x?) * sin(x+y) is a multi-valued functional.
general solutions:
X=0andy =(-1/2 + 2n)® where n is integer



PROBLEM, June 25

(i)  Optional: Propose if you have any other numerical analysis you want to learn in Computational Materials Science
(i)  Optional: Propose if you have any python program (should be simple) you want to learn

o RBIEFEERITOVTHIEIDOREZLU LIZZU-\ BT THDOEEZTRYT-L
« HERHZMARTLIELETOETTOHNDSEE
Textbooks
« BOTRIMNNODT—EE T4y T400$T5T0TSLEFECLTODIERESTTHDAE (scipy optimize ? )
T—A3: XRDE—J ., £DFHITLDBTIVP TRILF—/N\UR
How to make fitting program
o BIET—REMHMNTT 50T X x@IbZE A= 09 5 LZ%pythonDZ4 T 5 Doptunaz ALV THERL TLVET A,
Bayesian optimization
« tetrahedroniZICDWWT(EBREREFESIAU VM, EDQKIGIFE T RAEINSGD)
3D numerical integration
o EBUTHILREICEET H(FFICising modelG L)
Monte Carlo method: for integration, stochastic simulations, optimization

« EFRTARAVWLONAIEAMEIZDWT(EREINEAR)
Machine learning regression / sparce modelling / parameter reduction
Will be explained on July 5th



PROBLEM, June 25: Regression methods

See (Japanese) tutorial course:
http://conf.msl.titech.ac.jp/D2MatE/2022Tutorial/tutorial2022.html
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http://conf.msl.titech.ac.jp/D2MatE/2022Tutorial/tutorial2022.html

Algorisms available with python scikit-learn

Linear regression:
L ERIZEIF
from sklearn.linear_model import LinearRegression
model = LinearRegression()
Z IR [BlF
from sklearn.preprocessing import PolynomialFeatures
model = PolynomialFeatures(degree = 2, interaction_only = False, include_bias = True, order ='C’)
Ridge[al)F
from sklearn.linear_model import Ridge
model = Ridge(alpha = 0.05)
LASSO[E] )z
from sklearn.linear_model import Lasso
model = Lasso(alpha = 0.05)
Elastic Net[al)F
from sklearn.linear_model import ElasticNet
model = ElasticNet(alpha = 0.05)

Non-parametric regression:
Kernal Ridge[a])&
from sklearn.kernel _ridge import KernelRidge
model = KernelRidge(alpha = 1.0, kernel = 'rbf”)
Gaussi@ 2 [l
from sklearn.gaussian_process import GaussianProcessRegressor
model = GaussianProcessRegressor ()
ZE/N—LTrAY (BBZ21—JILRVET—D)
from sklearn.neural_network import MLPClassifier
model = MLPClassifier(max_iter = 1000, hidden_layer_sizes = (10,), activation = 'logistic’, solver = 'sgd’,
learning_rate_init = 0.01)



Algorisms available with python scikit-learn

77 %843 % (Regression by classifier):
Random Forest[B] )&
from sklearn.ensemble import RandomForestRegressor
model = RandomForestRegressor()
BET —RT420 K [EF
from sklearn.ensemble import GradientBoostingRegressor
model = GradientBoostingRegressor()
HYR—RJ5—7—2 EliF
from sklearn.svm import SVR
model = SVR(kernel="linear', C=1, epsilon=0.1, gamma="auto’)



Algorisms available with python scikit-learn

# https://giita.com/futakuchi0117/items/72ced4afae9adcccd6el8

from sklearn.linear_model import LinearRegression, Ridge, Lasso, ElasticNet, SGDRegressor

from sklearn.linear_model import PassiveAggressiveRegressor, ARDRegression, RidgeCV

from sklearn.linear_model import TheilSenRegressor, RANSACRegressor, HuberRegressor

from sklearn.neural_network import MLPRegressor

from sklearn.svm import SVR, LinearSVR

from sklearn.neighbors import KNeighborsRegressor

from sklearn.gaussian_process import GaussianProcessRegressor

from sklearn.tree import DecisionTreeRegressor

from sklearn.experimental import enable_hist_gradient_boosting

from sklearn.ensemble import RandomForestRegressor, AdaBoostRegressor, ExtraTreesRegressor, HistGradientBoostingRegressor
from sklearn.ensemble import BaggingRegressor, GradientBoostingRegressor, VotingRegressor, StackingRegressor
from sklearn.preprocessing import PolynomialFeatures

from sklearn.pipeline import Pipeline

from sklearn.cross_decomposition import PLSRegression

reg_dict = {"LinearRegression": LinearRegression(),
"Ridge": Ridge(),
"Lasso": Lasso(),
"ElasticNet": ElasticNet(),
"Polynomial_deg2": Pipeline([(‘poly’, PolynomialFeatures(degree=2)),('linear', LinearRegression())]),
"Polynomial_deg3": Pipeline([(‘poly’, PolynomialFeatures(degree=3)),('linear', LinearRegression())]),
"Polynomial_deg4": Pipeline([(‘poly’, PolynomialFeatures(degree=4)),('linear', LinearRegression())]),
"Polynomial_deg5": Pipeline([(‘poly’, PolynomialFeatures(degree=5)),('linear', LinearRegression())]),
"KNeighborsRegressor": KNeighborsRegressor(n_neighbors=3),
"DecisionTreeRegressor": DecisionTreeRegressor(),
"RandomForestRegressor": RandomForestRegressor(),
"SVR": SVR(kernel="rbf’, C=1e3, gamma=0.1, epsilon=0.1),
"GaussianProcessRegressor": GaussianProcessRegressor(),
"SGDRegressor": SGDRegressor(),
"MLPRegressor": MLPRegressor(hidden_layer_sizes=(10,10), max_iter=100, early_stopping=True, n_iter_no_change=5),
"ExtraTreesRegressor": ExtraTreesRegressor(n_estimators=100),
"PLSRegression": PLSRegression(n_components=10),
"PassiveAggressiveRegressor": PassiveAggressiveRegressor(max_iter=100, tol=1e-3),
"TheilSenRegressor": TheilSenRegressor(random_state=0),
"RANSACRegressor": RANSACRegressor(random_state=0),
"HistGradientBoostingRegressor": HistGradientBoostingRegressor(),
"AdaBoostRegressor": AdaBoostRegressor(random_state=0, n_estimators=100),
"BaggingRegressor": BaggingRegressor(base_estimator=SVR(), n_estimators=10),
"GradientBoostingRegressor": GradientBoostingRegressor(random_state=0),
"VotingRegressor": VVotingRegressor([('Ir', LinearRegression()), ('rf', RandomForestRegressor(n_estimators=10))]),
"StackingRegressor": StackingRegressor(estimators=[('lr', RidgeCV()), (‘svr', LinearSVR())], final_estimator=RandomForestRegressor(n_estimators=10)),
"ARDRegression": ARDRegression(),
"HuberRegressor": HuberRegressor(),

