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First-principles calculation and
Density functional theory (DFT)

第一原理計算と密度汎関数理論



Analytical mechanics: Hamilton equation

Δ𝑥𝑥 ⋅ Δ𝑝𝑝𝑥𝑥~ℎ

Quantization： Heisenberg’s uncertainty principle

Hamiltonian 𝐻𝐻 𝑞𝑞,𝑝𝑝, 𝑡𝑡 = ∑𝑟𝑟 𝑝𝑝𝑟𝑟�̇�𝑞𝑟𝑟 − 𝐿𝐿 𝑞𝑞,𝑝𝑝, 𝑡𝑡
in Cartesian coord. 𝐻𝐻 𝑟𝑟,𝑝𝑝, 𝑡𝑡 = ∑𝑟𝑟

1
2𝑚𝑚𝑖𝑖

𝑝𝑝𝑖𝑖2 + 𝑉𝑉 𝑟𝑟,𝑝𝑝

Hamilton’s eq of motion 𝜕𝜕𝑞𝑞𝑟𝑟
𝜕𝜕𝜕𝜕

= 𝜕𝜕𝜕𝜕
𝜕𝜕𝑝𝑝𝑟𝑟

, 𝜕𝜕𝑝𝑝𝑟𝑟
𝜕𝜕𝜕𝜕

= − 𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞𝑟𝑟

Poisson bracket (classical commutation relation) 𝐴𝐴,𝐵𝐵 = ∑𝑖𝑖
𝜕𝜕𝐴𝐴
𝜕𝜕𝑝𝑝𝑖𝑖

𝜕𝜕𝐵𝐵
𝜕𝜕𝑞𝑞𝑖𝑖

− 𝜕𝜕𝐵𝐵
𝜕𝜕𝑝𝑝𝑖𝑖

𝜕𝜕𝐴𝐴
𝜕𝜕𝑞𝑞𝑖𝑖

Equation of motion �̇�𝐴 = 𝐻𝐻,𝐴𝐴 + 𝜕𝜕𝐴𝐴
𝜕𝜕𝜕𝜕

If 𝐴𝐴 is independent of time �̇�𝐴 = 𝐻𝐻,𝐴𝐴

�𝑥𝑥�̂�𝑝𝑥𝑥 − �̂�𝑝𝑥𝑥 �𝑥𝑥 = 𝑖𝑖𝑖

Both the upper and the bottom combinations
satisfy the quantum commutation relation

Derived from quantum commutation relation for conjugate physical qunatities:
𝑞𝑞𝑝𝑝𝑞𝑞 − 𝑝𝑝𝑞𝑞𝑞𝑞 = 𝑞𝑞,𝑝𝑝𝑞𝑞 𝑖𝑖𝑖

A, B: Physical quantities

�𝑥𝑥 = 𝑥𝑥, �̂�𝑝𝑥𝑥 =
𝑖
𝑖𝑖
𝜕𝜕
𝜕𝜕𝑥𝑥

�𝑥𝑥 = 𝑖𝑖𝑖
𝜕𝜕
𝜕𝜕𝑝𝑝𝑥𝑥

, �̂�𝑝𝑥𝑥 = 𝑝𝑝𝑥𝑥

Example:



Schrödinger equation
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Regard the physical quantities in H as Q (quantum) numbers
and apply the quantum commutation relations

𝐻𝐻𝐻 𝐫𝐫1, 𝐫𝐫2,⋯ = 𝐸𝐸𝐻 𝐫𝐫1, 𝐫𝐫2,⋯ Schrödinger equation
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𝛻𝛻𝑙𝑙2 + 𝑉𝑉 𝐫𝐫1, 𝐫𝐫2,⋯ 𝐻 𝐫𝐫1, 𝐫𝐫2,⋯ = 𝐸𝐸𝐻 𝐫𝐫1, 𝐫𝐫2,⋯

E is the eigenvalue of  the H operator: Total energy
Ψ： |Ψ |2 corresponds to the electron density distribution

ixppx iixixi =− ˆˆˆˆ ,,

• Many number simultaneous partial differential equation (6 x 
number of electrons)

• Very difficult to solve analytically



One-electron equation

・εi: Eigenvalues of one-e equation
・φi: Eigenvectors of one-e equation

What are their physical meaning?
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Atomic unit (a.u.): Dimensionless equations
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Unit of length: boh
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Definition of first-principles calculations

Broad definition：
Provide answers with required accuracy 

based on fundamental physics equation 
without empirical parameters

for Quantum calculations:
Provide high-accuracy total energy

based on quantum physics equations only 
from atomic species and coordinates



What are known from total energy?
FP calculation: Provide high accuracy total energy E

=> In principle, all properties can be calculated
・ Stable structure: Find lattice parameters & atom coordinates with minimum E
・ Electronic structure (band structure): 𝑒𝑒𝑖𝑖(𝒌𝒌) = 𝐸𝐸 𝑛𝑛𝒌𝒌,𝑖𝑖 − 𝐸𝐸(𝑛𝑛𝒌𝒌,𝑖𝑖 − 1)
・ Elastic tensors

𝑈𝑈 = 𝑈𝑈0 + 1
2
∑𝑖𝑖,𝑗𝑗,𝑘𝑘,𝑙𝑙 𝐶𝐶𝑖𝑖𝑗𝑗𝑘𝑘𝑙𝑙𝑒𝑒𝑖𝑖𝑗𝑗𝑒𝑒𝑘𝑘𝑙𝑙 Calculate U(𝑒𝑒𝑖𝑖𝑗𝑗) from 𝑒𝑒𝑖𝑖𝑗𝑗

𝜎𝜎𝑖𝑖𝑗𝑗 = ∑𝑘𝑘,𝑙𝑙 𝐶𝐶𝑖𝑖𝑗𝑗𝑘𝑘𝑙𝑙𝑒𝑒𝑘𝑘𝑙𝑙 Calculate stress 𝜎𝜎𝑖𝑖𝑗𝑗 from 𝑒𝑒𝑖𝑖𝑗𝑗
・ Dielectric tensors

𝑈𝑈 = 𝑈𝑈0 + 1
2
∑𝑖𝑖,𝑗𝑗 𝜀𝜀𝑖𝑖𝑗𝑗𝐸𝐸𝑖𝑖𝐸𝐸𝑗𝑗 Calculate U(𝐸𝐸𝑖𝑖) from 𝐸𝐸𝑖𝑖

𝐷𝐷𝑖𝑖 = 𝜀𝜀0 + 𝑃𝑃𝑖𝑖 = ∑𝑗𝑗 𝜀𝜀𝑖𝑖𝑗𝑗𝐸𝐸𝑗𝑗 Polarization 𝑃𝑃𝑖𝑖 are calculated from Berry phase
Choice of energy function U:

0 K, constant V: Internal energy E (total energy given by DFT)
0 K, constant P: Enthalpy         H = U + PV
>0 K, constant V: Helmholz energy

F = U + Felectron + Fphonon

from electron DOS from phonon DOS



Band theory from LCAO
(Linear Combination of Atomic Orbitals)

原子基底関数からのバンド理論



Linear combination and variational principle:
Roothaan-Hall equation

𝜓𝜓 = �
𝑛𝑛=0
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𝐶𝐶𝑛𝑛𝑢𝑢𝑛𝑛

< 𝐸𝐸 >=
∑𝑚𝑚∑𝑛𝑛 𝐶𝐶𝑚𝑚∗ 𝐶𝐶𝑛𝑛 𝑢𝑢𝑚𝑚 𝐻𝐻 𝑢𝑢𝑛𝑛

∑𝑛𝑛 𝐶𝐶𝑛𝑛∗𝐶𝐶𝑛𝑛 𝑢𝑢𝑚𝑚|𝑢𝑢𝑛𝑛

�
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𝐶𝐶𝑚𝑚 𝑢𝑢𝑛𝑛 𝐻𝐻 𝑢𝑢𝑚𝑚 − 𝐸𝐸�
𝑚𝑚

𝐶𝐶𝑚𝑚 𝑢𝑢𝑛𝑛|𝑢𝑢𝑚𝑚 = 0

𝜓𝜓 is approximated by linear combination of basis functions un

Based on the variational principle, 𝐶𝐶𝑛𝑛 are obtained by minimizing 𝐸𝐸

Ritz’s variational principle:
Expectation value of Hamiltonian 𝐸𝐸 for any wave function 𝜓𝜓 is

equal to or larger than E0, that of the ground state
𝐸𝐸 = 𝜓𝜓 𝐻𝐻 𝜓𝜓 / 𝜓𝜓|𝜓𝜓 ≥ 𝐸𝐸0

Many quantum equations will lead to eigenvalue problems



Roothaan-Hall equation
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H2 molecule
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Electronic structure of H2 molecule
Vacuum level =  0 V
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H atom A H atom B
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水素原子A 水素原子B

A and B are approaching…

Bonding state

Anti-bonding state
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H3 molecules

H3
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If same wave functions align periodically…
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The result of the ring H3 can be extended to ring HN molecules
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Solution of ring HN molecule
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124 hBand width:



#14,15 E1g –9.653 eV

k = 1/(3d)

#16,17 E2u 0.555 eV

k = 1/(2d)

#11 A2u –13.381 eV

k = 0 (Γ point)

Wave function of benzene (C6H6) and
Bloch’s theorem

#18 B1g 2.978 eV

k = 1/(d)



Bloch’s theorem
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𝑘𝑘𝑙𝑙 = 2𝜋𝜋
𝑁𝑁𝑁𝑁
𝑙𝑙, 𝑐𝑐𝑖𝑖(𝑙𝑙) = exp 𝑖𝑖𝑘𝑘𝑙𝑙𝑥𝑥𝑗𝑗

𝜑𝜑𝑘𝑘𝑙𝑙 = ∑𝑗𝑗 𝑐𝑐𝑖𝑖(𝑙𝑙)𝜙𝜙𝑗𝑗 = ∑𝑗𝑗 𝜙𝜙𝑗𝑗 exp 𝑖𝑖𝑘𝑘𝑙𝑙𝑥𝑥𝑗𝑗 : Bloch’s theorem

𝐸𝐸 𝑘𝑘𝑙𝑙 = 𝜀𝜀1𝑠𝑠 + 2ℎ12 cos 𝑘𝑘𝑙𝑙𝑁𝑁
Periodic func Phase factor from Bloch’s k



Bloch’s wave number, k

Blochの波数ベクトル k



XΓ

1D H crystal: k and crystal orbitals
a=0.74, b=c=14.8 Å 1/2a=0.676 Å-1

HOMO-k1 (0,0,0): 0

HOMO-k5 (0.0976): .132

HOMO-k8 (0.1707): .231

HOMO-k10 (0.21951): .297

LUMO-k15 (0.341463): .46

LUMO-k21 (0.487805): 0.66

Different electron densities for different k



a

b

Γ : k = (0, 0, 0)
exp(ik⋅r) = 1: Phases are the same for all unit cells

X: k = (π /a, 0, 0) [wave number unit]
(π, 0, 0)    [phase unit]
(1/2, 0, 0) [Recip. Lattice param unit, 2π/a]

exp(ik⋅r) = exp[iπ(nx)]: Sign flip for odd nx

Y: k = (0, 1/2, 0)
exp(ik⋅r) = exp[iπ(nx)]: Sign flip for odd ny

M: k = (1/2, 1/2, 0) 
exp(ik⋅r) = exp[iπ(nx+ny)]: Sign flip for odd nx+ny

+ + + +

+ + + +

+ + + +

+ + + +

+ - + -

+ - + -

+ - + -

+ - + -

+ - + -

- + - +

+ - + -

- + - +

+ + + +

- - - -

+ + + +

- - - -

Illustrative explanation of Bloch’s k



a

b

∆x : k = (1/4, 0, 0) [in (2π/a, 2π/b, 2π/c)]
exp(ik⋅r) = exp[iπ(nx/2)]: Phase returns to zero for every 4 units along the a axis

∆x : k = (1/3, 0, 0)
exp(ik⋅r) = exp[iπ(nx/3)]: Phase returns to zero for every 3 units along the a axis

+ 1/4 - 3/4 +

+ 1/4 - 3/4 +

+ 1/3 2/3 4/3+

+ 1/3 2/3 4/3+

Illustrative explanation of Bloch’s k

Γ point (k = 0)： Bonding

BZ bondary： Anti-bonding

Arbitrary k ≠ 0：
Many unit cells (2π/ka)

are incorporated



Effect of Bloch’s k: Kronig-Penney model

Γ point (k = 0)： Bonding

BZ boundary: Anti-bonding

Arbitrary k ≠ 0：

杉山、結晶工学スクールテキスト p. 110



How to understand band structure

バンド構造の読み方
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Unoccupied states (Conduction band)
Virtual states, 
but empirically confirmed to reflect the 
actual CB

• Vertical axis indicate the energy of e-

That is, electron is more stable for deeper energy
• If not explained explicitly

The energy origin is the Fermi energy

Occupied states
Valence band
Real states

Si (WIEN2k, PBE96)

• e- can take energy levels on the curves

How to read band structure

Wave vector



How to read band structure

1. Horizontal axis indicates 
Bloch’s wave vector k
k can roughly be regarded as
the propagation direction of e- momentum

k = (0, 0, 0)
k = (1/2, 0, 0)

Wave number

Newton mech: 𝑬𝑬 = 𝒎𝒎
𝟐𝟐
𝒗𝒗𝟐𝟐 + 𝑽𝑽 = 𝑷𝑷𝟐𝟐

𝟐𝟐𝒎𝒎
+ 𝑽𝑽

Quant mech： 𝑬𝑬 = 𝑖𝟐𝟐

𝟐𝟐
𝒌𝒌𝟐𝟐 + 𝑽𝑽

𝐏𝐏 → 𝑖𝒌𝒌

What is wave number k …

( )∑ −⋅⋅=
j

jjjkl ui )(exp rrrkφ

バンド理論 (Blochの定理)

𝒌𝒌: Bloch’s wave number
𝑖𝒌𝒌: Crystal momentum

𝑵𝑵𝑵𝑵𝑵𝑵𝑵𝑵: The direction of velocity
is –k for negative m



How to read band structure
Only high-symmetry k points are drawn
W, L, Γ, X, K etc indicate

the high-symmetry k points and lines
Check e.g. by databases

for simple lattice
Γ: k = (0, 0, 0)   (unit may be in e.g. 1/a)
X: (1/2, 0, 0)
Z: (0, 0, ½)

Wave vector

1st BZ for FCC



How to know the definitions of the symbols
– Crystallographic database –

http://www.cryst.ehu.es/cryst/



How to understand density of states (DOS)

状態密度の読み方
Density Of States: DOS



Density of states: DOS

波数ベクトル
ΓW L X W KΛ ∆-14

-12

-10

-8

-6

-4

-2
0

2

4

6
8

電
子

の
エ

ネ
ル

ギ
ー

(e
V

)

-15 -10 -5 0 5
0

0.5

1

1.5

Energy / eV

D
O

S

Si s

Total

Si total

Si p Si p

Si s

-15 -10 -5 0 5
0
2
4
6
8

10
12
14

N
(E

)

Energy / eV

# of e- in VB
s2p2 × 2 atoms/u.c

Density of states D(E)

Integrated DOS N(E)
(# of electrons)

D
(E

) (
状

態
数

/エ
ネ

ル
ギ

ー
)

N
(E

) (
状

態
数

)

dE
EdNED )()( =

Density of state function D(E):
# of states between E – E + dE

dN(E) = D(E)dE
Calculation: Separate E to fine meshes with ΔE
and sum up the states in 1st B.Z. from E to E + ΔE



Visualization of bonding states
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ex.: PDOS of LaFeOP