}



A simple case: Ridge regression

Add L2 norm penalty for coefficients a;, to suppress over learing
Fitting function: f(x) = e P _o ax®

Objective function S =7 (Xh_ apx™ i~y +aXi_oar> 220
a_ 22 1x(k’)](2p_1akx(k)] yj)+2aak, =0
=1 0k ijlx(k’)j x(k)j + aay, = 12 x(k’) Y,
TxWx® g ¥ xDy@ TxDx® 3Dy a Zx(l)yi\
Tx@Dx® Y@@ g T @y T x (@) @) a, ¥ x@y,
5 x @D Y@@ ¥ @50 4 g 5 x 35 ®) U | =1 523y,
5 @) 5 @)@ 5 x5 T x®x® 4 o) \W 5 x@yi/
— \'n / _ !
Xk,kl = Lj=1 x(k)]x(k )] + a6kk, — x(k) °x(k)+a1p

Solve XA=Y and find best a (regularization parameter)



PROBLEM, June 28

(1)  Optional: Propose if you have any other numerical analysis you want to learn in Computational Materials Science
(if)  Optional: Propose if you have any python program (should be simple) you want to learn

How to perform Boltzmann transport properties calculations, like Seebeck coefficient and
electronic conductivity. | want to learn python code for calculating Boltzmann transport properties.

DFT code + BoltzTraP2
BoltzTraP2 is provided by PyPI (see https://pypi.org/project/BoltzTraP2/),
So you can install with pip on Linux.

Install URL.: https://boltztrap2y.readthedocs.io/en/latest/Installation.html
1. Change your python environmnt
2. % pip install wheel

% pip install BoltzTraP2

The executable (launcher) of BoltzTraP2 is bt2.
Check if you can run bt2.
% bt2


https://pypi.org/project/BoltzTraP2/

Equations of simplified Boltzmann equation

Read https://www.sciencedirect.com/science/article/pii/S0010465518301632 for exact math.

t(E,T) = 1,TP(E — E;)""Y?  r: scattering factor
2 ro afe(E)
(%) = =3 o (E = EQT(E)*Dc(E — Ec) =g~ dE /n,

Carrier density n, = [, Dc(E)fo(E)AE = Toccupied states in ca ™
Conductivity o, = ene%(rl) Drift mobility pgyire = %(ﬂ)

Hall coeffcient: Ry = v _fm_ 1 (g = —e for electron, +e for hole)
JxBz an qny
2
Hall factor: Fy; = % Hall mobility: uy = Fyugrire  Hall carrier density: ny = Fine
H

- p(Eyv? e[ rE]as
Seebeck coefficient S = _ i aE)af i 7 0 G
€ f(—ﬁ)D(E)vzrdE e oT

Equations of tensors: https://www.sciencedirect.com/science/article/pii/S0010465506001305

With constant relaxation time approximation,
assume t(E) = constant


https://www.sciencedirect.com/science/article/pii/S0010465518301632

Carrier transport properties of LaCuOSe by BoltzTraP
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PROBLEM, June 28

(1)  Optional: Propose if you have any other numerical analysis you want to learn in Computational Materials Science
(if)  Optional: Propose if you have any python program (should be simple) you want to learn
TEEHOFTMELL TEEABFRZANDSFEZZTHRY =L (Calculation of work function by DFT)
See e.g., https://www.vasp.at/wiki/index.php/Computing_the work function
Procedure to calculate work function
1. Make a surface supercell model (slab model)
2. Perform DFT for ideal (base) crystal model and the surface model
3. Align the valence band edges (E, z\;) of the ideal and the surface models,
by aligning average core potential, core level eigen energies etc.
Take valence band maximum from the ideal crystal model
Estimate vacuum level (E,..) from the surface model
Note that DFT calculation cannot provide reliable Evac due to the ‘DFT’s band gap
problem’.
Calculate E, . from charge density using the Poisson’s equation.
6. Then you can obtain ionization potential by IP=E, .. — E\ gy
Work function is obtained by the Fermi level E;, WF =E, . — E..

Sl


https://www.vasp.at/wiki/index.php/Computing_the_work_function

Work function of SnO, by VASP

. SnO, < Vacuum — Sno,
S SO, (10@) ] T i
= 5 e / N !
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O / |
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515 |
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Position (A)
Ee oot vac = 3.68 €V

Eotpuik (N-€) — Eor pui(N) = 4.36 eV
F= [Ee-pot,vac + Etot,bulk(N'e)] B Etot,bulk(N) =8.04eV (ObSZ 8.6 eV)



Non-linear (NL) optimization
JEFRTZ AL




Optimize.py for Simplex method (not working without tklib)

F(x,y) = 3.0 — 10x — 30x? + 1.5x3 + 3x* + 30y —30y? + 3y* + 3xy?

e.g.: python optimize.py 0.0 1.0 simplex

From (0.0 0.0) Newton 4 From (-1.0 -1.0) DFP golden
4 ‘ “

From (0.0 0.0) BFGS golden  From (0.0 1.0) Simplex
4 ‘ a ‘

Main algorism: .|
newton, sd, cg, broyden, dfp, bfgs 2]
simplex .