Semiconductor statistics

半導体統計



Procedure to calculate physical properties from 
distribution function

1. Total number of particles => Determine µ

2. Calculate average total energy

3a．Calculate physical property P as statistical average

3b. Calculate physical properties from partition function (state sum) Z

Average energy 𝑑𝑑
𝑑𝑑 1/𝑘𝑘𝐵𝐵𝑇𝑇

ln𝑍𝑍 = −∑
𝐸𝐸𝑖𝑖 exp −

𝐸𝐸𝑖𝑖
𝑘𝑘𝐵𝐵𝑇𝑇

𝑍𝑍
= − 𝐸𝐸

# of particales  𝑁𝑁 𝑑𝑑
𝑑𝑑𝐸𝐸𝑖𝑖

ln 𝑍𝑍 = − 1
𝑘𝑘𝐵𝐵𝑇𝑇

∑ exp −𝐸𝐸𝑖𝑖/𝑘𝑘𝐵𝐵𝑇𝑇 /𝑍𝑍 = − 1
𝑘𝑘𝐵𝐵𝑇𝑇

𝑁𝑁

Polarization 𝜇𝜇 𝑑𝑑
𝑑𝑑𝐵𝐵

ln 𝑍𝑍 = 1
𝑘𝑘𝐵𝐵𝑇𝑇

∑𝜇𝜇𝑖𝑖exp +𝜇𝜇𝑖𝑖𝐵𝐵/𝑘𝑘𝐵𝐵𝑇𝑇 /𝑍𝑍 = 1
𝑘𝑘𝐵𝐵𝑇𝑇

𝜇𝜇

3c. Calculate physical properties from free energy
Helmholtz energy     𝐹𝐹 = −𝑁𝑁𝑘𝑘𝐵𝐵𝑇𝑇 ln𝑍𝑍
Volume modulus BV

( ) ∫∫∑ === dEEfEDfEfN
i

i )()(),( drdppr

( ) ∫∫∑ =⋅== dEEfEEDfEEfEE
i

ii )()(),(),( drdpprpr

( )200 /)2/1( VVBFF V+=

( ) ∫∫∑ =⋅== dEEfEDEPfPEfPP
i

ii )()()()()( drdppr,pr,

2
0

2 )/(/ VVdFdBV =



Distribution function and μ
Maxwell’s velocity distribution:

𝑓𝑓 𝒗𝒗 𝑑𝑑𝑑𝑑𝑑𝑑𝒗𝒗 = ρ 𝑚𝑚
2𝜋𝜋𝑘𝑘𝐵𝐵𝑇𝑇

𝟑𝟑/𝟐𝟐
exp − 𝑚𝑚𝑣𝑣2

2𝑘𝑘𝐵𝐵𝑇𝑇
𝑑𝑑𝑑𝑑𝑑𝑑𝒗𝒗

Maxwell-Boltzmann distribution:
𝑓𝑓(𝐸𝐸) = 𝒁𝒁−𝟏𝟏exp − 𝐸𝐸

𝑘𝑘𝐵𝐵𝑇𝑇
= exp(− 𝐸𝐸 − 𝝁𝝁 /𝑘𝑘𝐵𝐵𝑇𝑇)

(grand) canonical distribution: Same expression as MB
Fermi-Dirac distribution: Half-integer spin (e.g., electron)

Bose-Einstein distribution: Integer spin (e.g., 4He)

Planck distribution: Integer spin, the number of particles not preserved
(photon, phonon)

𝑓𝑓 𝐸𝐸 =
1

exp 𝐸𝐸 − 𝜇𝜇 /𝑘𝑘𝐵𝐵𝑇𝑇 + 1

𝑓𝑓 𝐸𝐸 =
1

exp 𝐸𝐸 − 𝜇𝜇 /𝑘𝑘𝐵𝐵𝑇𝑇 − 1

𝑓𝑓 𝐸𝐸 =
1

exp 𝐸𝐸/𝑘𝑘𝐵𝐵𝑇𝑇 − 1

µ: chemical potential (identical to Fermi energy for electron)
Determined by the total number of the particle

𝑁𝑁 = �
𝑖𝑖

𝑓𝑓 𝐸𝐸𝑖𝑖 = �𝐷𝐷(𝐸𝐸)𝑓𝑓(𝐸𝐸)𝑑𝑑𝐸𝐸



How to use partition function (State sum) Z

( )∑ −=
i

Bi TkeZ /exp
Partition function (State sum)
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𝒅𝒅 𝐥𝐥𝐥𝐥𝒁𝒁
𝒅𝒅𝑵𝑵𝒊𝒊

= −
𝟏𝟏
𝒌𝒌𝑩𝑩𝑻𝑻

�
𝒊𝒊

𝐞𝐞𝐞𝐞𝐞𝐞 −𝑵𝑵𝒊𝒊/𝒌𝒌𝑩𝑩𝑻𝑻 /𝒁𝒁 = −
𝟏𝟏
𝒌𝒌𝑩𝑩𝑻𝑻

𝑵𝑵

Grand partition function 𝑍𝑍𝐺𝐺 = ∑{𝑛𝑛𝑖𝑖},𝑖𝑖 𝜆𝜆𝑛𝑛𝑖𝑖exp −β𝐸𝐸𝑁𝑁,𝑖𝑖

𝜆𝜆 = 𝑒𝑒𝛽𝛽𝛽𝛽

Grand potential
Ω = −𝑁𝑁𝑘𝑘𝐵𝐵𝑇𝑇 ln𝑍𝑍𝐺𝐺

Helmholtz energy 𝑭𝑭 = −𝑵𝑵𝒌𝒌𝑩𝑩𝑻𝑻 𝐥𝐥𝐥𝐥𝒁𝒁
Average energy 𝑬𝑬 = −𝑵𝑵 𝒅𝒅 𝐥𝐥𝐥𝐥 𝒁𝒁

𝒅𝒅(𝟏𝟏/𝒌𝒌𝑩𝑩𝑻𝑻)

Average particle number 𝑵𝑵



FD distribution function at finite T
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f(E,T) => 1                            (E – EF << kBT)
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Approaches to Boltzmann distribution at large (E – EF)/kBT
“Non-degenerated electron gas”
 “Degenerated electron gas”
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		0.51		0.51		0.51		0.51		0.51		0.51

		0.52		0.52		0.52		0.52		0.52		0.52

		0.53		0.53		0.53		0.53		0.53		0.53

		0.54		0.54		0.54		0.54		0.54		0.54

		0.55		0.55		0.55		0.55		0.55		0.55

		0.56		0.56		0.56		0.56		0.56		0.56

		0.57		0.57		0.57		0.57		0.57		0.57

		0.58		0.58		0.58		0.58		0.58		0.58

		0.59		0.59		0.59		0.59		0.59		0.59

		0.6		0.6		0.6		0.6		0.6		0.6

		0.61		0.61		0.61		0.61		0.61		0.61

		0.62		0.62		0.62		0.62		0.62		0.62

		0.63		0.63		0.63		0.63		0.63		0.63

		0.64		0.64		0.64		0.64		0.64		0.64

		0.65		0.65		0.65		0.65		0.65		0.65

		0.66		0.66		0.66		0.66		0.66		0.66

		0.67		0.67		0.67		0.67		0.67		0.67

		0.68		0.68		0.68		0.68		0.68		0.68

		0.69		0.69		0.69		0.69		0.69		0.69

		0.7		0.7		0.7		0.7		0.7		0.7

		0.71		0.71		0.71		0.71		0.71		0.71

		0.72		0.72		0.72		0.72		0.72		0.72

		0.73		0.73		0.73		0.73		0.73		0.73

		0.74		0.74		0.74		0.74		0.74		0.74

		0.75		0.75		0.75		0.75		0.75		0.75

		0.76		0.76		0.76		0.76		0.76		0.76

		0.77		0.77		0.77		0.77		0.77		0.77

		0.78		0.78		0.78		0.78		0.78		0.78

		0.79		0.79		0.79		0.79		0.79		0.79

		0.8		0.8		0.8		0.8		0.8		0.8

		0.81		0.81		0.81		0.81		0.81		0.81

		0.82		0.82		0.82		0.82		0.82		0.82

		0.83		0.83		0.83		0.83		0.83		0.83

		0.84		0.84		0.84		0.84		0.84		0.84

		0.85		0.85		0.85		0.85		0.85		0.85



f(E,30K)

f(E,100K)

f(E,300K)

f(E,600K)

f(E,900K)

f(E,1200K)