Direct search: °]
exact, one, simple
armijo, golden




Fouriler transformation
I TEi



Comparison: Calculation time by python

Usage: python dft.py ndata
ex: python dft.py 1024
python dft.py 2048

DFT1: DFT using rotation factor
DFT2: DFT not using rotation factor (calculate sin/cos every time)
FFT : numpy.fft.fft()

Time for DFT/FFT (sec)

1024 1.32 2.41 1.87e-5 3080
2048  5.59 10.3 3.54e-5 6780
4096 23.6 47.7 6.62e-5 14800

8192 97.3 165 16.1e-5 32100



Problems of DFT/FFT

mER, BIEE RO DR T—2 01, CQH k%t (1986)
= Usually FT needs integration from -o to oo, but DFT/FFT reduces data to finite
range => Loss of data

ex.: Fourier charge analysis by XRD gives ghost peaks and fringes
= Original data include noise/errors, giving rise to extra frequency peak
= Artificial periodicity required for DFT/FFT gives rise to artefact frequency
peaks => can be suppressed by Hanning Window (ZZB#%),

but it may also give extra peaks

A PETRE

x(2)
| [
R /\ /JI | | = >




Maximum entropy method (MEM, gxx>robE—i%)
mER, BIEE RO DR T—2 01, CQH k%t (1986)
Concept of MEM
= Assume the lost data would have some constraints
= Use the concept of ‘information entropy’ and maximize it to estimate the spectrum
= Akaike’s autoregressive model (Fitick2 B2 EIFETIV) => identical to MEM
The order of the autoregressive model m must be determined
= S0 as to minimize Final Prediction Error (R#&%8382)
= Algorisms: Burg method, etc
Features
= Sharper spectrum than FFT
= Less ghost peaks and fringes

FvRILES

la) A»27xz077L4 (b) FFTEMEMIZL B A~=2 | L



MEM-Rietveld analysis

WRHE B A#ERFRE 30, 135 (1988)

Charge density calculated from structure factors t'; =1,/ 1;
Charge density calculated from structure model p'; = p;/ Y. p;

Constrained entropy: S = —Y p’; lnf—,,f

=> smoothing p' and suppress fringes and ghost peaks

|F [F hkl|2
Minimize the structure factor residual ¢ =) 2 . She
hkl
pli A |F lhkl—F b hkl|2
Maximize constrained entropy Q(A)=—Zp'i1nr_,l_52 ca - obs
i hkl

=> p = exp(In 1 + difference Fourier (Z7—')I) term)
When converged to F_,, = F.., p =1 will be achieved



Schrodinger eq.; Plane wave method (FF @ik ;%)

Plane waves are employed as basis set of linear combination
9 (r) = exp(ik ‘ r)zchkluhkl (r) Uy (r)= eXp[ithl ' r]

Plane waves with wave numbers G,,, forms a perfect basis of periodic system
Any function is represented if use all G, for all
=> In actual calculation, approximate by |G, | < G

max

H11 - ESll H12 - ES12 Hln - ESln
H21 o ESZl H22 o ESss H2n o Eszn _0
Hnl_ESnl Hn2 _ESnZ Hnn_ESnn

2
<uh'k'l"H ‘uhkl> - J‘ei(kmh'klr){—h—vz +V (r):|ei(k+th| dr
h° s

Most of PW calculations are done by Fourier transformation
=> Possibly speed up with GPU




pwld.py

Lattice parameter (Si) a =5.4064 A m*=1.0m,
Potential VV(x): barrier width 0.5 A

python pwld.py ft 5.4064 64 rect 0.5 10.0 9 -0.5 0.5 21

pot (x)

Program: 1-D PW method

barrier height 10.0 eV

10 -

FTed pot

X (A)

10

15

FT coefficinets of
potential

1.0 4

0.8

0.6 1

0.4 1

0.2 .

0.0 1

—0.2 -

~0.4 -

—0.6 -

# of basis 64

+ real

imaginary
absolute

-1 0 1
1/x, normalized (1/A)




Program: 1-D PW method

python pwld.py ft 5.4064 64 rect 0.510.09 -0.50.5 21

pwl.py

python pwld.py band 5.4064 64 rect 0.5 10.03-0.50.5 21

python pwld.py wf 5.4064 64 rect 0.510.0 30.0 0 0.0 16.2192 101

a :’[4(’zAI Ui, FT coefficients of
POten 1Ia0 A();) _gaey  Potential
w=1UA,h=Uo¢ # of basis 16
0.30 - M - 1.5 —— real
| et
0.25 | | | a
| | 1.0
0.20 | | |
| | 2 0.5
0.15 | | | | o \ )
| C Vi
0.10 | | | | 0.01 /
|
0.05{ | | | | ~0.5
|
0.00 ' |
. . . . . 104, . . . .
00 25 50 75 100 S 1 o 1 2

X (A)

1/%, normalized (1/A)

E (eV)

Band structure
# of basis 5




Matrix problems
1THIEIRE D AR A



Fundamental matrix operations

C=A+B:
for ix in range(nx):
for iy in range(ny):
clix]liyl = alix][y] + bix][iy];

C=A*B:
for ix in range(nx):
for iy in range(ny):
cl[ix][iy] = 0.0;
for k in range(nk):
clix]ly] = clix][ty] + a[ix][K]*b[K][iy];

Tosolve BC=A
(i) Obtain B! and calculate B-1A
(i1) Directly solve BC = A
=> Better to use open libraries



Gauss elimination method (Gauss®;H % %)

Upon a square matrix (IE739751) A and a vector B are given,
solution of AX = B is obtained by X = A1B.

= Efficient for case more than one solutions for the same A and different B.
- Can produce roundoff errors and not efficient

=> Solve the linear simultaneous equations directly.
&y gy Q3 A,

X b,
8y 8y Ay Az X

2 2
d3; 83 Ay A, || - |=] -

X b
a, a, a a " "

I\/Iultiplynail/a11 (ri =2, 3,m..., n) to the first line and subtract it from i-th line
=> make all a;; (1 = 2) zero.