1

1

0.9999999956

0.9999333097

0.9983580975

0.9918994703

1

1

0.9999999935

0.9999191696

0.9981339271

0.9910891819

1

1

0.9999999904

0.9999020318

0.9978792155

0.9901986419

1

1

0.9999999859

0.9998812607

0.9975898206

0.9892200702

1

1

0.9999999793

0.9998560864

0.9972610444

0.9881449671

1

1

0.9999999696

0.9998255759

0.9968875593

0.986964055

1

1

0.9999999553

0.9997885982

0.9964633261

0.9856672152

1

1

0.9999999343

0.9997437833

0.9959815021

0.984243423

1

1

0.9999999035

0.9996894711

0.9954343368

0.9826806792

1

1

0.9999998583

0.9996236503

0.9948130566

0.9809659392

1

1

0.9999997918

0.9995438842

0.9941077351

0.9790850407

1

1

0.9999996941

0.9994472214

0.9933071491

0.9770226301

1

1

0.9999995506

0.9993300868

0.9923986186

0.9747620888

1

1

0.9999993398

0.9991881515

0.9913678303

0.9722854613

1

1

0.9999990302

0.9990161737

0.9901986419

0.9695733854

1

1

0.9999985753

0.9988078086

0.9888728698

0.9666050281

1

1

0.999997907

0.9985553775

0.9873700555

0.9633580281

1

1

0.9999969253

0.998249591

0.9856672152

0.9598084486

1

1

0.9999954832

0.9978792155

0.9837385695

0.9559307443

1

1

0.9999933645

0.9974306725

0.9815552581

0.9516977445

1

1

0.9999902522

0.9968875593

0.9790850407

0.9470806594

1

1

0.9999856801

0.9962300748

0.9762919894

0.9420491132

1

1

0.9999789635

0.9954343368

0.9731361789

0.9365712097

1

1

0.9999690967

0.9944715703

0.9695733854

0.9306136372

1

1

0.9999546021

0.9933071491

0.9655548043

0.92414182

1

1

0.9999333097

0.9918994703

0.9610268052

0.9171201222

1

1

0.9999020318

0.9901986419

0.9559307443

0.909512112

1

1

0.9998560864

0.9881449671

0.9502028601

0.9012808939

1

1

0.9997885982

0.9856672152

0.9437742851

0.892389514

1

1

0.9996894711

0.9826806792

0.9365712097

0.8828014456

1

0.9999999999

0.9995438842

0.9790850407

0.9285152433

0.8724811579

1

0.9999999997

0.9993300868

0.9747620888

0.9195240218

0.8613947696

1

0.9999999991

0.9990161737

0.9695733854

0.909512112

0.8495107869

1

0.999999997

0.9985553775

0.9633580281

0.8983922696

0.8368009196

1

0.9999999906

0.9978792155

0.9559307443

0.8860770988

0.8232409669

1

0.9999999701

0.9968875593

0.9470806594

0.8724811579

0.8088117565

1

0.9999999051

0.9954343368

0.9365712097

0.8575235348

0.7935001177

1

0.9999996987

0.9933071491

0.92414182

0.8411308951

0.7772998612

1

0.9999990435

0.9901986419

0.909512112

0.8232409669

0.7602127313

1

0.9999969641

0.9856672152

0.892389514

0.8038063831

0.7422492954

1

0.9999903642

0.9790850407

0.8724811579

0.7827987477

0.723429725

1

0.9999694162

0.9695733854

0.8495107869

0.7602127313

0.7037844258

1

0.9999029327

0.9559307443

0.8232409669

0.7360699455

0.6833544702

1

0.9996919709

0.9365712097

0.7935001177

0.7104222939

0.662191791

0.9999999999

0.9990229614

0.909512112

0.7602127313

0.6833544702

0.6403590995

0.9999999956

0.9969054264

0.8724811579

0.723429725

0.6549852713

0.617929501

0.9999997918

0.990243379

0.8232409669

0.6833544702

0.6254674354

0.5949857935

0.9999902522

0.9696754398

0.7602127313

0.6403590995

0.5949857935

0.5716194504

0.9995438842

0.9097020451

0.6833544702

0.5949857935

0.5637536495

0.5479293029

0.9790850407

0.7604232124

0.5949857935

0.5479293029

0.532007453

0.5240199579

0.5

0.5

0.5

0.5

0.5

0.5

0.0209149593

0.2395767876

0.4050142065

0.4520706971

0.467992547

0.4759800421

0.0004561158

0.0902979549

0.3166455298

0.4050142065

0.4362463505

0.4520706971

0.0000097478

0.0303245602

0.2397872687

0.3596409005

0.4050142065

0.4283805496

0.0000002082

0.009756621

0.1767590331

0.3166455298

0.3745325646

0.4050142065

0.0000000044

0.0030945736

0.1275188421

0.276570275

0.3450147287

0.382070499

0.0000000001

0.0009770386

0.090487888

0.2397872687

0.3166455298

0.3596409005

0

0.0003080291

0.0634287903

0.2064998823

0.2895777061

0.337808209

0

0.0000970673

0.0440692557

0.1767590331

0.2639300545

0.3166455298

9.26252669361701E-16

0.0000305838

0.0304266146

0.1504892131

0.2397872687

0.2962155742

1.97863679330586E-17

0.0000096358

0.0209149593

0.1275188421

0.2172012523

0.276570275

4.22671231006718E-19

0.0000030359

0.0143327848

0.107610486

0.1961936169

0.2577507046

9.02899259354465E-21

0.0000009565

0.0098013581

0.090487888

0.1767590331

0.2397872687

1.92874984796371E-22

0.0000003013

0.0066928509

0.07585818

0.1588691049

0.2227001388

4.12014511860353E-24

0.0000000949

0.0045656632

0.0634287903

0.1424764652

0.2064998823

8.80134653867865E-26

0.0000000299

0.0031124407

0.0529193406

0.1275188421

0.1911882435

1.88012069148104E-27

0.0000000094

0.0021207845

0.0440692557

0.1139229012

0.1767590331

4.01626478289519E-29

0.000000003

0.0014446225

0.0366419719

0.1016077304

0.1631990804

8.57944007499728E-31

0.0000000009

0.0009838263

0.0304266146

0.090487888

0.1504892131

1.83271761149693E-32

0.0000000003

0.0006699132

0.0252379112

0.0804759782

0.1386052304

3.91500355982397E-34

0.0000000001

0.0004561158

0.0209149593

0.0714847567

0.1275188421

8.36312849141831E-36

0

0.0003105289

0.0173193208

0.0634287903

0.1171985544

1.78650969520747E-37

0

0.0002114018

0.0143327848

0.0562257149

0.107610486

3.8162954142643E-39

0

0.0001439136

0.0118550329

0.0497971399

0.0987191061

8.152270725429E-41

0

0.0000979682

0.0098013581

0.0440692557

0.090487888

1.74146680920658E-42

0

0.0000666903

0.0081005297

0.0389731948

0.0828798778

3.72007597602025E-44

0

0.0000453979

0.0066928509

0.0344451957

0.07585818

7.94672927109539E-46

0

0.0000309033

0.0055284297

0.0304266146

0.0693863628

1.69755957983535E-47

0

0.0000210365

0.0045656632

0.0268638211

0.0634287903

3.6262824978477E-49

0

0.0000143199

0.0037699252

0.0237080106

0.0579508868

7.7463700893915E-51

8.9470765625316E-16

0.0000097478

0.0031124407

0.0209149593

0.0529193406

1.65475937402656E-52

2.81884064851137E-16

0.0000066355

0.0025693275

0.0184447419

0.0483022555

3.53485381453536E-54

8.8809596589075E-17

0.0000045168

0.0021207845

0.0162614305

0.0440692557

7.55106252078824E-56

2.79801004376729E-17

0.0000030747

0.001750409

0.0143327848

0.0401915514

1.61303828063251E-57

8.81533134447953E-18

0.000002093

0.0014446225

0.0126299445

0.0366419719

3.44573030301727E-59

2.77733337255408E-18

0.0000014247

0.0011921914

0.0111271302

0.0333949719

7.36067920004735E-61

8.75018800868225E-19

0.0000009698

0.0009838263

0.0098013581

0.0304266146

1.57236909222312E-62

2.75680949733721E-19

0.0000006602

0.0008118485

0.0086321697

0.0277145387

3.35885384349122E-64

8.68552606763158E-20

0.0000004494

0.0006699132

0.0076013814

0.0252379112

7.17509597316298E-66

2.73643728898835E-20

0.0000003059

0.0005527786

0.0066928509

0.0229773699

1.53272528734352E-67

8.62134196392752E-21

0.0000002082

0.0004561158

0.0058922649

0.0209149593

3.27416778151702E-69

2.71621562672305E-21

0.0000001417

0.0003763497

0.0051869434

0.0190340608

6.99419181639766E-71

8.55763216645848E-22

0.0000000965

0.0003105289

0.0045656632

0.0173193208

1.49408101321852E-72

2.69614339803928E-22

0.0000000657

0.0002562167

0.0040184979

0.015756577

3.19161689107055E-74

8.49439317020699E-23

0.0000000447

0.0002114018

0.0035366739

0.0143327848

6.81784875735945E-76

2.67621949865617E-23

0.0000000304

0.0001744241

0.0031124407

0.013035945

1.4564110688936E-77

8.43162149605689E-24

0.0000000207

0.0001439136

0.0027389556

0.0118550329

3.11114733852975E-79

2.65644283245321E-24

0.0000000141

0.0001187393

0.0024101794

0.0107799298

6.64595179806904E-81

8.36931369060183E-25

0.0000000096

0.0000979682

0.0021207845

0.0098013581

1.41969088880017E-82

2.63681231140999E-25

0.0000000065

0.0000808304

0.0018660729

0.0089108181

3.03270664756825E-84

8.30746632595551E-26

0.0000000044

0.0000666903

0.0016419025

0.0081005297

6.47838883996634E-86

2.61732685554631E-26

0.000000003

0.0000550237

0.0014446225

0.0073633759

1.38389652673634E-87

8.24607599956288E-27

0.0000000021

0.0000453979

0.0012710163

0.0066928509

2.9562436649341E-89

2.5979853928628E-27

0.0000000014

0.0000374559

0.0011182496

0.0060830112

6.31505061080878E-91

8.18513933401306E-28

0.000000001

0.0000309033

0.0009838263

0.0055284297

1.34900464025067E-92

2.57878685928189E-28

0.0000000007

0.000025497

0.0008655478

0.0050241532



D(E)

		E		D(E)		f(E)		D(E)f(E)		N(E)		Nc=		5.20E+18		cm-3		dE=		0.05		eV

		-1		0		1		0		0		Dc=		1.41E+21

		-0.95		0		1		0		0		Ec=		0		eV

		-0.9		0		1		0		0		EF=		0.3		eV

		-0.85		0		1		0		0

		-0.8		0		1		0		0

		-0.75		0		1		0		0

		-0.7		0		1		0		0

		-0.65		0		1		0		0

		-0.6		0		1		0		0

		-0.55		0		1		0		0

		-0.5		0		1		0		0

		-0.45		0		1		0		0

		-0.4		0		1		0		0

		-0.35		0		1		0		0

		-0.3		0		0.9999999999		0		0

		-0.25		0		0.9999999993		0		0

		-0.2		0		0.9999999956		0		0

		-0.15		0		0.9999999696		0		0

		-0.1		0		0.9999997918		0		0

		-0.05		0		0.9999985753		0		0

		3.19189119579733E-16		25190869152065.1		0.9999902522		25190623597087.1		629765589927.177

		0.05		3.15285584827471E+20		0.9999333097		3.15264558342805E+20		7.88161521810131E+18

		0.1		4.45881150083742E+20		0.9995438842		4.45677776662293E+20		2.69051735932288E+19

		0.15		5.46090651815246E+20		0.9968875593		5.44390977034594E+20		5.1656892435651E+19

		0.2		6.30571169654941E+20		0.9790850407		6.17382799324633E+20		8.07012368446316E+19

		0.25		7.05000000000001E+20		0.8724811579		6.15099216289694E+20		1.1151328723499E+20

		0.3		7.72288806082285E+20		0.5		3.8614440304114E+20		1.36544377718261E+20

		0.35		8.34167249417046E+20		0.1275188421		1.06372041798669E+20		1.48857288839256E+20

		0.4		8.91762300167483E+20		0.0209149593		1.8651172186721E+19		1.51982869188891E+20

		0.45		9.45856754482411E+20		0.0031124407		2.94392307643412E+18		1.52522746570469E+20

		0.5		9.97020561473032E+20		0.0004561158		4.54756795176267E+17		1.5260771356726E+20

		0.55		1.04568398668049E+21		0.0000666903		6.97369602975812E+16		1.52620825911147E+20

		0.6		1.09218130363049E+21		0.0000097478		1.06463399261876E+16		1.52622835493652E+20

		0.65		1.1367783425101E+21		0.0000014247		1.6195833390651E+15		1.52623142141734E+20

		0.7		1.17969063741305E+21		0.0000002082		245648702456933		1.52623188772535E+20

		0.75		1.22109581933606E+21		0.0000000304		37163316790915.3		1.52623195842835E+20

		0.8		1.26114233930988E+21		0.0000000044		5609796982975.86		1.52623196912163E+20

		0.85		1.2999557684783E+21		0.0000000007		845142456797.13		1.52623197073537E+20

		0.9		1.33764345025123E+21		0.0000000001		127104233425.303		1.52623197097843E+20

		0.95		1.37429800261806E+21		0		19086173513.8262		1.52623197101498E+20

		1		1.41E+21		0		2862037824.74357		1.52623197102046E+20

		1.05		1.4448200580003E+21		0		428635683.374759		1.52623197102128E+20

		1.1		1.47882047591991E+21		0		64122186.0310976		1.52623197102141E+20

		1.15		1.51205654656167E+21		0		9582508.24007234		1.52623197102143E+20

		1.2		1.54457761216457E+21		9.26252669361754E-16		1430669.13630384		1.52623197102143E+20

		1.25		1.57642792413735E+21		1.35377901132239E-16		213413.503655968		1.52623197102143E+20

		1.3		1.60764734938979E+21		1.97863679330598E-17		31809.5019616347		1.52623197102143E+20

		1.35		1.63827195544574E+21		2.89190741404679E-18		4737.7308141785		1.52623197102143E+20

		1.4		1.66833449883409E+21		4.22671231006745E-19		705.1569963532		1.52623197102143E+20

		1.45		1.69786483560971E+21		6.17761718971366E-20		104.8875899427		1.52623197102143E+20

		1.5		1.72689026866214E+21		9.02899259354523E-21		15.5920794456		1.52623197102143E+20

		1.55		1.75543584331641E+21		1.31964647129702E-21		2.3165547162		1.52623197102143E+20

		1.6		1.78352460033497E+21		1.92874984796382E-22		0.3439972802		1.52623197102143E+20

		1.65		1.81117779359178E+21		2.81899437230654E-23		0.0510570001		1.52623197102143E+20

		1.7		1.83841507826715E+21		4.12014511860377E-24		0.0075745369		1.52623197102143E+20

		1.75		1.86525467430054E+21		6.02186225170246E-25		0.0011232307		1.52623197102143E+20

		1.8		1.89171350896482E+21		8.80134653867921E-26		0.0001664963		1.52623197102143E+20

		1.85		1.9178073417317E+21		1.28637450768689E-26		0.0000246702		1.52623197102143E+20

		1.9		1.94355087404472E+21		1.88012069148115E-27		0.0000036541		1.52623197102143E+20

		1.95		1.96895784617142E+21		2.74791967145852E-28		0.0000005411		1.52623197102143E+20

		2		1.99404112294606E+21		4.01626478289542E-29		0.0000000801		1.52623197102143E+20

		2.05		2.01881276992197E+21		5.87003432955691E-30		0.0000000119		1.52623197102143E+20

		2.1		2.04328412121271E+21		8.57944007499801E-31		0.0000000018		1.52623197102143E+20

		2.15		2.06746584010474E+21		1.25394142296333E-31		0.0000000003		1.52623197102143E+20

		2.2		2.09136797336098E+21		1.83271761149712E-32		0		1.52623197102143E+20

		2.25		2.115E+21		2.67863696180804E-33		0		1.52623197102143E+20

		2.3		2.13837087522254E+21		3.91500355982436E-34		0		1.52623197102143E+20

		2.35		2.16148907006258E+21		5.72203441226771E-35		0		1.52623197102143E+20

		2.4		2.18436260726098E+21		8.36312849141938E-36		0		1.52623197102143E+20

		2.45		2.20699909379229E+21		1.22232606665278E-36		0		1.52623197102143E+20

		2.5		2.22940575041871E+21		1.78650969520772E-37		3.98285498767487E-16		1.52623197102143E+20

		2.55		2.25158943859665E+21		2.61110106226496E-38		5.87912757490429E-17		1.52623197102143E+20

		2.6		2.27355668502019E+21		3.81629541426495E-39		8.67656395111397E-18		1.52623197102143E+20

		2.65		2.29531370405006E+21		5.57776598516883E-40		1.28027227037423E-18		1.52623197102143E+20

		2.7		2.31686641824685E+21		8.15227072543039E-41		1.88877222762066E-19		1.52623197102143E+20

		2.75		2.33822047720056E+21		1.19150782154405E-41		2.78600798707893E-20		1.52623197102143E+20

		2.8		2.35938127482609E+21		1.74146680920693E-42		4.10878418037398E-21		1.52623197102143E+20

		2.85		2.38035396527491E+21		2.54526793088051E-43		6.05863861195848E-22		1.52623197102143E+20

		2.9		2.40114347759562E+21		3.72007597602105E-44		8.93243616598311E-23		1.52623197102143E+20

		2.95		2.42175452926179E+21		5.43713496699796E-45		1.3167406232535E-23		1.52623197102143E+20

		3		2.44219163867212E+21		7.94672927109731E-46		1.94074357806648E-24		1.52623197102143E+20

		3.05		2.46245913671679E+21		1.16146659024323E-46		2.86006401713575E-25		1.52623197102143E+20
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N(E)



		E		f(E)		1-f(E)				Nc=		5.20E+18		cm-3		dE=		0.02		eV

		-0.5		1		0				Dc=		1.41E+21

		-0.48		1		0				Ec=		0		eV

		-0.46		1		0				EF=		0.3		eV

		-0.44		1		0

		-0.42		1		0

		-0.4		1		0

		-0.38		1		0

		-0.36		1		0

		-0.34		1		0

		-0.32		1		0

		-0.3		0.9999999999		0.0000000001

		-0.28		0.9999999998		0.0000000002

		-0.26		0.9999999996		0.0000000004

		-0.24		0.999999999		0.000000001

		-0.22		0.9999999979		0.0000000021

		-0.2		0.9999999956		0.0000000044

		-0.18		0.9999999904		0.0000000096

		-0.16		0.9999999793		0.0000000207

		-0.14		0.9999999553		0.0000000447

		-0.12		0.9999999035		0.0000000965

		-0.1		0.9999997918		0.0000002082

		-0.08		0.9999995506		0.0000004494

		-0.06		0.9999990302		0.0000009698

		-0.04		0.999997907		0.000002093

		-0.02		0.9999954832		0.0000045168

		1.73472347597681E-16		0.9999902522		0.0000097478

		0.02		0.9999789635		0.0000210365

		0.04		0.9999546021		0.0000453979

		0.06		0.9999020318		0.0000979682

		0.08		0.9997885982		0.0002114018

		0.1		0.9995438842		0.0004561158

		0.12		0.9990161737		0.0009838263

		0.14		0.9978792155		0.0021207845

		0.16		0.9954343368		0.0045656632

		0.18		0.9901986419		0.0098013581

		0.2		0.9790850407		0.0209149593

		0.22		0.9559307443		0.0440692557

		0.24		0.909512112		0.090487888

		0.26		0.8232409669		0.1767590331

		0.28		0.6833544702		0.3166455298

		0.3		0.5		0.5

		0.32		0.3166455298		0.6833544702

		0.34		0.1767590331		0.8232409669

		0.36		0.090487888		0.909512112

		0.38		0.0440692557		0.9559307443

		0.4		0.0209149593		0.9790850407

		0.42		0.0098013581		0.9901986419

		0.44		0.0045656632		0.9954343368

		0.46		0.0021207845		0.9978792155

		0.48		0.0009838263		0.9990161737

		0.5		0.0004561158		0.9995438842

		0.52		0.0002114018		0.9997885982

		0.54		0.0000979682		0.9999020318

		0.56		0.0000453979		0.9999546021

		0.58		0.0000210365		0.9999789635

		0.6		0.0000097478		0.9999902522

		0.62		0.0000045168		0.9999954832

		0.64		0.000002093		0.999997907

		0.66		0.0000009698		0.9999990302

		0.68		0.0000004494		0.9999995506

		0.7		0.0000002082		0.9999997918

		0.72		0.0000000965		0.9999999035

		0.74		0.0000000447		0.9999999553

		0.76		0.0000000207		0.9999999793

		0.78		0.0000000096		0.9999999904

		0.8		0.0000000044		0.9999999956

		0.82		0.0000000021		0.9999999979

		0.84		0.000000001		0.999999999

		0.86		0.0000000004		0.9999999996

		0.88		0.0000000002		0.9999999998

		0.9		0.0000000001		0.9999999999

		0.92		0		1

		0.94		0		1

		0.96		0		1

		0.98		0		1

		1		0		1

		1.02		0		1

		1.04		0		1

		1.06		0		1

		1.08		0		1

		1.1		0		1

		1.12		0		1





		



f(E)

1-f(E)



		E		f(E,30K)		f(E,100K)		f(E,300K)		f(E,600K)		f(E,900K)		f(E,1200K)						Nc=		5.20E+18		cm-3		dE=		0.01		eV

		-0.2		1		1		0.9999999956		0.9999333097		0.9983580975		0.9918994703						Dc=		1.41E+21

		-0.19		1		1		0.9999999935		0.9999191696		0.9981339271		0.9910891819						Ec=		0		eV

		-0.18		1		1		0.9999999904		0.9999020318		0.9978792155		0.9901986419						EF=		0.3		eV

		-0.17		1		1		0.9999999859		0.9998812607		0.9975898206		0.9892200702

		-0.16		1		1		0.9999999793		0.9998560864		0.9972610444		0.9881449671

		-0.15		1		1		0.9999999696		0.9998255759		0.9968875593		0.986964055

		-0.14		1		1		0.9999999553		0.9997885982		0.9964633261		0.9856672152

		-0.13		1		1		0.9999999343		0.9997437833		0.9959815021		0.984243423

		-0.12		1		1		0.9999999035		0.9996894711		0.9954343368		0.9826806792

		-0.11		1		1		0.9999998583		0.9996236503		0.9948130566		0.9809659392

		-0.1		1		1		0.9999997918		0.9995438842		0.9941077351		0.9790850407

		-0.09		1		1		0.9999996941		0.9994472214		0.9933071491		0.9770226301

		-0.08		1		1		0.9999995506		0.9993300868		0.9923986186		0.9747620888

		-0.07		1		1		0.9999993398		0.9991881515		0.9913678303		0.9722854613

		-0.06		1		1		0.9999990302		0.9990161737		0.9901986419		0.9695733854

		-0.05		1		1		0.9999985753		0.9988078086		0.9888728698		0.9666050281

		-0.04		1		1		0.999997907		0.9985553775		0.9873700555		0.9633580281

		-0.03		1		1		0.9999969253		0.998249591		0.9856672152		0.9598084486

		-0.02		1		1		0.9999954832		0.9978792155		0.9837385695		0.9559307443

		-0.01		1		1		0.9999933645		0.9974306725		0.9815552581		0.9516977445

		3.12250225675825E-17		1		1		0.9999902522		0.9968875593		0.9790850407		0.9470806594

		0.01		1		1		0.9999856801		0.9962300748		0.9762919894		0.9420491132

		0.02		1		1		0.9999789635		0.9954343368		0.9731361789		0.9365712097

		0.03		1		1		0.9999690967		0.9944715703		0.9695733854		0.9306136372

		0.04		1		1		0.9999546021		0.9933071491		0.9655548043		0.92414182

		0.05		1		1		0.9999333097		0.9918994703		0.9610268052		0.9171201222

		0.06		1		1		0.9999020318		0.9901986419		0.9559307443		0.909512112

		0.07		1		1		0.9998560864		0.9881449671		0.9502028601		0.9012808939

		0.08		1		1		0.9997885982		0.9856672152		0.9437742851		0.892389514

		0.09		1		1		0.9996894711		0.9826806792		0.9365712097		0.8828014456

		0.1		1		0.9999999999		0.9995438842		0.9790850407		0.9285152433		0.8724811579

		0.11		1		0.9999999997		0.9993300868		0.9747620888		0.9195240218		0.8613947696

		0.12		1		0.9999999991		0.9990161737		0.9695733854		0.909512112		0.8495107869

		0.13		1		0.999999997		0.9985553775		0.9633580281		0.8983922696		0.8368009196

		0.14		1		0.9999999906		0.9978792155		0.9559307443		0.8860770988		0.8232409669

		0.15		1		0.9999999701		0.9968875593		0.9470806594		0.8724811579		0.8088117565

		0.16		1		0.9999999051		0.9954343368		0.9365712097		0.8575235348		0.7935001177

		0.17		1		0.9999996987		0.9933071491		0.92414182		0.8411308951		0.7772998612

		0.18		1		0.9999990435		0.9901986419		0.909512112		0.8232409669		0.7602127313

		0.19		1		0.9999969641		0.9856672152		0.892389514		0.8038063831		0.7422492954

		0.2		1		0.9999903642		0.9790850407		0.8724811579		0.7827987477		0.723429725

		0.21		1		0.9999694162		0.9695733854		0.8495107869		0.7602127313		0.7037844258

		0.22		1		0.9999029327		0.9559307443		0.8232409669		0.7360699455		0.6833544702

		0.23		1		0.9996919709		0.9365712097		0.7935001177		0.7104222939		0.662191791

		0.24		0.9999999999		0.9990229614		0.909512112		0.7602127313		0.6833544702		0.6403590995

		0.25		0.9999999956		0.9969054264		0.8724811579		0.723429725		0.6549852713		0.617929501

		0.26		0.9999997918		0.990243379		0.8232409669		0.6833544702		0.6254674354		0.5949857935

		0.27		0.9999902522		0.9696754398		0.7602127313		0.6403590995		0.5949857935		0.5716194504

		0.28		0.9995438842		0.9097020451		0.6833544702		0.5949857935		0.5637536495		0.5479293029

		0.29		0.9790850407		0.7604232124		0.5949857935		0.5479293029		0.532007453		0.5240199579

		0.3		0.5		0.5		0.5		0.5		0.5		0.5

		0.31		0.0209149593		0.2395767876		0.4050142065		0.4520706971		0.467992547		0.4759800421

		0.32		0.0004561158		0.0902979549		0.3166455298		0.4050142065		0.4362463505		0.4520706971

		0.33		0.0000097478		0.0303245602		0.2397872687		0.3596409005		0.4050142065		0.4283805496

		0.34		0.0000002082		0.009756621		0.1767590331		0.3166455298		0.3745325646		0.4050142065

		0.35		0.0000000044		0.0030945736		0.1275188421		0.276570275		0.3450147287		0.382070499

		0.36		0.0000000001		0.0009770386		0.090487888		0.2397872687		0.3166455298		0.3596409005

		0.37		0		0.0003080291		0.0634287903		0.2064998823		0.2895777061		0.337808209

		0.38		0		0.0000970673		0.0440692557		0.1767590331		0.2639300545		0.3166455298

		0.39		9.26252669361701E-16		0.0000305838		0.0304266146		0.1504892131		0.2397872687		0.2962155742

		0.4		1.97863679330586E-17		0.0000096358		0.0209149593		0.1275188421		0.2172012523		0.276570275

		0.41		4.22671231006718E-19		0.0000030359		0.0143327848		0.107610486		0.1961936169		0.2577507046

		0.42		9.02899259354465E-21		0.0000009565		0.0098013581		0.090487888		0.1767590331		0.2397872687

		0.43		1.92874984796371E-22		0.0000003013		0.0066928509		0.07585818		0.1588691049		0.2227001388

		0.44		4.12014511860353E-24		0.0000000949		0.0045656632		0.0634287903		0.1424764652		0.2064998823

		0.45		8.80134653867865E-26		0.0000000299		0.0031124407		0.0529193406		0.1275188421		0.1911882435

		0.46		1.88012069148104E-27		0.0000000094		0.0021207845		0.0440692557		0.1139229012		0.1767590331

		0.47		4.01626478289519E-29		0.000000003		0.0014446225		0.0366419719		0.1016077304		0.1631990804

		0.48		8.57944007499728E-31		0.0000000009		0.0009838263		0.0304266146		0.090487888		0.1504892131

		0.49		1.83271761149693E-32		0.0000000003		0.0006699132		0.0252379112		0.0804759782		0.1386052304

		0.5		3.91500355982397E-34		0.0000000001		0.0004561158		0.0209149593		0.0714847567		0.1275188421

		0.51		8.36312849141831E-36		0		0.0003105289		0.0173193208		0.0634287903		0.1171985544

		0.52		1.78650969520747E-37		0		0.0002114018		0.0143327848		0.0562257149		0.107610486

		0.53		3.8162954142643E-39		0		0.0001439136		0.0118550329		0.0497971399		0.0987191061

		0.54		8.152270725429E-41		0		0.0000979682		0.0098013581		0.0440692557		0.090487888

		0.55		1.74146680920658E-42		0		0.0000666903		0.0081005297		0.0389731948		0.0828798778

		0.56		3.72007597602025E-44		0		0.0000453979		0.0066928509		0.0344451957		0.07585818

		0.57		7.94672927109539E-46		0		0.0000309033		0.0055284297		0.0304266146		0.0693863628

		0.58		1.69755957983535E-47		0		0.0000210365		0.0045656632		0.0268638211		0.0634287903

		0.59		3.6262824978477E-49		0		0.0000143199		0.0037699252		0.0237080106		0.0579508868

		0.6		7.7463700893915E-51		8.9470765625316E-16		0.0000097478		0.0031124407		0.0209149593		0.0529193406

		0.61		1.65475937402656E-52		2.81884064851137E-16		0.0000066355		0.0025693275		0.0184447419		0.0483022555

		0.62		3.53485381453536E-54		8.8809596589075E-17		0.0000045168		0.0021207845		0.0162614305		0.0440692557

		0.63		7.55106252078824E-56		2.79801004376729E-17		0.0000030747		0.001750409		0.0143327848		0.0401915514

		0.64		1.61303828063251E-57		8.81533134447953E-18		0.000002093		0.0014446225		0.0126299445		0.0366419719

		0.65		3.44573030301727E-59		2.77733337255408E-18		0.0000014247		0.0011921914		0.0111271302		0.0333949719

		0.66		7.36067920004735E-61		8.75018800868225E-19		0.0000009698		0.0009838263		0.0098013581		0.0304266146

		0.67		1.57236909222312E-62		2.75680949733721E-19		0.0000006602		0.0008118485		0.0086321697		0.0277145387

		0.68		3.35885384349122E-64		8.68552606763158E-20		0.0000004494		0.0006699132		0.0076013814		0.0252379112

		0.69		7.17509597316298E-66		2.73643728898835E-20		0.0000003059		0.0005527786		0.0066928509		0.0229773699

		0.7		1.53272528734352E-67		8.62134196392752E-21		0.0000002082		0.0004561158		0.0058922649		0.0209149593

		0.71		3.27416778151702E-69		2.71621562672305E-21		0.0000001417		0.0003763497		0.0051869434		0.0190340608

		0.72		6.99419181639766E-71		8.55763216645848E-22		0.0000000965		0.0003105289		0.0045656632		0.0173193208

		0.73		1.49408101321852E-72		2.69614339803928E-22		0.0000000657		0.0002562167		0.0040184979		0.015756577

		0.74		3.19161689107055E-74		8.49439317020699E-23		0.0000000447		0.0002114018		0.0035366739		0.0143327848

		0.75		6.81784875735945E-76		2.67621949865617E-23		0.0000000304		0.0001744241		0.0031124407		0.013035945

		0.76		1.4564110688936E-77		8.43162149605689E-24		0.0000000207		0.0001439136		0.0027389556		0.0118550329

		0.77		3.11114733852975E-79		2.65644283245321E-24		0.0000000141		0.0001187393		0.0024101794		0.0107799298

		0.78		6.64595179806904E-81		8.36931369060183E-25		0.0000000096		0.0000979682		0.0021207845		0.0098013581

		0.79		1.41969088880017E-82		2.63681231140999E-25		0.0000000065		0.0000808304		0.0018660729		0.0089108181

		0.8		3.03270664756825E-84		8.30746632595551E-26		0.0000000044		0.0000666903		0.0016419025		0.0081005297

		0.81		6.47838883996634E-86		2.61732685554631E-26		0.000000003		0.0000550237		0.0014446225		0.0073633759

		0.82		1.38389652673634E-87		8.24607599956288E-27		0.0000000021		0.0000453979		0.0012710163		0.0066928509

		0.83		2.9562436649341E-89		2.5979853928628E-27		0.0000000014		0.0000374559		0.0011182496		0.0060830112

		0.84		6.31505061080878E-91		8.18513933401306E-28		0.000000001		0.0000309033		0.0009838263		0.0055284297

		0.85		1.34900464025067E-92		2.57878685928189E-28		0.0000000007		0.000025497		0.0008655478		0.0050241532
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D(E)

		E		D(E)		f(E)		D(E)f(E)		N(E)		Nc=		5.20E+18		cm-3		dE=		0.05		eV

		-1		0		1		0		0		Dc=		1.41E+21

		-0.95		0		1		0		0		Ec=		0		eV

		-0.9		0		1		0		0		EF=		0.3		eV

		-0.85		0		1		0		0

		-0.8		0		1		0		0

		-0.75		0		1		0		0

		-0.7		0		1		0		0

		-0.65		0		1		0		0

		-0.6		0		1		0		0

		-0.55		0		1		0		0

		-0.5		0		1		0		0

		-0.45		0		1		0		0

		-0.4		0		1		0		0

		-0.35		0		1		0		0

		-0.3		0		0.9999999999		0		0

		-0.25		0		0.9999999993		0		0

		-0.2		0		0.9999999956		0		0

		-0.15		0		0.9999999696		0		0

		-0.1		0		0.9999997918		0		0

		-0.05		0		0.9999985753		0		0

		3.19189119579733E-16		25190869152065.1		0.9999902522		25190623597087.1		629765589927.177

		0.05		3.15285584827471E+20		0.9999333097		3.15264558342805E+20		7.88161521810131E+18

		0.1		4.45881150083742E+20		0.9995438842		4.45677776662293E+20		2.69051735932288E+19

		0.15		5.46090651815246E+20		0.9968875593		5.44390977034594E+20		5.1656892435651E+19

		0.2		6.30571169654941E+20		0.9790850407		6.17382799324633E+20		8.07012368446316E+19

		0.25		7.05000000000001E+20		0.8724811579		6.15099216289694E+20		1.1151328723499E+20

		0.3		7.72288806082285E+20		0.5		3.8614440304114E+20		1.36544377718261E+20

		0.35		8.34167249417046E+20		0.1275188421		1.06372041798669E+20		1.48857288839256E+20

		0.4		8.91762300167483E+20		0.0209149593		1.8651172186721E+19		1.51982869188891E+20

		0.45		9.45856754482411E+20		0.0031124407		2.94392307643412E+18		1.52522746570469E+20

		0.5		9.97020561473032E+20		0.0004561158		4.54756795176267E+17		1.5260771356726E+20

		0.55		1.04568398668049E+21		0.0000666903		6.97369602975812E+16		1.52620825911147E+20

		0.6		1.09218130363049E+21		0.0000097478		1.06463399261876E+16		1.52622835493652E+20

		0.65		1.1367783425101E+21		0.0000014247		1.6195833390651E+15		1.52623142141734E+20

		0.7		1.17969063741305E+21		0.0000002082		245648702456933		1.52623188772535E+20

		0.75		1.22109581933606E+21		0.0000000304		37163316790915.3		1.52623195842835E+20

		0.8		1.26114233930988E+21		0.0000000044		5609796982975.86		1.52623196912163E+20

		0.85		1.2999557684783E+21		0.0000000007		845142456797.13		1.52623197073537E+20

		0.9		1.33764345025123E+21		0.0000000001		127104233425.303		1.52623197097843E+20

		0.95		1.37429800261806E+21		0		19086173513.8262		1.52623197101498E+20

		1		1.41E+21		0		2862037824.74357		1.52623197102046E+20

		1.05		1.4448200580003E+21		0		428635683.374759		1.52623197102128E+20

		1.1		1.47882047591991E+21		0		64122186.0310976		1.52623197102141E+20

		1.15		1.51205654656167E+21		0		9582508.24007234		1.52623197102143E+20

		1.2		1.54457761216457E+21		9.26252669361754E-16		1430669.13630384		1.52623197102143E+20

		1.25		1.57642792413735E+21		1.35377901132239E-16		213413.503655968		1.52623197102143E+20

		1.3		1.60764734938979E+21		1.97863679330598E-17		31809.5019616347		1.52623197102143E+20

		1.35		1.63827195544574E+21		2.89190741404679E-18		4737.7308141785		1.52623197102143E+20

		1.4		1.66833449883409E+21		4.22671231006745E-19		705.1569963532		1.52623197102143E+20

		1.45		1.69786483560971E+21		6.17761718971366E-20		104.8875899427		1.52623197102143E+20

		1.5		1.72689026866214E+21		9.02899259354523E-21		15.5920794456		1.52623197102143E+20

		1.55		1.75543584331641E+21		1.31964647129702E-21		2.3165547162		1.52623197102143E+20

		1.6		1.78352460033497E+21		1.92874984796382E-22		0.3439972802		1.52623197102143E+20

		1.65		1.81117779359178E+21		2.81899437230654E-23		0.0510570001		1.52623197102143E+20

		1.7		1.83841507826715E+21		4.12014511860377E-24		0.0075745369		1.52623197102143E+20

		1.75		1.86525467430054E+21		6.02186225170246E-25		0.0011232307		1.52623197102143E+20

		1.8		1.89171350896482E+21		8.80134653867921E-26		0.0001664963		1.52623197102143E+20

		1.85		1.9178073417317E+21		1.28637450768689E-26		0.0000246702		1.52623197102143E+20

		1.9		1.94355087404472E+21		1.88012069148115E-27		0.0000036541		1.52623197102143E+20

		1.95		1.96895784617142E+21		2.74791967145852E-28		0.0000005411		1.52623197102143E+20

		2		1.99404112294606E+21		4.01626478289542E-29		0.0000000801		1.52623197102143E+20

		2.05		2.01881276992197E+21		5.87003432955691E-30		0.0000000119		1.52623197102143E+20

		2.1		2.04328412121271E+21		8.57944007499801E-31		0.0000000018		1.52623197102143E+20

		2.15		2.06746584010474E+21		1.25394142296333E-31		0.0000000003		1.52623197102143E+20

		2.2		2.09136797336098E+21		1.83271761149712E-32		0		1.52623197102143E+20

		2.25		2.115E+21		2.67863696180804E-33		0		1.52623197102143E+20

		2.3		2.13837087522254E+21		3.91500355982436E-34		0		1.52623197102143E+20

		2.35		2.16148907006258E+21		5.72203441226771E-35		0		1.52623197102143E+20

		2.4		2.18436260726098E+21		8.36312849141938E-36		0		1.52623197102143E+20

		2.45		2.20699909379229E+21		1.22232606665278E-36		0		1.52623197102143E+20

		2.5		2.22940575041871E+21		1.78650969520772E-37		3.98285498767487E-16		1.52623197102143E+20

		2.55		2.25158943859665E+21		2.61110106226496E-38		5.87912757490429E-17		1.52623197102143E+20

		2.6		2.27355668502019E+21		3.81629541426495E-39		8.67656395111397E-18		1.52623197102143E+20

		2.65		2.29531370405006E+21		5.57776598516883E-40		1.28027227037423E-18		1.52623197102143E+20

		2.7		2.31686641824685E+21		8.15227072543039E-41		1.88877222762066E-19		1.52623197102143E+20

		2.75		2.33822047720056E+21		1.19150782154405E-41		2.78600798707893E-20		1.52623197102143E+20

		2.8		2.35938127482609E+21		1.74146680920693E-42		4.10878418037398E-21		1.52623197102143E+20

		2.85		2.38035396527491E+21		2.54526793088051E-43		6.05863861195848E-22		1.52623197102143E+20

		2.9		2.40114347759562E+21		3.72007597602105E-44		8.93243616598311E-23		1.52623197102143E+20

		2.95		2.42175452926179E+21		5.43713496699796E-45		1.3167406232535E-23		1.52623197102143E+20

		3		2.44219163867212E+21		7.94672927109731E-46		1.94074357806648E-24		1.52623197102143E+20

		3.05		2.46245913671679E+21		1.16146659024323E-46		2.86006401713575E-25		1.52623197102143E+20
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N(E)