Repeat this procedure for all the lines, A will be converted to upper-right triangle
matrix (6 £ =&7%)

a, &, 3 - Q, '
1 1 1 Xl bl
0 Ay, Ay vt Ay b.'
1 1 X2 2
0 0 a, as, =
0 0 : |
1 Xn bn

0 0 0O --- a

nn

Solve from the last line to upper lines, giving all x;

Note: Converting A to a band or triangle matrix enables solve the equation very easy



Row reduction method (&= Li%)

Similar to the Gauss elimination method, but eliminates all non-diagonal terms

0 0 0
all Xl bll
0 a, O 0 |
X2 b2
0 0 ay 0 =
0 0 |
Xn bn

0 O 0 a

Obtain the solution by x;=b;’/ a;;

Important: Regular matrix can be converted to triangle / band matrixes
(ERTHIE, BHEITIICR DR TZATIOFITIDETED)
=> ex. LU decomposition (Lus£2): A = LU
L: Left-lower triangle, U: Right-upper triangle matrix

Solution of linear simul. egs. : LU decomposition

1. Convert AX=BtoLUX=BbyA=LU
2. Solve LY =B toobtain Y
3. Solve UX =Y to obtain X



Diagonalization of real symmetric matrix:
Jacobi method (raki#)
d;

a12 a'22

Diagonalization of A=£
=> can be done by conversion UTAU with an orthogonal matrix (&3z1751) U

cos¢é —siné

U=|

sing cosé

UT AU — co_s@ sinf \(a, a, c?sé’ —-siné
—sin@ cosf \a, a, \sinfd cosé
[ a,cos’@+2a,c0s0sinf+a,sin“0  (-a, +a,)cosdsingd+a,,(cos’ §—sin’ )
(—a,, +a,,)cosdsind+a,,(cos* @—sin°H)  a,sin’ H—2a,cosdsind+a,, cos’ &

0

(—a,, +a,,)cosdsin 6 +a,,(cos® @ —sin? §) =1/ 2[(-a,, +a,,)sin 26 +a,, c0s 26 |

O=rl4 &, =4a,,
6=(1/2)tan"(2a,, /(a,, —a,,)) &, #a,,



Jacobil method

A
aip A1z Qi3 0 Qup
1. Choose the largest absolute value Ai; Qyp Gpz *+  Oop
non-diagonal element a;;in  =| a3 Gz3  ds3 A3n
A1n  Q2n Ann
.0
: cosé —siné :
2. Converting by A’=UTAU with u =| : 1 - | will give a;;>=0
: siné cosé :
0 -+ eee e 0 1

3. Choose the largest absolute value element a;;” and repeat 2
=> The square sum of non-diagonal elements is reduce by a factor of 2a;;?
=> finite iterations will complete the diagonalization

But it is hard to estimate the number of iterations required,

and Jacobi method is not efficient for a large-size materix



Diagonalization of large-size matrix

Householder method
1. Convert a symmetric matrix A to a triple diagonal matrix (Z=&xt&1751) D
using an orthogonal matrix (% 17%1) U
Note: eigen values of UTAU are equal to those of A
2. Solve eigen values of D by bisection method

QR method

1. Regular nxn matrix A is decomposed to A = QR (QrR4%fi#) using a regular
orthogonal matrix Q and a right-upper matrix with positive diagonal
elements R.

2. QR-decompose A.: A, = Q. R,

Convert A, to A,,; = Q. TAQ, = R.Q, (similar transformation, 8452 #z)

4. Repeating 2 and 3 will converge A, to a right-upper triangle matrix Ag
=> Solve eigen values of Ag

If A is a symmetric matrix, Az will be a diagonal matrix.

o



Applications




Linear algebra libraries
(R A2 - 1THEES 1T 3))

Fortran, C, C++, etc
LAPACK (Linear Algebra PACKage)
ScaLAPACK (Scalable LAPACK)
Intel Math Kernel Library (MKL)

One API: https://www.intel.com/content/www/us/en/developer/tools/oneapi/overview.html

Python: numpy.linalg, scipy.linalg

matrix.py

Product of matrixes AB - C =A@B
Inner product V1-V2 :inner =numpy.dot(V1, V2)

inner = numpy.inner(V1, V2)
Outer product V1xV2:V3 = numpy.cross(V1, V2)
Inverse matrix - Al = numpy.linalg.inv(A)
Determinant : det = numpy.linalg.det(A)
Eigen values/vectors - 1A, VA = numpy.linalg.eig(A)
Solve simul. lineareqs. AX=B : X = numpy.linalg.solve(A, B)
LU decomposition : P, L, U =numpy.linalg.lu(A)
Cholesky decomposition A=LL" :L = numpy.linalg.cholesky(A)

QR decomposition A=QR :Q,R =scypy.linalg.gr(A)



— A& EEIZE R (general coordinate system)

E3ZEE4{E R (Orthogonal) — R EE1ZE/JEE 3Z % (Non-Cartesian)
THILNERE R (Cartesian)

P T=Xc1817 Xc 287

oL

e d; Xna
IEFRE3Z R (orthonormal system) — A& EE4Z & (general coordinate system)
e,--ej=5l-j ai-aj¢5ij
le;| =1

e;, a;: ZEENYJRIL (base vecor)



Cartesian — general coord. Conversion
(EXFHR — —HREEERLET )

= Xc,lel+ Xc,Zezz Xg,1a1+ Xg,2a2

Xe1= Xg1 A1 - €1 T X5, Az - €1
Xeo= Xg1 A1 €2 T X5, Az * €

If a, = a,.eq + ape; a;\ (411
Az = 8y €1 T 8ye; (az) - (a21
are given,
Xc1™ Xg,1011 T Xg,2021 xc,l _ a11
Xe2™ Xg,1Q12 T Xg,2077 (Xc,z) B (a12

ai2
a22

a1
a22

€1

32)
xg,l
xg,z

)



Fractional coordinates in crystal
(FE R D NEBEEAR)