		E		f(E)		1-f(E)				Nc=		5.20E+18		cm-3		dE=		0.02		eV

		-0.5		1		0				Dc=		1.41E+21

		-0.48		1		0				Ec=		0		eV

		-0.46		1		0				EF=		0.3		eV

		-0.44		1		0

		-0.42		1		0

		-0.4		1		0

		-0.38		1		0

		-0.36		1		0

		-0.34		1		0

		-0.32		1		0

		-0.3		0.9999999999		0.0000000001

		-0.28		0.9999999998		0.0000000002

		-0.26		0.9999999996		0.0000000004

		-0.24		0.999999999		0.000000001

		-0.22		0.9999999979		0.0000000021

		-0.2		0.9999999956		0.0000000044

		-0.18		0.9999999904		0.0000000096

		-0.16		0.9999999793		0.0000000207

		-0.14		0.9999999553		0.0000000447

		-0.12		0.9999999035		0.0000000965

		-0.1		0.9999997918		0.0000002082

		-0.08		0.9999995506		0.0000004494

		-0.06		0.9999990302		0.0000009698

		-0.04		0.999997907		0.000002093

		-0.02		0.9999954832		0.0000045168

		1.73472347597681E-16		0.9999902522		0.0000097478

		0.02		0.9999789635		0.0000210365

		0.04		0.9999546021		0.0000453979

		0.06		0.9999020318		0.0000979682

		0.08		0.9997885982		0.0002114018

		0.1		0.9995438842		0.0004561158

		0.12		0.9990161737		0.0009838263

		0.14		0.9978792155		0.0021207845

		0.16		0.9954343368		0.0045656632

		0.18		0.9901986419		0.0098013581

		0.2		0.9790850407		0.0209149593

		0.22		0.9559307443		0.0440692557

		0.24		0.909512112		0.090487888

		0.26		0.8232409669		0.1767590331

		0.28		0.6833544702		0.3166455298

		0.3		0.5		0.5

		0.32		0.3166455298		0.6833544702

		0.34		0.1767590331		0.8232409669

		0.36		0.090487888		0.909512112

		0.38		0.0440692557		0.9559307443

		0.4		0.0209149593		0.9790850407

		0.42		0.0098013581		0.9901986419

		0.44		0.0045656632		0.9954343368

		0.46		0.0021207845		0.9978792155

		0.48		0.0009838263		0.9990161737

		0.5		0.0004561158		0.9995438842

		0.52		0.0002114018		0.9997885982

		0.54		0.0000979682		0.9999020318

		0.56		0.0000453979		0.9999546021

		0.58		0.0000210365		0.9999789635

		0.6		0.0000097478		0.9999902522

		0.62		0.0000045168		0.9999954832

		0.64		0.000002093		0.999997907

		0.66		0.0000009698		0.9999990302

		0.68		0.0000004494		0.9999995506

		0.7		0.0000002082		0.9999997918

		0.72		0.0000000965		0.9999999035

		0.74		0.0000000447		0.9999999553

		0.76		0.0000000207		0.9999999793

		0.78		0.0000000096		0.9999999904

		0.8		0.0000000044		0.9999999956

		0.82		0.0000000021		0.9999999979

		0.84		0.000000001		0.999999999

		0.86		0.0000000004		0.9999999996

		0.88		0.0000000002		0.9999999998

		0.9		0.0000000001		0.9999999999

		0.92		0		1

		0.94		0		1

		0.96		0		1

		0.98		0		1

		1		0		1

		1.02		0		1

		1.04		0		1

		1.06		0		1

		1.08		0		1

		1.1		0		1

		1.12		0		1





		



f(E)

1-f(E)



		E		f(E,30K)		f(E,100K)		f(E,300K)		f(E,600K)		f(E,900K)		f(E,1200K)						Nc=		5.20E+18		cm-3		dE=		0.01		eV

		-0.2		1		1		0.9999999956		0.9999333097		0.9983580975		0.9918994703						Dc=		1.41E+21

		-0.19		1		1		0.9999999935		0.9999191696		0.9981339271		0.9910891819						Ec=		0		eV

		-0.18		1		1		0.9999999904		0.9999020318		0.9978792155		0.9901986419						EF=		0.3		eV

		-0.17		1		1		0.9999999859		0.9998812607		0.9975898206		0.9892200702

		-0.16		1		1		0.9999999793		0.9998560864		0.9972610444		0.9881449671

		-0.15		1		1		0.9999999696		0.9998255759		0.9968875593		0.986964055

		-0.14		1		1		0.9999999553		0.9997885982		0.9964633261		0.9856672152

		-0.13		1		1		0.9999999343		0.9997437833		0.9959815021		0.984243423

		-0.12		1		1		0.9999999035		0.9996894711		0.9954343368		0.9826806792

		-0.11		1		1		0.9999998583		0.9996236503		0.9948130566		0.9809659392

		-0.1		1		1		0.9999997918		0.9995438842		0.9941077351		0.9790850407

		-0.09		1		1		0.9999996941		0.9994472214		0.9933071491		0.9770226301

		-0.08		1		1		0.9999995506		0.9993300868		0.9923986186		0.9747620888

		-0.07		1		1		0.9999993398		0.9991881515		0.9913678303		0.9722854613

		-0.06		1		1		0.9999990302		0.9990161737		0.9901986419		0.9695733854

		-0.05		1		1		0.9999985753		0.9988078086		0.9888728698		0.9666050281

		-0.04		1		1		0.999997907		0.9985553775		0.9873700555		0.9633580281

		-0.03		1		1		0.9999969253		0.998249591		0.9856672152		0.9598084486

		-0.02		1		1		0.9999954832		0.9978792155		0.9837385695		0.9559307443

		-0.01		1		1		0.9999933645		0.9974306725		0.9815552581		0.9516977445

		3.12250225675825E-17		1		1		0.9999902522		0.9968875593		0.9790850407		0.9470806594

		0.01		1		1		0.9999856801		0.9962300748		0.9762919894		0.9420491132

		0.02		1		1		0.9999789635		0.9954343368		0.9731361789		0.9365712097

		0.03		1		1		0.9999690967		0.9944715703		0.9695733854		0.9306136372

		0.04		1		1		0.9999546021		0.9933071491		0.9655548043		0.92414182

		0.05		1		1		0.9999333097		0.9918994703		0.9610268052		0.9171201222

		0.06		1		1		0.9999020318		0.9901986419		0.9559307443		0.909512112

		0.07		1		1		0.9998560864		0.9881449671		0.9502028601		0.9012808939

		0.08		1		1		0.9997885982		0.9856672152		0.9437742851		0.892389514

		0.09		1		1		0.9996894711		0.9826806792		0.9365712097		0.8828014456

		0.1		1		0.9999999999		0.9995438842		0.9790850407		0.9285152433		0.8724811579

		0.11		1		0.9999999997		0.9993300868		0.9747620888		0.9195240218		0.8613947696

		0.12		1		0.9999999991		0.9990161737		0.9695733854		0.909512112		0.8495107869

		0.13		1		0.999999997		0.9985553775		0.9633580281		0.8983922696		0.8368009196

		0.14		1		0.9999999906		0.9978792155		0.9559307443		0.8860770988		0.8232409669

		0.15		1		0.9999999701		0.9968875593		0.9470806594		0.8724811579		0.8088117565

		0.16		1		0.9999999051		0.9954343368		0.9365712097		0.8575235348		0.7935001177

		0.17		1		0.9999996987		0.9933071491		0.92414182		0.8411308951		0.7772998612

		0.18		1		0.9999990435		0.9901986419		0.909512112		0.8232409669		0.7602127313

		0.19		1		0.9999969641		0.9856672152		0.892389514		0.8038063831		0.7422492954

		0.2		1		0.9999903642		0.9790850407		0.8724811579		0.7827987477		0.723429725

		0.21		1		0.9999694162		0.9695733854		0.8495107869		0.7602127313		0.7037844258

		0.22		1		0.9999029327		0.9559307443		0.8232409669		0.7360699455		0.6833544702

		0.23		1		0.9996919709		0.9365712097		0.7935001177		0.7104222939		0.662191791

		0.24		0.9999999999		0.9990229614		0.909512112		0.7602127313		0.6833544702		0.6403590995

		0.25		0.9999999956		0.9969054264		0.8724811579		0.723429725		0.6549852713		0.617929501

		0.26		0.9999997918		0.990243379		0.8232409669		0.6833544702		0.6254674354		0.5949857935

		0.27		0.9999902522		0.9696754398		0.7602127313		0.6403590995		0.5949857935		0.5716194504

		0.28		0.9995438842		0.9097020451		0.6833544702		0.5949857935		0.5637536495		0.5479293029

		0.29		0.9790850407		0.7604232124		0.5949857935		0.5479293029		0.532007453		0.5240199579

		0.3		0.5		0.5		0.5		0.5		0.5		0.5

		0.31		0.0209149593		0.2395767876		0.4050142065		0.4520706971		0.467992547		0.4759800421

		0.32		0.0004561158		0.0902979549		0.3166455298		0.4050142065		0.4362463505		0.4520706971

		0.33		0.0000097478		0.0303245602		0.2397872687		0.3596409005		0.4050142065		0.4283805496

		0.34		0.0000002082		0.009756621		0.1767590331		0.3166455298		0.3745325646		0.4050142065

		0.35		0.0000000044		0.0030945736		0.1275188421		0.276570275		0.3450147287		0.382070499

		0.36		0.0000000001		0.0009770386		0.090487888		0.2397872687		0.3166455298		0.3596409005

		0.37		0		0.0003080291		0.0634287903		0.2064998823		0.2895777061		0.337808209

		0.38		0		0.0000970673		0.0440692557		0.1767590331		0.2639300545		0.3166455298

		0.39		9.26252669361701E-16		0.0000305838		0.0304266146		0.1504892131		0.2397872687		0.2962155742

		0.4		1.97863679330586E-17		0.0000096358		0.0209149593		0.1275188421		0.2172012523		0.276570275

		0.41		4.22671231006718E-19		0.0000030359		0.0143327848		0.107610486		0.1961936169		0.2577507046

		0.42		9.02899259354465E-21		0.0000009565		0.0098013581		0.090487888		0.1767590331		0.2397872687

		0.43		1.92874984796371E-22		0.0000003013		0.0066928509		0.07585818		0.1588691049		0.2227001388

		0.44		4.12014511860353E-24		0.0000000949		0.0045656632		0.0634287903		0.1424764652		0.2064998823

		0.45		8.80134653867865E-26		0.0000000299		0.0031124407		0.0529193406		0.1275188421		0.1911882435

		0.46		1.88012069148104E-27		0.0000000094		0.0021207845		0.0440692557		0.1139229012		0.1767590331

		0.47		4.01626478289519E-29		0.000000003		0.0014446225		0.0366419719		0.1016077304		0.1631990804

		0.48		8.57944007499728E-31		0.0000000009		0.0009838263		0.0304266146		0.090487888		0.1504892131

		0.49		1.83271761149693E-32		0.0000000003		0.0006699132		0.0252379112		0.0804759782		0.1386052304

		0.5		3.91500355982397E-34		0.0000000001		0.0004561158		0.0209149593		0.0714847567		0.1275188421

		0.51		8.36312849141831E-36		0		0.0003105289		0.0173193208		0.0634287903		0.1171985544

		0.52		1.78650969520747E-37		0		0.0002114018		0.0143327848		0.0562257149		0.107610486

		0.53		3.8162954142643E-39		0		0.0001439136		0.0118550329		0.0497971399		0.0987191061

		0.54		8.152270725429E-41		0		0.0000979682		0.0098013581		0.0440692557		0.090487888

		0.55		1.74146680920658E-42		0		0.0000666903		0.0081005297		0.0389731948		0.0828798778

		0.56		3.72007597602025E-44		0		0.0000453979		0.0066928509		0.0344451957		0.07585818

		0.57		7.94672927109539E-46		0		0.0000309033		0.0055284297		0.0304266146		0.0693863628

		0.58		1.69755957983535E-47		0		0.0000210365		0.0045656632		0.0268638211		0.0634287903

		0.59		3.6262824978477E-49		0		0.0000143199		0.0037699252		0.0237080106		0.0579508868

		0.6		7.7463700893915E-51		8.9470765625316E-16		0.0000097478		0.0031124407		0.0209149593		0.0529193406

		0.61		1.65475937402656E-52		2.81884064851137E-16		0.0000066355		0.0025693275		0.0184447419		0.0483022555

		0.62		3.53485381453536E-54		8.8809596589075E-17		0.0000045168		0.0021207845		0.0162614305		0.0440692557

		0.63		7.55106252078824E-56		2.79801004376729E-17		0.0000030747		0.001750409		0.0143327848		0.0401915514

		0.64		1.61303828063251E-57		8.81533134447953E-18		0.000002093		0.0014446225		0.0126299445		0.0366419719

		0.65		3.44573030301727E-59		2.77733337255408E-18		0.0000014247		0.0011921914		0.0111271302		0.0333949719

		0.66		7.36067920004735E-61		8.75018800868225E-19		0.0000009698		0.0009838263		0.0098013581		0.0304266146

		0.67		1.57236909222312E-62		2.75680949733721E-19		0.0000006602		0.0008118485		0.0086321697		0.0277145387

		0.68		3.35885384349122E-64		8.68552606763158E-20		0.0000004494		0.0006699132		0.0076013814		0.0252379112

		0.69		7.17509597316298E-66		2.73643728898835E-20		0.0000003059		0.0005527786		0.0066928509		0.0229773699

		0.7		1.53272528734352E-67		8.62134196392752E-21		0.0000002082		0.0004561158		0.0058922649		0.0209149593

		0.71		3.27416778151702E-69		2.71621562672305E-21		0.0000001417		0.0003763497		0.0051869434		0.0190340608

		0.72		6.99419181639766E-71		8.55763216645848E-22		0.0000000965		0.0003105289		0.0045656632		0.0173193208

		0.73		1.49408101321852E-72		2.69614339803928E-22		0.0000000657		0.0002562167		0.0040184979		0.015756577

		0.74		3.19161689107055E-74		8.49439317020699E-23		0.0000000447		0.0002114018		0.0035366739		0.0143327848

		0.75		6.81784875735945E-76		2.67621949865617E-23		0.0000000304		0.0001744241		0.0031124407		0.013035945

		0.76		1.4564110688936E-77		8.43162149605689E-24		0.0000000207		0.0001439136		0.0027389556		0.0118550329

		0.77		3.11114733852975E-79		2.65644283245321E-24		0.0000000141		0.0001187393		0.0024101794		0.0107799298

		0.78		6.64595179806904E-81		8.36931369060183E-25		0.0000000096		0.0000979682		0.0021207845		0.0098013581

		0.79		1.41969088880017E-82		2.63681231140999E-25		0.0000000065		0.0000808304		0.0018660729		0.0089108181

		0.8		3.03270664756825E-84		8.30746632595551E-26		0.0000000044		0.0000666903		0.0016419025		0.0081005297

		0.81		6.47838883996634E-86		2.61732685554631E-26		0.000000003		0.0000550237		0.0014446225		0.0073633759

		0.82		1.38389652673634E-87		8.24607599956288E-27		0.0000000021		0.0000453979		0.0012710163		0.0066928509

		0.83		2.9562436649341E-89		2.5979853928628E-27		0.0000000014		0.0000374559		0.0011182496		0.0060830112

		0.84		6.31505061080878E-91		8.18513933401306E-28		0.000000001		0.0000309033		0.0009838263		0.0055284297

		0.85		1.34900464025067E-92		2.57878685928189E-28		0.0000000007		0.000025497		0.0008655478		0.0050241532





		



f(E,30K)

f(E,100K)

f(E,300K)

f(E,600K)

f(E,900K)

f(E,1200K)



		E		f(E,300K)		B(E,300K)				Nc=		5.20E+18		cm-3		dE=		0.01		eV

		-0.2		0.9995438842		2191.4258681755				Dc=		1.41E+21

		-0.19		0.9993300868		1491.7307584736				Ec=		0		eV

		-0.18		0.9990161737		1015.4396222533				EF=		0		eV

		-0.17		0.9985553775		691.2223406167

		-0.16		0.9978792155		470.5236172559

		-0.15		0.9968875593		320.29125997

		-0.14		0.9954343368		218.0262317362

		-0.13		0.9933071491		148.4131591026

		-0.12		0.9901986419		101.0266774755

		-0.11		0.9856672152		68.770111919

		-0.1		0.9790850407		46.8126678173

		-0.09		0.9695733854		31.8659633818

		-0.08		0.9559307443		21.6915563585

		-0.07		0.9365712097		14.7657113522

		-0.06		0.909512112		10.0512027875

		-0.05		0.8724811579		6.8419783555

		-0.04		0.8232409669		4.6574194957

		-0.03		0.7602127313		3.1703631949

		-0.02		0.6833544702		2.1581055339

		-0.01		0.5949857935		1.4690491938

		3.12250225675825E-17		0.5		1

		0.01		0.4050142065		0.6807123983

		0.02		0.3166455298		0.4633693692

		0.03		0.2397872687		0.3154212746

		0.04		0.1767590331		0.2147111723

		0.05		0.1275188421		0.1461565571

		0.06		0.090487888		0.0994905805

		0.07		0.0634287903		0.0677244717

		0.08		0.0440692557		0.0461008875

		0.09		0.0304266146		0.0313814457

		0.1		0.0209149593		0.0213617392

		0.11		0.0143327848		0.0145412007

		0.12		0.0098013581		0.0098983756

		0.13		0.0066928509		0.006737947

		0.14		0.0045656632		0.0045866041

		0.15		0.0031124407		0.0031221583

		0.16		0.0021207845		0.0021252918

		0.17		0.0014446225		0.0014467125

		0.18		0.0009838263		0.0009847951

		0.19		0.0006699132		0.0006703623

		0.2		0.0004561158		0.0004563239

		0.21		0.0003105289		0.0003106253

		0.22		0.0002114018		0.0002114465

		0.23		0.0001439136		0.0001439343

		0.24		0.0000979682		0.0000979778

		0.25		0.0000666903		0.0000666947

		0.26		0.0000453979		0.0000453999

		0.27		0.0000309033		0.0000309043

		0.28		0.0000210365		0.0000210369

		0.29		0.0000143199		0.0000143201

		0.3		0.0000097478		0.0000097479

		0.31		0.0000066355		0.0000066355

		0.32		0.0000045168		0.0000045169

		0.33		0.0000030747		0.0000030747

		0.34		0.000002093		0.000002093

		0.35		0.0000014247		0.0000014247

		0.36		0.0000009698		0.0000009698

		0.37		0.0000006602		0.0000006602

		0.38		0.0000004494		0.0000004494

		0.39		0.0000003059		0.0000003059

		0.4		0.0000002082		0.0000002082

		0.41		0.0000001417		0.0000001417

		0.42		0.0000000965		0.0000000965

		0.43		0.0000000657		0.0000000657

		0.44		0.0000000447		0.0000000447

		0.45		0.0000000304		0.0000000304

		0.46		0.0000000207		0.0000000207

		0.47		0.0000000141		0.0000000141

		0.48		0.0000000096		0.0000000096

		0.49		0.0000000065		0.0000000065

		0.5		0.0000000044		0.0000000044

		0.51		0.000000003		0.000000003

		0.52		0.0000000021		0.0000000021

		0.53		0.0000000014		0.0000000014

		0.54		0.000000001		0.000000001

		0.55		0.0000000007		0.0000000007

		0.56		0.0000000004		0.0000000004

		0.57		0.0000000003		0.0000000003

		0.58		0.0000000002		0.0000000002

		0.59		0.0000000001		0.0000000001

		0.6		0.0000000001		0.0000000001

		0.61		0.0000000001		0.0000000001

		0.62		0		0

		0.63		0		0

		0.64		0		0

		0.65		0		0

		0.66		0		0

		0.67		0		0

		0.68		0		0

		0.69		0		0

		0.7		0		0

		0.71		0		0

		0.72		0		0

		0.73		0		0

		0.74		0		0

		0.75		0		0

		0.76		0		0

		0.77		0		0

		0.78		0		0

		0.79		0		0

		0.8		0		0

		0.81		0		0

		0.82		0		0

		0.83		0		0

		0.84		0		0

		0.85		0		0





		



f(E,300K)

B(E,300K)





DOS function of free electron approximation

𝑫𝑫(𝑬𝑬) = (𝟐𝟐𝟐𝟐 + 𝟏𝟏)𝑽𝑽𝟐𝟐𝝅𝝅 𝟐𝟐𝒎𝒎 𝟑𝟑/𝟐𝟐

𝒉𝒉𝟑𝟑
𝑬𝑬

𝑵𝑵 = ∫𝟎𝟎
∞𝑫𝑫 𝑬𝑬 𝒇𝒇(𝑬𝑬) 𝒅𝒅𝑬𝑬

𝑬𝑬 = ∫𝟎𝟎
∞𝑬𝑬𝑵𝑵 𝑬𝑬 𝒇𝒇(𝑬𝑬) 𝒅𝒅𝑬𝑬

𝑓𝑓(𝐸𝐸) = 1
exp(𝛽𝛽 𝑒𝑒−𝛽𝛽 )+1

Free electron approximation: DOS and EF
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EF in metal: python program
http://conf.msl.titech.ac.jp/Lecture/StatisticsC/index.html
http://conf.msl.titech.ac.jp/Lecture/StatisticsC/ef-t-metal.html
http://conf.msl.titech.ac.jp/Lecture/StatisticsC/ef-t-metal.html

How: Integrate N(e)f(e, EF) at finite T in the range を E = 0 – ∞ (actually up to EF + αkBT)
and find EF (T) that satisfy the integration equals to the electron number.
Employ EF(0) as the initial parameter, the Newton method may find the refined result with 
a good stability. 
Compare with the approximation 𝑬𝑬𝑭𝑭(𝑻𝑻) = 𝑬𝑬𝑭𝑭(𝟎𝟎) − 𝝅𝝅𝟐𝟐

𝟔𝟔
𝒌𝒌𝑩𝑩𝑻𝑻 𝟐𝟐𝑵𝑵′ 𝑬𝑬𝑭𝑭(𝟎𝟎) /𝑵𝑵 𝑬𝑬𝑭𝑭(𝟎𝟎)

program: ef-t-metal.py
run: python ef-t-metal.py

T (K)  EF (Newton, eV)   EF (approx, eV) 
0         4.948988        4.948988

600         4.948554        4.948544
1200         4.947248        4.947211
1800         4.945069        4.944990
2400         4.942013        4.941880
3000         4.938075        4.937882
3600         4.933247        4.932994
4000         4.929529        4.929243



Free electron & non-degenerate approximation
𝑫𝑫𝑪𝑪 𝑬𝑬 = 𝟐𝟐𝟐𝟐 + 𝟏𝟏 𝟐𝟐𝝅𝝅 𝟐𝟐𝒎𝒎

𝟑𝟑
𝟐𝟐

𝒉𝒉𝟑𝟑
𝑬𝑬 − 𝑬𝑬𝑪𝑪 = 𝟐𝟐

𝝅𝝅𝟐𝟐
𝒎𝒎𝑵𝑵

∗𝟐𝟐/𝟑𝟑

𝑖𝟑𝟑
𝑬𝑬 − 𝑬𝑬𝑪𝑪

𝑓𝑓 𝐸𝐸 = 1
exp 𝐸𝐸−𝐸𝐸𝐹𝐹 /𝑘𝑘𝐵𝐵𝑇𝑇 +1

~𝑵𝑵𝜷𝜷 𝑬𝑬−𝑬𝑬𝑭𝑭 𝛽𝛽 = 1/ 𝑘𝑘𝐵𝐵𝑇𝑇

𝒏𝒏𝑵𝑵 = ∫𝑬𝑬𝑪𝑪
∞𝑫𝑫𝑪𝑪 𝑬𝑬 𝒇𝒇(𝑬𝑬) 𝒅𝒅𝑬𝑬~ 𝟐𝟐

𝝅𝝅𝟐𝟐
𝒎𝒎𝑵𝑵

∗𝟐𝟐/𝟑𝟑

𝑖𝟑𝟑
𝑵𝑵−𝜷𝜷 𝑬𝑬𝑪𝑪−𝑬𝑬𝑭𝑭 ∫𝟎𝟎

∞ 𝑵𝑵𝐞𝐞𝐞𝐞𝐞𝐞(−𝜷𝜷𝑵𝑵)𝒅𝒅𝑵𝑵
𝑒𝑒 = 𝐸𝐸 − 𝐸𝐸𝐶𝐶

𝑒𝑒 = 𝑥𝑥, 𝑒𝑒 = 𝑥𝑥2 𝑑𝑑𝑒𝑒 = 2𝑥𝑥𝑑𝑑𝑥𝑥
∫0
∞ 𝑒𝑒exp(−𝛽𝛽𝑒𝑒)𝑑𝑑𝑒𝑒 = ∫0

∞2𝑥𝑥2exp(−𝛽𝛽𝑥𝑥2)𝑑𝑑𝑥𝑥
∫0
∞𝑥𝑥2exp(−𝑥𝑥2)𝑑𝑑𝑥𝑥 = 1

4
𝜋𝜋

𝑛𝑛𝑒𝑒~ 2
𝜋𝜋2

𝑚𝑚𝑒𝑒
∗
3
2

𝑖3
𝑒𝑒−𝛽𝛽 𝐸𝐸𝐶𝐶−𝐸𝐸𝐹𝐹 ∫0

∞2𝑥𝑥2exp(−𝛽𝛽𝑥𝑥2)𝑑𝑑𝑥𝑥 = 1
2𝜋𝜋3/2

1
𝛽𝛽3/2

𝑚𝑚𝑒𝑒
∗
3
2

𝑖3
𝑒𝑒−𝛽𝛽 𝐸𝐸𝐶𝐶−𝐸𝐸𝐹𝐹

𝒏𝒏𝑵𝑵~𝑵𝑵𝑪𝑪𝐞𝐞𝐞𝐞𝐞𝐞(−𝜷𝜷 𝑬𝑬𝑪𝑪 − 𝑬𝑬𝑭𝑭 )

𝑵𝑵𝑪𝑪 = 𝟐𝟐 𝟐𝟐𝝅𝝅𝒎𝒎𝑵𝑵
∗𝒌𝒌𝑩𝑩𝑻𝑻

𝒉𝒉𝟐𝟐

𝟑𝟑/𝟐𝟐
Conduction band effective density of states

𝒏𝒏𝒉𝒉~𝑵𝑵𝑽𝑽𝐞𝐞𝐞𝐞𝐞𝐞(−𝜷𝜷 𝑬𝑬𝑭𝑭 − 𝑬𝑬𝑽𝑽 )

𝑵𝑵𝑽𝑽 = 𝟐𝟐 𝟐𝟐𝝅𝝅𝒎𝒎h
∗𝒌𝒌𝑩𝑩𝑻𝑻

𝒉𝒉𝟐𝟐

𝟑𝟑/𝟐𝟐
Valence band effective density of states



Semiconductor: Densities of free e- and h+

𝑛𝑛𝑒𝑒 = ∫𝐸𝐸𝐶𝐶
∞ 𝑓𝑓𝑒𝑒(𝐸𝐸)𝐷𝐷𝑒𝑒 𝐸𝐸 𝑑𝑑𝐸𝐸

𝑓𝑓𝑒𝑒(𝐸𝐸) = 1
𝑒𝑒𝑥𝑥𝑝𝑝(𝛽𝛽 𝐸𝐸−𝐸𝐸𝐹𝐹 )+1

𝐷𝐷𝑒𝑒 𝐸𝐸 = 𝐷𝐷𝐶𝐶0 𝐸𝐸 − 𝐸𝐸𝐶𝐶 (9.41)

𝐷𝐷𝐶𝐶0 = 2
𝜋𝜋2

𝑚𝑚𝑒𝑒
∗3/2

𝑖3

Non-degenerated semi. 𝛽𝛽 𝐸𝐸 − 𝐸𝐸𝐹𝐹 >>1 では

𝑛𝑛𝑒𝑒~∫𝐸𝐸𝐶𝐶
∞ 2
𝜋𝜋2

𝑚𝑚𝑒𝑒
∗3/2

𝑖3
𝐸𝐸 − 𝐸𝐸𝐶𝐶exp(−𝛽𝛽 𝐸𝐸 − 𝐸𝐸𝐹𝐹 )𝑑𝑑𝐸𝐸

= 2
𝜋𝜋2

𝑚𝑚𝑒𝑒
∗3/2

𝑖3
𝑒𝑒−𝛽𝛽 𝐸𝐸𝐶𝐶−𝐸𝐸𝐹𝐹 ∫0

∞ 𝑒𝑒exp(−𝛽𝛽𝑒𝑒)𝑑𝑑𝑒𝑒

𝒏𝒏𝑵𝑵 = 𝑵𝑵𝑪𝑪𝐞𝐞𝐞𝐞𝐞𝐞(−𝜷𝜷 𝑬𝑬𝑪𝑪 − 𝑬𝑬𝑭𝑭 )

𝑵𝑵𝑪𝑪 = 𝟐𝟐 𝟐𝟐𝝅𝝅𝒎𝒎𝑵𝑵
∗𝒌𝒌𝑩𝑩𝑻𝑻

𝒉𝒉𝟐𝟐

𝟑𝟑/𝟐𝟐
CB effective density of states

𝒏𝒏𝒉𝒉 = 𝑵𝑵𝑽𝑽𝐞𝐞𝐞𝐞𝐞𝐞(−𝜷𝜷 𝑬𝑬𝑭𝑭 − 𝑬𝑬𝑽𝑽 )

𝑵𝑵𝑽𝑽 = 𝟐𝟐 𝟐𝟐𝝅𝝅𝒎𝒎h
∗𝒌𝒌𝑩𝑩𝑻𝑻

𝒉𝒉𝟐𝟐

𝟑𝟑/𝟐𝟐
VB effective density of states
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How to calculate Fermi level EF