Lattice parameters: a, b, c (= a4, a,, az), a, B,Y(= ay3, a3, a12)
Lattice vectors: a4, a, a3 = a,b,c
M= Xpa@q Xpp8p + X383 = X 1€1F X585 + X 383
(Xt 1, X¢ 1, X¢5): Fractional coordinate (&B %3 EEE
Internal coordinate (PNEREE4E)

la;| = a

a;-a; = a;a;cosa;; (I #j)
aq a1 Q12 A13\ /€1
Az | =| A21 A2 dz3 || €2
as azq Az dz3/ \€3

Fractional coordinate to Cartesian coordinate

Xc a1 Qz1  Az1\ /Xf1
Xep | = Q12 Qzz2 azz || Xf,2

Xc3 ai3 0dz3 A33/ \Xf3



Conversion matrix

a 117 A2 aA13 €1
Az | =421 QA Q23 || €2
as a31 A3z Aaz3z/ \€3

la;| = a; a,b,c (=aq,ay, az)
a; - a; =cosqa;; (i #j) a, B,y (= az3, @13, A12)

tkcrystalbase.cal lattice vectors()

a, a 0 0 €1
(az) = | bcosy b siny 0 <e2>
as ccosf ccosf —ccosfcosy azsz/ \es

_ 7 2 _ 2
a33—\/c aszq as;




|_attice properties

Unit cell volume
V=aq (a,xa3) tkcrystalbase.cal _volume ()

Distance r,=r,—r, tkcrystalbase distance2() / .distance()
2 _ 2 _
T = |Tl® = 02 =0 Q@ Aj Xy i Xk j = Zi,j GijXkl,iXkl,j
gi; = a; - a;: Metric tensor (Bt ET>VIL)

tkcrystalbase.cal_metrics()

Reciprocal lattice Vectors iycrystalbase.cal_reciprocal lattice_vectors()
a’y =a, X azlV
a, =az X aqlV
a; = aq X alV
Reciprocal vector at (hk 1)
thl = ha*1 + ka*z + la*3
Lattice space
A = |Grial® = X0 Xj—0 @"; - @*jhih; = ¥ i Rgyhihy

Bragg angle h,k,l (= hq, hy, h3)
Zdhleing = A Rgl] =a*i-a*]-



Inter-atomic distances
python crystal distance.py NaCl

Lattice parameters: [5.62, 5.62, 5.62, 90.0, 90.0, 90.0]
Lattice vectors:

ax: ( 5.62, 0, 0)A

ay: (2.546e-10, 5.62, 0)A

az: ( 2.546e-10, 0, b5.62A

Metric tensor:

gij: ( 31.58, 1.431e-09, 1.431e-09) A
(1.431e-09, 31.58, 6.48e-20) A
(1.431e-09, 6.48e-20, 31.58)A

\olume: 177.5 A3

Unit cell volume: 177.5 A3

Reciprocal lattice parameters: [0.17793594306049823, 0.17793594306049823, 0.17793594306049823, 90.00000000257246,
90.00000000516778, 90.00000000516778]

Reciprocal lattice vectors:

Rax: ( 0.1779, -8.06e-12, -8.06e-12) A™-1

Ray: ( 0, 0.1779, 0) Ar-1

Raz: ( 0, 0, 0.1779) Ar-1

Reciprocal lattice metric tensor:

Rgij: ( 0.03166, -1.422e-12, -1.422e-12) A™-1
(-1.422e-12, 0.03166, 6.382e-23) A*-1
(-1.422e-12, 6.382e-23, 0.03166) A*-1

Reciprocal unit cell volume:  0.005634 A"-3

nmax: 111

Interatomic distances:

Cll1 ( 0.5, 0, 0)-Na4 ( 05, 05, 0)+(0,-1, 0):dis= 281A

(cut)

Na4 (0.5, 0.5 0)-Nal (0, 0, 0)+(0, 1, 0):dis= 3.974A

Na4 (0.5, 0.5 0)-Na2 (0, 05 05)+(1, 0,-1):dis= 3.974A
Na4 (0.5, 0.5 0)-Nal (0, 0, 0)+(1, 0, 0):dis= 3.974A



Fractional — Cartesian conversion

python crystal _draw_cell.py Rhombohedral cell
and reciprocal unit cell




Bragg angles NAC
python crystal xrd.py

Lattice parameters: [5.62, 5.62, 5.62, 90.0, 90.0, 90.0]
Lattice vectors:

ax: ( 5.62, 0, 0)A

ay: (2.546e-10, 5.62, 0)A

az: ( 2.546e-10, 0, b5.62A

Metric tensor:

gij: ( 31.58, 1.431e-09, 1.431e-09) A
(1.431e-09, 31.58, 6.48e-20) A
(1.431e-09, 6.48e-20, 31.58)A

\olume: 177.5 A3

Unit cell volume: 177.5 A3

Reciprocal lattice parameters: [0.17793594306049823, 0.17793594306049823, 0.17793594306049823, 90.00000000257246,
90.00000000516778, 90.00000000516778]

Reciprocal lattice vectors:

Rax: ( 0.1779, -8.06e-12, -8.06e-12) A™-1

Ray: ( 0, 0.1779, 0) Ar-1

Raz: ( 0, 0, 0.1779) Ar-1

Reciprocal lattice metric tensor:

Rgij: ( 0.03166, -1.422e-12, -1.422e-12) A™-1
(-1.422e-12, 0.03166, 6.382e-23) A*-1
(-1.422e-12, 6.382e-23, 0.03166) A*-1

Reciprocal unit cell volume:  0.005634 A"-3
hkl range: 777

Diffraction angle, d, h, k, I:

2Q= 1575 d= 562 (-1 0 0)

2Q= 1575 d= 562 (0 -1 0)

(cut)

2Q0= 2235 d= 397394 (-1 -1 0)
2Q= 2235 d= 3.97394 (-1 0 -1)
20= 2235d= 397394 (1 0 1)
1"



Madelung potential

Sum of Coulomb potential in 3D is very slowly converging
Potential is proportional to r
Polarization potential due to +/- ions isto r
Number of ions on the sphere surface at radius r is to r?

=> Contribution of ions from a surface region at r
to Coulomb sum is almost constant, independent of r

Z7e°1 Crystal structure A
U ()= = U, ()

i\l )= 2 " + Ui\l Rock salt type (NaCl) 1. 7476
&y Ty - CsCl type (CsCl) 1. 7627
1 e Zinc blend (CuCl) 1. 6380
U :EZU” =—AuN, Aze R U | urzite (zn0) 1. 6413
#) 0 Cu0 type 4.116
1 1 Fluorite type (CaFy) 2. 520

A == Madelung constant

251 /IR



Madelung Potentlal Simple sum
python crystal MP_simple

Coulomb sum in sphere with the radius r

60 1

| |

; 2: ]V' | \(‘ J"” W\ Q“hw h\n A y' \ Exact: -8.9 eV
ST

r / angstrom

Rock salt type =i




Efficient Coulomb sum: Evjen method

Sum up Coulomb potential in jw /ﬁw ve
units with zero net charge R
| JI144 1il,."2T 4
lon charges: Z, %o e 7
e R an R P (e
On boundary plane :1/2Z ICZAN C A 4
On boundary edge : 1/4Z, IRV e ez
On boundary corner : 1/8Z, i e W

Fig. 1. Elementary cell of the NaCl-type.

Madelung constant of Rock salt type structure

1 = Ne+ny+n, 1
Au==75 )3 (-1) —
nx1nyfnz:_001¢(010,0) \/nx + ny + nz
A, =6><l><i—12><£>< 1 +8><1>< 1 =1.456

2 1 4 J1+1 8 J1+1+1



Madelung potential: Evjen method
Usage: python crystal MP_Evjen.py n

cell

n.; MP Madelung constant
-8.9766 1.7517691
-8.95586 1.7477211
-8.95521 1.7475955
-8.9511 1.7475744
-8.95508 1.7475686
-8.95507 1.7475665
-8.95506 1.7475652

0 -8.95506 1.7475648

Exact (FEHE(E) 1.74756

= 00O OOl B~ WDN B

Rock salt type



3D sum of Coulomb potential: Ewald method

Periodic calculation can be enhanced by FT?
Periodic positions of charge
=> converted to the origin of FT data

But the charges are point charges
=> converted to infinite in FT space

=> Calculate for charges with finite width
FENYOHLERDEAEIIELTHET D)

A




3D sum of Coulomb potential: Ewald method

The finite width charge distributions are converted by FT

=> Take faster calculation parts in the real space and the reciprocal space
o =BRIOT—)IEZF AL, ZEMMEFEZERMDFAREDRENER T ZEED

7. 02
<I>i=KcZiZ;’j (Ke = 7o) Bl T | T L

o K.z, sz erfcl(::jllrijl) ﬁ \l/ /T\ &

Z; 1 2| G |2
ol = K —‘Z exp <— .
' Cﬂthl|thz|2 \/

X {cos(2mGpy; - ;)X Z cos(2mGpy - r]) + sin(2nGpy - ;) X5 Zj sm(Znthl r])}

thl ri = hxl- + kyl + lZi

2a/;
1 _ _ i _ ol 11 I11
D; —Kclﬁ (IDi—CI)i+CI)i—CI)i

raY



Madelung potential: Ewald method

Usage: python crystal MP_Ewald.py alpha prec

Alpha Precision
0.3 103
0.3 10-
0.3 107
0.2 103
0.6 103
0.8 103
0.2 10-10
0.4 10-10
0.5 10-10
0.6 10-10
Exact (fHFEE)

Rock salt type

MP Madelung constant Range Time (s)

-8.95558 1.7476663 10.1/222 0.063 /222 0.016/0  /0.016
-8.95506 1.7475646 11.9/333 0.105 /222 0.031/0  /0.031
-8.95506 1.7475646 13.6/333 0.147 /333 0.047/0  /0.047
-8.95506 1.7475646 15.2/333 0.028 /111 0.042/0  /0.042
-8.95607 1.7477629 5.1/111 0.25 /333 0 /0.016/0.016
-8.95584 1.747718  3.8/111 0.45 /444 0 /0.016/0.016
-8.95506 1.7475646 24.3/555 0.093/222 0.16/0 /0.16
-8.95506 1.7475646 12.1/333 0.373/444 0.036/0.016/0.052
-8.95506 1.7475646 9.7/222 0.58 /555 0.016/0.016/0.031
-8.95506 1.7475646 8.1/222 0.84 /666 0.016/0.031/0.047

Range: R, [A]/n
Time: Real space sum / Reciprocal space sum / Total [s]

Xmax ymax Zmax

1.74756

Gpnax [A7]/

max max max



Comparison: Evjen method

Rock salt type
nx ny nz r m
0O 0 1 1 6
0o 1 1 14142 12
1 1 1 1.7321 8
nNX nhy nz r m
O 0 1 1 6
o 1 1 14142 12
1 1 1 1.7321 8
0O 0 2 2 6
0 1 2 22361 24
0 2 2 28284 12
1 1 2 24495 24
1 2 2 3 24
2 2 2 34641 8

YA

-1
1

-1

Ay

S(mZ/r)
-6
8.48528
-4.6188

-2.13

S(mZ/r)
-6
8.48528
-46188
3
-10.733
424264
9.79796
-8
2.3094
-1.92

1
2

oo

nx,ny,nz=—00,¢(0,0,0)

.F

0.5
0.25
0.13

0.5
0.25
0.5
0.25
0.13

S(mZf/r)
-3

212132034

-0.5773503

-1.456

S(mZf/r)
-6
8.48528137
-4.6188022
1.5
-5.3665631
1.06066017
4.89897949
-2
0.28867513

-1.7518

n

WNMNN =22 w2000 O0ON—=~000 —=00X

=

WWNWN=WN=OPNMNMNN=2N—=20O0 =K

C_l)nx+ny+nz

>
N

WWWWWWWWWWwiNhdNMNMNMNMdDDMdDMNNDNNN ===

1
1.4142
1.7321

2.2361
2.8284
2.4495

3.4641

3.1623
3.6056
4.2426
3.3166
3.7417
4.3589
41231
4.6904
5.1962

m
6
12
8
6
24
12
24
24
8
6
24
24
12
24
48
24
24
24
8

1

\/nxz +ny,% +n,?