EV EC

Eg = EC – EV

( ) CCC EEDED −= 0

( )
EED

ED

VV

V

−= 0

EDEA

NA ND

EF

NA
- + Ne = ND

+ + Nh

( ) ( )∫
∞

=
CE FeCe dEEEfEDN ,

( )[ ]FDeDD EEfNN ,1−=+

EF

( )Fe EEf ,

Valence 
band

Conduction
band

Charge neutrality condition

Energy

D
en
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ty

 o
f s
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Semiconductor: DOS, ne, nh, etc

EV ECEDEA

NA ND

EF

( )Fe EEf ,

エネルギー

状
態

密
度

( )Fh EEf ,

CB region:
𝐷𝐷𝑒𝑒 𝐸𝐸 = 𝐷𝐷𝐶𝐶0 𝐸𝐸 − 𝐸𝐸𝐶𝐶
𝐷𝐷𝐷𝐷 𝐸𝐸 = 𝑁𝑁𝐷𝐷𝛿𝛿(𝐸𝐸 − 𝐸𝐸𝐷𝐷) 
𝑓𝑓𝑒𝑒(𝐸𝐸,𝐸𝐸𝐹𝐹) = 1

exp(𝛽𝛽 𝐸𝐸−𝐸𝐸𝐹𝐹 )+1
Free electron
𝑛𝑛𝑒𝑒 = ∫𝐸𝐸𝐶𝐶

∞ 𝑓𝑓𝑒𝑒 𝐸𝐸 𝐷𝐷𝑒𝑒 𝐸𝐸 𝑑𝑑𝐸𝐸
Non-degenerated approximation
𝑛𝑛𝑒𝑒~𝑁𝑁𝐶𝐶exp(−𝛽𝛽 𝐸𝐸𝐶𝐶 − 𝐸𝐸𝐹𝐹 )

Ionized donor density
𝑁𝑁𝐷𝐷+ = 𝑁𝑁𝐷𝐷 1 − 𝑓𝑓𝑒𝑒(𝐸𝐸𝐷𝐷 ,𝐸𝐸𝐹𝐹)

VB region:
𝐷𝐷ℎ 𝐸𝐸 = 𝐷𝐷𝑉𝑉0 𝐸𝐸𝑉𝑉 − 𝐸𝐸
𝐷𝐷𝐴𝐴 𝐸𝐸 = 𝑁𝑁𝐴𝐴𝛿𝛿(𝐸𝐸 − 𝐸𝐸𝐴𝐴) 
𝑓𝑓ℎ(𝐸𝐸,𝐸𝐸𝐹𝐹) = 1

exp(𝛽𝛽 𝐸𝐸𝐹𝐹−𝐸𝐸 )+1
Free hole
𝑛𝑛ℎ = ∫−∞

𝐸𝐸𝑉𝑉 𝑓𝑓ℎ 𝐸𝐸,𝐸𝐸𝐹𝐹 𝐷𝐷ℎ 𝐸𝐸 𝑑𝑑𝐸𝐸
Non-dengerated approximation
𝑛𝑛ℎ~𝑁𝑁𝑉𝑉exp(−𝛽𝛽 𝐸𝐸𝐹𝐹 − 𝐸𝐸𝑉𝑉 )

Ionized acceptor density
𝑁𝑁𝐴𝐴− = 𝑁𝑁𝐷𝐷 1 − 𝑓𝑓ℎ(𝐸𝐸𝐴𝐴,𝐸𝐸𝐹𝐹)

Total density of states：𝑫𝑫 𝑬𝑬 = 𝑫𝑫𝑵𝑵 𝑬𝑬 + 𝑫𝑫𝒉𝒉 𝑬𝑬 + 𝑫𝑫𝑫𝑫 𝑬𝑬 + 𝑫𝑫𝑨𝑨 𝑬𝑬
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How to calculate EF: Illustrative solution

Plot ∆Q = (NA
- + Ne) – (ND

+ + Nh) w.r.t. EF and find ∆Q = 0

( ) ( )∫
∞

=
CE FeCe dEEEfEDN ,

( )[ ]FDeDD EEfNN ,1−=+

( ) ( )∫
∞

=
CE FhVh dEEEfEDN ,

( )[ ]FAhAA EEfNN ,1−=−

( ) ( )FeFh EEfEEf ,1, −=
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Bisection method (二分法): Monotonic func（単調関数)

Solution of f(x) = 0 for monotonic function f(x)
1. Start from a range [x0, x1] where f(x0) < 0 & f(x1) > 0

(or f(x0) > 0 & f(x1) < 0)
* Solution exist in this range for a monotonic function

2. Solve the equation by the following iterative procedure  
Case f(x0) < 0 and f(x1) > 0: Judge by f(x0)･f(x1) < 0
1. x2 = (x0 + x1) / 2.0
2. If f(x2) > 0 (f(x0)･f(x2) < 0), x1 is replaced with x2

If f(x2) < 0 (f(x1)･f(x2) < 0), x0 is replaced with x2
3. Solution x2 is obtained when |x1 – x0|, |f(x1) – f(x0)| becomes less than EPS.
4. Repeat 1 – 3

x0 x1
x2 => x1x3 

=> x0

x4 x5

x5



Fermi level in semi.: python program
Program: EF-T-semiconductor.py 

http://conf.msl.titech.ac.jp/Lecture/StatisticsC/EF-T-semiconductor.html
Usage: python EF-T-semiconductor.py EA NA ED ND Ec Nv Nc

Run: python EF-T-semiconductor.py 0.05 1.0e15 0.95 1.0e16 1.0 1.2e19 2.1e18
Ec = 0, Ec = 1.0 eV (= band gap)
EA = 0.05 eV, NA = 1015 cm-3, 
ED = 0.95 eV, ND = 1016 cm-3

Nc = 1.2x1019 cm-3

Nv = 2.1x1018 cm-3



T dependence of carrier density and donor level
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Parameters used:
Eg = 1.12 eV
ED = 45 meV
ND = 1016 cm-3

Eg = 0.8 eV

ND = 1017 cm-3

ND = 1015 cm-3ED = 200 meV

300K

Ea = Eg / 2

Ea = （EC – ED) / 2
（EA – EV) / 2

Intrinsic region – Depletion region – Impurity region

ND = 1016 cm-3
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080-45-1e16-2

		T(K)		1000/T		.8eV,45meV,1e16		1.12eV,45meV,1e15		1.12eV,45meV,1e16		1.12eV,45meV,1e17		1.12eV,200meV,1e16

		10		100		53560.0935891754		16937.188743187		53560.0935890994		169371.887433626		4.69E-35

		30		33.3333333333		4422796480696.18		1397905693396.3		4422844613342.15		13988061246547		0.4230905402

		50		20		208266292895734		64387263361872.9		208230357595208		662937335044782		3248135.75103461

		70		14.2857142857		1.13E+15		314324784132272		1.13E+15		3.72E+15		3162228438.84093

		90		11.1111111111		2.80E+15		632147888740495		2.80E+15		9.90E+15		151533190275.93

		110		9.0909090909		4.71E+15		829822020550858		4.71E+15		1.84E+16		1830567201735.17

		130		7.6923076923		6.33E+15		914095552122707		6.33E+15		2.81E+16		10476230401800.7

		150		6.6666666667		7.49E+15		946858513903842		7.49E+15		3.78E+16		38157198481960.3

		170		5.8823529412		8.24E+15		959525747618179		8.24E+15		4.68E+16		103417657525666

		190		5.2631578947		8.70E+15		964002112662257		8.70E+15		5.46E+16		228275064204523

		210		4.7619047619		8.98E+15		964811187037942		8.97E+15		6.13E+16		433818559248481

		230		4.347826087		9.14E+15		963788779702853		9.14E+15		6.68E+16		735804755381617

		250		4		9.24E+15		961830000323500		9.24E+15		7.13E+16		1.14E+15

		270		3.7037037037		9.30E+15		959358300556702		9.30E+15		7.49E+16		1.65E+15

		290		3.4482758621		9.33E+15		956555097911972		9.33E+15		7.77E+16		2.24E+15

		310		3.2258064516		9.35E+15		953570094319493		9.35E+15		8.00E+16		2.90E+15

		330		3.0303030303		9.35E+15		950459739538584		9.35E+15		8.18E+16		3.59E+15

		350		2.8571428571		9.34E+15		947311345493239		9.34E+15		8.32E+16		4.28E+15

		370		2.7027027027		9.33E+15		944151437879602		9.33E+15		8.44E+16		4.96E+15

		390		2.5641025641		9.31E+15		940980422422122		9.31E+15		8.52E+16		5.58E+15

		410		2.4390243902		9.30E+15		937820333521175		9.30E+15		8.59E+16		6.15E+15

		430		2.3255813953		9.28E+15		934684994224672		9.27E+15		8.65E+16		6.64E+15

		450		2.2222222222		9.26E+15		931579540614435		9.25E+15		8.69E+16		7.06E+15

		470		2.1276595745		9.25E+15		928539430372815		9.23E+15		8.72E+16		7.41E+15

		490		2.0408163265		9.25E+15		925678124705457		9.20E+15		8.74E+16		7.70E+15

		510		1.9607843137		9.29E+15		923187308714713		9.18E+15		8.76E+16		7.93E+15

		530		1.8867924528		9.39E+15		921679986501687		9.15E+15		8.77E+16		8.11E+15

		550		1.8181818182		9.62E+15		922575389227353		9.13E+15		8.78E+16		8.26E+15

		570		1.7543859649		1.00E+16		928879819383509		9.10E+15		8.78E+16		8.37E+15

		590		1.6949152542		1.08E+16		946528744120193		9.08E+15		8.78E+16		8.46E+15

		610		1.6393442623		1.19E+16		985629752917069		9.06E+15		8.77E+16		8.54E+15

		630		1.5873015873		1.35E+16		1.06E+15		9.04E+15		8.77E+16		8.60E+15

		650		1.5384615385		1.56E+16		1.19E+15		9.04E+15		8.76E+16		8.65E+15

		670		1.4925373134		1.83E+16		1.38E+15		9.05E+15		8.75E+16		8.72E+15

		690		1.4492753623		2.17E+16		1.67E+15		9.09E+15		8.74E+16		8.80E+15

		710		1.4084507042		2.59E+16		2.05E+15		9.18E+15		8.73E+16		8.93E+15

		730		1.3698630137		3.09E+16		2.54E+15		9.35E+15		8.72E+16		9.13E+15

		750		1.3333333333		3.68E+16		3.18E+15		9.63E+15		8.71E+16		9.44E+15

		770		1.2987012987		4.37E+16		3.98E+15		1.01E+16		8.70E+16		9.90E+15

		790		1.2658227848		5.17E+16		4.96E+15		1.07E+16		8.70E+16		1.06E+16

		810		1.2345679012		6.09E+16		6.17E+15		1.16E+16		8.69E+16		1.15E+16

		830		1.2048192771		7.15E+16		7.62E+15		1.28E+16		8.70E+16		1.27E+16

		850		1.1764705882		8.34E+16		9.35E+15		1.43E+16		8.72E+16		1.42E+16

		870		1.1494252874		9.68E+16		1.14E+16		1.62E+16		8.74E+16		1.60E+16

		890		1.1235955056		1.12E+17		1.38E+16		1.84E+16		8.79E+16		1.83E+16

		910		1.0989010989		1.29E+17		1.66E+16		2.11E+16		8.87E+16		2.10E+16

		930		1.0752688172		1.47E+17		1.99E+16		2.43E+16		8.98E+16		2.41E+16

		950		1.0526315789		1.68E+17		2.36E+16		2.79E+16		9.12E+16		2.78E+16

		970		1.0309278351		1.90E+17		2.79E+16		3.21E+16		9.33E+16		3.20E+16

		990		1.0101010101		2.15E+17		3.28E+16		3.69E+16		9.59E+16		3.68E+16
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Similar calculations are possible using D(E) 
calculated by DFT

( ) ( )∫
∞

=
CE FeCe dEEEfEDN ,

( )[ ]FDeDD EEfNN ,1−=+

( ) ( )∫
∞

=
CE FhVh dEEEfEDN ,

( )[ ]FAhAA EEfNN ,1−=−

∆Q = (NA
- + Ne) – (ND

+ + Nh) = 0

EF-T-DOS.py, TotalDOS-SnSe.dat
http://conf.msl.titech.ac.jp/Lecture/inside/EF-T-DOS/EF-T-DOS.html

run python EF-T-DOS.py T              run python EF-T-DOS.py EF
Effective DOSs at the mid gap 0.2963 eV:

NC = 6.26e+17 cm-3 (T0 = 299.86 K)
NV = 4.74e+18 cm-3 (T0 = 299.86 K)



Hall effect
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x
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H

1
==

Carrier polarity, carrier density nHall, mobility µHall

Assumption: All carriers with the charge q move with the same 
velocity v

• Valid for distributed v?
• Anisotorpy?
• Mixed conduction?
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Hall coefficient for multi-band / mixed 
conduction systems

Multi-band / Multi-layered

Electron – hole mixing conduction
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E.g., τ(E) = constant is approximated
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Calculation by DFT: BoltzTraP
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Effective DOS mass in SnO, mDOS
*



Application to device simulation: SnO TFT
Parameters Values

Band gap of SnO
Ionisation potential of SnO
VB DOS effective mass in SnO
Hole mobility in SnO at RT
Hole density in SnO at RT
Activation energy of hole density in SnO
Gate insulator (a-Al2Ox) thickness
Relative permittivity of a-Al2Ox
Relative permittivity of YSZ
Relative permittivity of SnO
Channel dimension (L/W)

0.7 eV
5.8 eV
2.05 me

2.4 cm2V-1s-1

2.5 × 1017 cm-3

45 meV
210 nm

10
27
15

50/300 mm



Stable structure at ground state (at 0 K)

絶対零度における安定構造



                       

Structure relaxation and volume modulus: Si

Opt.
aC = 0.5472 nm
VR = 276.67 a.u.3

Exp.(RT)
aC = 0.5431 nm
VR = 270.5 a.u.3 (primitive cell)

260 270 280 290 300
Volume / a.u.3
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ne
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y 

/ R
y

-1160.137

-1160.138

-1160.139

-1160.140

-1160.141

-1160.142

-1160.143

-1160.144

( )200min /2/1 VVBEE +=
B0 (GPa) = 87.57 GPa  (exp: 97.88 GPa)



General structure relaxation: C12A7
VASP, PBE



General structure relaxation
 
Al (FCC) a = 4.04975 (4.0462) 
Ca (FCC) a = 5.5884  (5.51942 ) 
Mg (HCP) a = 3.2094  (3.1869)  c = 5.2103 (5.19778) 
Na (BCC) a = 4.235  (4.20437) 
Si a = 5.41985 (5.46631) 
GaAs a = 5.65359 (5.7605) 
GaN (wurzite) a = 3.186  (3.24541)  c = 5.176 (5.28965)  z(N) = 0.375 (0.375783) 
NaCl a = 5.62   (5.65062) 
MgO a = 4.2109 (4.23617) 
CaO a = 4.8112 (4.83784) 
ZnO a = 3.2427 (3.25452)  c = 5.1948 (5.21411)  z(O) = 0.3826 (0.3816) 
In2O3 a = 10.117 (10.0316) 
SnO2 a = 4.738  (4.71537)  c = 3.1865 (3.18356) 
TiO2 a = 4.6061 (4.5941)   c = 2.9586 (2.9589) 
SrCu2O2 a = 5.458 (5.48)      c = 9.837 (9.825) 
CuAlO2 a = 5.9169 (5.896)    α = 27.915 (28.1) 
β-Ga2O3 a = 12.23  (12.026)   b = 3.04 (2.9927)    c = 5.8 (5.7185) β = 103.7 

(103.86) 
InGaO3(ZnO)1 a = 3.299  (3.29491)  b = 5.714 (5.70415)  c = 26.101 (25.4037) 
12CaO·7Al2O3 
(C12A7) 

a = 11.989 (12.0284, 11.997, 11.9884)   
α = 90 (α=89.9895, β=89.9334, γ=89.9619) 