Z S(mZ/r)

-1

-6
8.48528
-4.6188

3
-10.733
4.24264
9.79796

-8

2.3094

-2
7.58947
-6.6564
2.82843
—-7.2363
12.8285

-5.506
-5.8209
5.11682
-1.5396

-1.91

f

— ot )t ek et ) )

o|e
oo =

0.5
0.25
0.5
0.5
0.25
0.5
0.25
0.13

S(mZf/r)
-6
8.485281374
-4.61880215
3
-10.7331263
4242640687
9.797958971
-8
2.309401077
-1
3.794733192
-3.32820118
0.707106781
-3.61813613
6.414269806
-1.3764944
-2.9104275
1.279204298
-0.19245009

—-1.7470

Exact value = 1.7476



Analytical DFT XC calculation
Transfer matrix method



p.16 [X]10-2 HIR F DK ENBIZX

Hartree-Fock (HF) A=
{—172 —§+J p(tm) dr —j p(Tm) drm}co(r) = £¢(r)

2 r r,,—r|l ™ |, — |
B 2 E{EA (Self-interaction: SI) [& HF & TIEfEARIN S
Slater’s Xa (DFT)
1 Z p(rm) 3 1/3
—=V?——+ dry,, — 3 {— r} r) = co(r
{ 5 P = 4w 3a g P D) @(r) = ep(r)
DFTTIE SI [FfAfEshd . RELLTHES
I e e B
H1s-HF-LDA.py | e "
ISSUENOEFHN = | N e
§1t E g 0.90 1 o l
o= 2/3 :’j =12 1 50-85_ — ka {opt|m|zed}: \\\
R R E(1s) =-13.6 eV -16 > | 0807 E \\\
—18 7 / 0.75 - i \\\.

Ne Ne


https://annex.jsap.or.jp/kessho/contents/2020school/Sc2020_10.pdf#page=16

p.16 10-2 HIR DR EHEIZL

http://conf.msl.titech.ac.jp/jsap-crystal/
DFTOBCHEBEERRE: HREMELDAIZKAKERF1s #hE

Usage: python H1s-HF-LDA.py mode Z ka Ne

£ 474511: python H1s-HF-LDA.py ng 1.0 1.0 1.0
ka=1.0 (HF®D H 1s B EDIEHBEHD%RE) TD
ISEEEMDEFH NeZ 0~ 1 EbSETTAYVE

£ 174512: python H1s-HF-LDA.py nvg 1.0 1.0 1.0 Ry5(7)
RITHI11Z, ke EHFETRBILSERBELEBM _ 0 92, } 12 )

Xp —kai—r
python H1s-HF-LDA.py nvg 1.0 1.0 1.0 %o

A3 — kY 73
1S$j.|-JE m 0) @E%%ﬂ Ne % —— E 1s (non-optimized)
j|‘|— 61— E1s (non-opt,parabolic)
ﬁ1t —— E 1s (optimized)
—8 1 —— E 1s (opt,parabolic) /0%/_
1
2 3 73 — —-10 - =
B R E(ls) =-13.6eV | % 000
N i \
% —12 E —— ka (optimized) \.\
(] g_ i 1
R P B 2 085 \
_14 . g ‘\\\
| \
_16 _. 0.80 : \.\
- i \
-18 0.75
. |
O.IO O.IZ 0:4 0:6 O.IB l.IO O.IO 0:2 0:4 0:6 O.IB l.IO

Ne Ne


https://annex.jsap.or.jp/kessho/contents/2020school/Sc2020_10.pdf#page=16
http://conf.msl.titech.ac.jp/jsap-crystal/

Psi(real part)
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FEBOEEL: ERE THE

H. Mizuta, T. Tanoue, “The Physics and Applications of Resonant Tunnelling Diodes,” Cambridge Univ Press (1995)

Position/ nm

= A exp(ik,x)+ B, exp(—ik;x)

Y. Ando and A. Itoh, J. Appl. Phys. 61 (1987) 1497

2m.
ki — F(E V)
mREH
Y, (Xi+1) =Y, (Xi+1)

mi_llP'i (Xi+1) =m, ¥

1+1

i+1 (Xi+1)

)i win)a
aii=%[1 (m, /m )k /k )]

P =expli(k, — k+.+1) )
. _exp[l(k +k.+1) |+1]
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H. Mizuta, T. Tanoue, “The Physics and Applications of
Resonant Tunnelling Diodes,” Cambridge Univ Press (1995)
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W.H. Butler, X.-G. Zhang and T.C. Schulthess, Spin-dependent tunneling conductance of Fe]MgO|Fe sandwiches

Majority Density of States for Fe|MgO|Fe

1 Ay(spd) ]
[%2] = 1
2 105 1
Iy
%) Ag (pd)
5 10710 Fe 1
=
-"5 ————
5 10715 2]
o
10—20 ]
o (d)
-10—25 L 1 L ! 1 1 I 1 1 L I
2 3 4 5 6 7 8 9 1011 12 13 14 15
Layer Number
Density of States for Fe(majority)|MgO|Fe(minority)
N
2 105
I
w
5 1010
2
e q015 } ]
o
10-20 | Ay (a) ]
10—25

2 4 6 8 10 12 14 16 18 20
Layer Number

Density of States

Density of States

105 |
10-10 |
10-15 L

1 0-20 E
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105
10-10
10°15
10-20
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Minority Density of States for Fe|MgQO|Fe

1 L 1

5 6

7 8 9 10 11 12 13 14 15

Layer Number

Density of States for Fe(minority)|MgO|Fe(majority)

Layer Number

- : MgO ]
' A5 (pd) :
r Fe Fe 1
i A ( ]
r 2 (d) \
2 ;1- é é 1 IO 1I2 1 Ilfl- 1 IB 1 IB 2‘0

FIG. 7. Tunneling DOS for k=0 for Fe(100)|8MgO|Fe(100). The four panels show the tunneling DOS for majority (upper left)
minority (upper right). and antiparallel alignment of the moments in the two electrodes (lower panels). Additional Fe layers are included in
the lower panels to show the TDOS variation in the Fe. Each TDOS curve is labeled by the symmetry of the incident Bloch state in the left

Fe electrode.
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Transfer_matrix.py

Si DEFERH a =54064A m*=1.0m,
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Transfer_matrix.py
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Kramers-Kronig Transformation
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Kramers-Kronig relation

5 =1+ 2P wwlf‘(w;)da)'
T 0 0 -w
2ppale)-ty,

T 0 wi—w?

P: Principal value of the inte
P[ do'=1i %’

0—0

do' +jw+5 )

The above equation is derived from Cauchy integral a(w) = =P > %2 ds
that is valid for complex functions a(w) satisfying dim _a(w) =0



KK relation: Refrectivity spectrum and phase
ot LA
r'(v)=R(v)e'" Inr'(v)=InRY* +i6(v)
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Optical spectrum (GFERE# >, TR F o)
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KK transformation: Numerical approach
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Q: Peak search program

o http://conf.msl.titech.ac.jp/D2MatE/PeakSearch/PeakSearch.html

r t? Peak search: configure

X

i crF - O
File Teol Peak search&iTIvE T |
Setup | Edit ini file fen - | Exit | pythond: [python. exe v| path| e — | '
Launcher Development Viewer : : :
— £ - script: |D:¥tkProz¥tkProg. main¥tkpros_COF¥spect runfpeaksearch. py v| path| s — |
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NMatrualiweh)

Sroothing/Ditf infile example

Maruallweh)

FFT/Smoothing infile example
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Diecay infile example

Laplace trans {func)

Peak zearch infile example

EEEEEEL

cmdlore) $lstart cmd.c) " §ipython path)” “$lscript_path ) 30 |
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http://conf.msl.titech.ac.jp/D2MatE/PeakSearch/PeakSearch.html

A: Peak search program

[tkProg]¥tkprog_base¥spectrum¥peak_search. py
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Q: Methfessel-Paxton and tetrahedron method

These are used to integrate / smear E(k) obtained by band calculations

purposes of smearing used in band calculations.

1. Increasing the accuracy of 1s*BZ integration
(interpolation)
Tetrahedron method

2. Stabilize convergence of SCF (distribution)
Gauss smearing, Fermi smearing

3. Make the DOS display easier to read (smoothing)
Polynomial fitting may help
but convolution (smearing) and tetrahedron
method are commonly used



Q: Determination of E,, (HOMO), E (LUMO), Eg

1. Calculate E(k) by band calculation throughout the first Brillouin zone.
2. Sort E(k) from the lowest to the highest

3. Find HOMO (or Ep) level from the number of electrons (N,.,) and the
number of orbitals included in the calculation

4. Find LUMO level as the next upper E(k) from HOMO

If you have Density-Of-States data D(E),

1. Integrate D(E) from the lowest energy to get an integrated electron number
function N(E)

2. Find HOMO (Ep) as the energy satisfying N(Eg) = Ny,
3. Find LUMO level as the next upper E(k) from HOMO

NOTE: If D(E) is smeared, it is difficult to find exact HOMO and LUMO.
Use non-smeared D(E) or tetrahedron-method

For VASP, see [tkProg_Root]¥tkprog_base¥VASP¥gbandedges



A: Smearing functions

Wy =1eV » ,
0.5 G(x)= U\Zij exp[ In Z(W)l(/zj ]
o.4 1‘ ,

O. 3 L(x)= W, 1+ (X wy,, )
O. 2 f'(x) = exp(=x?) /(1 + exp(x))?
0|

O .........................




A: Methfessel Paxton function

M. Methfessel and A.T. Paxton, High-precision sampling
for Brillouin-zone integration in metals, Phys. Rev. B 40 (1989) 3616

Expand the delta function with Hermitian polynomials

S(x ) ZAnHZn( x)exp(- x*)
Z,AhH2n exp(—xz)

_ Y

4"

DN (x) |s a (2N+1)-order polynomial,
orthogonal to a 2N or less order pzolylgomial

Approximation of the Step Function
Sy(x)=1-[" Dy (t)dt

o( )=<1/2)(1—erf (X))

-215105051152



Hermitian polynomial
(j—; — Zx— + Zn) H,(x)=0 solution of a problem
int(n/2)
(D™
Hn(x) = n! m! (n — 2m)!
m=0
Hy(x) =1,H{(x) = 2x
Hp(x) = 2xHp_41(x) —2(n — 1)H,,_5(x)
H,'(x) = 2nH,,_1(x) = 2xH,(x) — Hp4+1(x)

(Zx)n—Zm

H. (X)exp(-x? /2) is an orthonormal basis
[ Hy(x)Hpy (x) exp(—x2) dx = 8y 2"/N!

Wavefunction of harmonic oscillator model:
¥, (x) = 2"/an)/?H, (x) exp(—x?/2)



A: Characteristics of Methfessel Paxton Functions

1.

If the band structure and DOS can be approximated by
polynomials of the 2N-th order or less, smearing with
an N-th-order MP function will not produce an integration error.

In the case of a simple band structure or DOS, integration error
will be zero even if the SMEAR width is quite large.

SMEAR =1

When the band structure is complex (e.qg., —m
d-system), the optimal SMEAR width is |
comparable to Gaussian

The actual smearing width w,,, depends
on the value of the order N and SMEAR <
width.

Negative values or values over 1.0 for
occupancy




A: Smearing of density of states D(E)*f o(E)

D(E)=D,,(E, —E)"* + D, (E — E )'* * (1+ rand[-0.5,0.5])

Smearing: D(E) * f;(E) = [ D(E")f;(E' — E)dE’
withw =0.2 eV

Methfessel Paxton Order 10
Methfessel Paxton Order 5

Methfessel Paxton Order 2
Methfessel Paxton Order 1
1 1
L(x)=
W 1+ (x/ wY
G(x)=(1/ 2w)"* exp( X/ W 2)
f'(x)=exp(x/w)/(1+exp(x/w))

(
- D(E)=D, (E)+D;(E)

(M
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