 

PBE-calculated values are in () compared with exper. values at RT.
The errors are within 1-2 %
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		a = 4.738  (4.71537)  c = 3.1865 (3.18356)



		TiO2

		a = 4.6061 (4.5941)   c = 2.9586 (2.9589)



		SrCu2O2

		a = 5.458 (5.48)      c = 9.837 (9.825)



		CuAlO2

		a = 5.9169 (5.896)    ( = 27.915 (28.1)
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		a = 12.23  (12.026)   b = 3.04 (2.9927)    c = 5.8 (5.7185) ( = 103.7 (103.86)



		InGaO3(ZnO)1

		a = 3.299  (3.29491)  b = 5.714 (5.70415)  c = 26.101 (25.4037)



		12CaO·7Al2O3
(C12A7)

		a = 11.989 (12.0284, 11.997, 11.9884)  
( = 90 ((=89.9895, (=89.9334, (=89.9619)
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∆G = ∆(U + PV – TS)
=> ~ ∆H = ∆Escf + P∆V

Pressure-induced phase transition in BaS:
ΔH (0 K approximation)

Stable at atmospheric P: NaCl type structure (B1)
Stable at high P : CsCl type structure (B2)



𝑭𝑭 𝑽𝑽,𝑻𝑻 = 𝑬𝑬𝟎𝟎 𝑽𝑽 + 𝑭𝑭𝒑𝒑𝒉𝒉𝑵𝑵𝒏𝒏𝑵𝑵𝒏𝒏 𝑽𝑽,𝑻𝑻 + 𝑭𝑭𝑵𝑵𝒆𝒆𝑵𝑵𝒆𝒆𝑵𝑵𝑑𝑑𝑵𝑵𝒏𝒏 𝑽𝑽,𝑻𝑻
𝑭𝑭𝒑𝒑𝒉𝒉𝑵𝑵𝒏𝒏𝑵𝑵𝒏𝒏 = 𝟏𝟏

𝟐𝟐
∑𝑖𝝎𝝎𝒒𝒒 + 𝒌𝒌𝑩𝑩𝑻𝑻∑ 𝒆𝒆𝒏𝒏 𝟏𝟏 − 𝑵𝑵−𝑖𝝎𝝎𝒒𝒒/𝒌𝒌𝑩𝑩𝑻𝑻

𝐹𝐹𝑒𝑒𝑙𝑙𝑒𝑒𝑒𝑒𝜕𝜕𝑟𝑟𝑒𝑒𝑛𝑛 = 𝐸𝐸𝑒𝑒𝑙𝑙𝑒𝑒𝑒𝑒𝜕𝜕𝑟𝑟𝑒𝑒𝑛𝑛 − 𝑇𝑇𝑆𝑆𝑒𝑒𝑙𝑙𝑒𝑒𝑒𝑒𝜕𝜕𝑟𝑟𝑒𝑒𝑛𝑛
𝐸𝐸𝑒𝑒𝑙𝑙𝑒𝑒𝑒𝑒𝜕𝜕𝑟𝑟𝑒𝑒𝑛𝑛 = ∫−∞

∞ 𝑛𝑛 𝑒𝑒 𝑓𝑓(𝑒𝑒)𝑑𝑑𝑒𝑒 − ∫−∞
𝐸𝐸𝐹𝐹 0K 𝑛𝑛 𝑒𝑒 𝑑𝑑𝑒𝑒

𝑆𝑆𝑒𝑒𝑙𝑙𝑒𝑒𝑒𝑒𝜕𝜕𝑟𝑟𝑒𝑒𝑛𝑛 = −𝑘𝑘𝐵𝐵 ∫−∞
∞ 𝑛𝑛(𝑒𝑒) 𝑓𝑓 𝑒𝑒 ln𝑓𝑓 𝑒𝑒 + (1 − 𝑓𝑓 𝑒𝑒 ln(1 − 𝑓𝑓 𝑒𝑒 ) 𝑑𝑑𝑒𝑒

Phase transition at finite T: VASP + Phonopy
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Reaction heat, Phase stability

反応熱、相安定性



Three laws of thermodynamics
・ The zero law: If TA = TB and TC = TA then TC = TB

・ The first law (Energy conservation)
General system: ΔU = Q + W
Isolated system: ΔU = 0

・ The second law (law of entropy increase)
The total entropy of universe increases: ΔS > 0

・ The third law(the origin of entropy)
Entropy of a system approaches zero as T approaches 0 K.



How reaction proceeds

Three laws of thermodynamics
The first law    ： Energy conservation
The second law: Entropy increases
The third law   : The origin of entropy

For non-isolated system：

Free energy
Isolated system −∆𝟐𝟐 ≤ 𝟎𝟎 Entropy
Const T, const V ∆𝑭𝑭 ≤ 𝟎𝟎 Helmholtz energy
Const T, const P ∆𝑮𝑮 ≤ 𝟎𝟎 Gibbs energy

• Ex.: P, T, and the number of particles are constant
・ Reaction proceeds so that the Gibbs energy of system will find minimum
・ ΔG = 0  at equilibrium



Three conditions for equilibrium
When two systems A and B are in equilibrium, the following three 
conditions should be satisfied
・ Thermal equib. : Temperature TA = TB
・ Mechanical equib.: Pressure PA = PB
・ Chemical equib.   : Chemical potentials of constituent elements and e-

µA,e = µ B,e

Free energies
・ Isolated (0 K, 0 atm) Internal energy U
・ const P (0 K) Enthalpy H = U + PV
・ const T, const V (0 atm) Helmholtz energy F = U – TS
・ const T, const P Gibbs energy G = U + PV – TS

DFT: Born-Oppenheimer approx. (Separate motions of electrons and nuclei)
Electrons system : Uelectron, V, P
Rigid band approx.: Excitation ΔUelectron(T), Configuration entropy ΔSelelctron(T)
Nuclei system : Phonon Uphonon, entropy Sphonon (or Fphonon)



From total energy

Lattice energy
NaCl(c) <=> Na+(g) + Cl-(g)

Formation heat
NaCl(c) <=> Na(c) + Cl2(g)

Cohesive energy
NaCl(c) <=> Na(g) + Cl(g)

NaCl (c)

Na(c) + ½ Cl2(g)

Na(g) + Cl(g)

Na+(g) + Cl-(g)Born – Haber cycle



Ex.: Sublimation heat of Na
Na (crystal) => Na (atom)
※ Etot of Na(crystal) : E = -2.6203 eV/cell
※ Etot of Na(atom) : E = -0.0007 eV/atom
※ Na(crystal) => Na(atom) : ∆E = 1.3094 eV = 126 kJ/mol
※ add PV = RT = 2.49 kJ/mol (300 K) to obtain ∆H:

∆H = 128 kJ/mol
※ Literature value: 108 kJ/mol

Reaction heat, formation energy etc:
Write down reaction equation, and calculate the total 

energies of the components in the equation
A + B => C + D

0 K, 0 atm : ΔE = (E(C) + E(D)) – (E(A) + E(B))
0 K, finite P : ΔH = (H(C) + H(D)) – (H(A) + H(B))

H(a) = E(a) + PV(a)
finite T, finite P : ΔG = (G(C) + G(D)) – (G(A) + G(B))

G(a) = E(a) + PV(a) – TS(a)



Formation / cohesive energies of NaCl
NaCl (crystal) => Na (crystal) + ½ Cl2 (molecule gas)
※ Etot of NaCl(crystal) : E = -27.2610 eV/cell (4NaCl)
※ Etot of Na(crystal) : E = -2.6203 eV/cell (2Na)
※ Etot of Cl2(molecule) : E = -3.5504 eV/cell (2Cl)
※ Formation energy: NaCl(crystal) => Na(crystal) + 1/2 Cl2(molecule) 

-3.7301 eV/Na = 359.9 kJ/mol
※ Add ½ PV = ½ RT = 1.2 kJ/mol (300 K) to obtain ∆H

∆H = 361 kJ/mol  文献値 411 kJ/mol

NaCl (crystal) => Na (atom gas) + Cl (atom gas)
※ Etot of Na(atom) : E = -0.0007 eV/atom
※ Etot of Cl(atom) : E = -0.0183 eV/atom
※ Cohesive energy: NaCl(crystal) => Na(crystal) + Cl(atom): 

6.7962 eV/NaCl = 655.7 kJ/mol   Literature 641 kJ/mol
※ Add 2PV = 2RT = 5.0 kJ/mol (300 K) to obtaine ∆H

∆H = 660.7 kJ/mol  文献値 641 kJ/mol



Cohesive energy of Si
Si (Crystal) => Si (atom gas)
※ Etot of Si(crystal) : E = -43.3748 eV / 8Si

= 523 kJ/mol
※ Etot of Si(atom) -0.862 eV
※ Add PV = RT = 2.49 kJ/mol (300 K) to obtain ∆H : 

∆H = 434 kJ/mol  Literature 446 kJ/mol

Bonding energy is obtained by dividing ∆H with the number of 
bonds, 2
Si-Si bond energy: E = 217 kJ/mol   Literature 224 kJ/mol



Chemical potential
Definition: Chemical potential of element:

𝜇𝜇𝑁𝑁 = 𝜕𝜕𝐺𝐺
𝜕𝜕𝑁𝑁𝑎𝑎 𝑇𝑇,𝑝𝑝,(𝑒𝑒𝜕𝜕ℎ𝑒𝑒𝑟𝑟 𝑁𝑁𝑛𝑛𝑑𝑑 𝑁𝑁𝑎𝑎)

Equilibrium between phases A and B: 𝝁𝝁𝒂𝒂,𝑨𝑨 = 𝝁𝝁𝒂𝒂,𝑩𝑩

Other relations
𝑑𝑑𝑆𝑆 = 𝑃𝑃

𝑇𝑇
𝑑𝑑𝑉𝑉 + 𝑑𝑑𝑑𝑑

𝑇𝑇
− 1

𝑇𝑇
∑𝑗𝑗=1𝑛𝑛 𝜇𝜇𝑗𝑗𝑑𝑑𝑁𝑁𝑗𝑗

𝑑𝑑𝐹𝐹 = −𝑆𝑆𝑑𝑑𝑇𝑇 − 𝑃𝑃𝑑𝑑𝑉𝑉 + ∑𝑗𝑗=1𝑛𝑛 𝜇𝜇𝑗𝑗𝑑𝑑𝑁𝑁𝑗𝑗
𝑑𝑑𝐺𝐺 = −𝑆𝑆𝑑𝑑𝑇𝑇 + 𝑉𝑉𝑑𝑑𝑃𝑃 + ∑𝑗𝑗=1𝑛𝑛 𝜇𝜇𝑗𝑗𝑑𝑑𝑁𝑁𝑗𝑗
𝑮𝑮 𝑻𝑻,𝒑𝒑,𝑵𝑵𝒂𝒂 = ∑𝒂𝒂𝑵𝑵𝒂𝒂𝝁𝝁𝒂𝒂

0 K: 𝑯𝑯𝑨𝑨 𝑻𝑻,𝒑𝒑,𝑵𝑵𝒂𝒂 = ∑𝑨𝑨 𝑬𝑬𝑨𝑨 + 𝑷𝑷𝑽𝑽𝑨𝑨 = ∑𝒂𝒂𝑵𝑵𝒂𝒂𝝁𝝁𝒂𝒂



Chemical stability: SrTiN2
1. Search possible phases: Sr, Ti, N2, SrN, Sr2N, SrN2, SrN6, TiN, Ti2N, etc
2. Thermodynamical conditions: 𝑮𝑮 𝑻𝑻,𝒑𝒑,𝑵𝑵𝒂𝒂 = ∑𝒂𝒂𝑵𝑵𝒂𝒂𝝁𝝁𝒂𝒂

例： ∆𝜇𝜇𝑆𝑆𝑟𝑟 + ∆𝜇𝜇𝑇𝑇𝑖𝑖 + 2∆𝜇𝜇𝑁𝑁 = ∆𝑯𝑯𝟐𝟐𝑑𝑑𝑻𝑻𝒊𝒊𝑵𝑵𝟐𝟐 (calculated by DFT)
𝜇𝜇𝑒𝑒 = 𝜇𝜇𝑒𝑒0 + ∆𝜇𝜇𝑒𝑒: 𝜇𝜇 of e (𝜇𝜇𝑒𝑒0 is 𝜇𝜇 of elemental e)
𝜇𝜇𝑁𝑁 depend on experimental condition: Calculation result would be a function of 𝝁𝝁𝒂𝒂

3. Phase stability condition
∆𝜇𝜇𝑆𝑆𝑟𝑟 + ∆𝜇𝜇𝑇𝑇𝑖𝑖 + 2∆𝜇𝜇𝑁𝑁 = ∆𝑯𝑯𝟐𝟐𝑑𝑑𝑻𝑻𝒊𝒊𝑵𝑵𝟐𝟐 = -5.87eV< 0

2. Elementary phases are not segregated
∆𝜇𝜇𝑆𝑆𝑟𝑟< 0 ①, ∆𝜇𝜇𝑇𝑇𝑖𝑖< 0 ②, ∆𝜇𝜇𝑁𝑁< 0 ③

3. Other impurity phases are not segregated
2∆μTi + ∆μN < ∆HTi2N ④

∆μTi + ∆μN < ∆HTiN ⑤

2∆μSr + ∆μN < ∆HSr2N ⑥

∆μSr + ∆μN < ∆HSrN ⑦

∆μSr + 2∆μN < ∆HSrN2 ⑧

∆μSr + 6∆μN < ∆HSrN6 ⑨

SrTiN2

⑤

①

② ③④

⑥ ⑦ ⑧
⑨

Sr
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oo
r

Sr
-r

ic
h

N-richN-poor



Eq. conditions at phase boundaries: SrTiN2
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1. Equilibrium condition: Chemical potentials are equal among the phases under equilibrium for each 
species

A point: SrTiN2 is equilibrium with elemental Sr and TiN
𝝁𝝁𝟐𝟐𝑑𝑑 is equal to that of elemental Sr   => ∆𝝁𝝁𝟐𝟐𝑑𝑑 = 𝟎𝟎
𝝁𝝁𝑻𝑻𝒊𝒊 and 𝝁𝝁𝑵𝑵 are equal to 𝝁𝝁 of TiN => ∆𝝁𝝁𝑻𝑻𝒊𝒊 + ∆𝝁𝝁𝑵𝑵＝∆𝑯𝑯𝑻𝑻𝒊𝒊𝑵𝑵 (calculated by DFT)
Condition for SrTiN2 => ∆𝝁𝝁𝟐𝟐𝑑𝑑 + ∆𝝁𝝁𝑻𝑻𝒊𝒊 + 𝟐𝟐∆𝝁𝝁𝑵𝑵 = ∆𝑯𝑯𝟐𝟐𝑑𝑑𝑻𝑻𝒊𝒊𝑵𝑵𝟐𝟐 (calculated by DFT)

=> ∆𝝁𝝁𝟐𝟐𝑑𝑑,∆𝝁𝝁𝑻𝑻𝒊𝒊 and ∆𝝁𝝁𝑵𝑵 are all determined

SrTiN2

cf. drawn by Chesta
https://www.aqua.mtl.kyoto-u.ac.jp/wordpress/chesta.html



Defect formation enthalpies

欠陥の生成エネルギー



Problem of defect calculation
(One-particle levels in defective ZnO)

VO Zni

Oba et al., J. Appl. Phys.. 90, 824 (2001) 

Small dispersion for defect band: Localized defect
Parallel to the dispersion of ideal crystal: Delocalized by strong 
hybridization with host

One defect in a 128-atom supercell
model



Band structures of perfect crystal and defective crystals

占有数2

Zn
O

e- density 
map
( |φ (r)|2 )

占有数2占有数0占有数0

F. Oba et al., Phys. Rev. B, 77, 245202 (2008).

Problem of defect calculation
(One-particle levels in defective ZnO)



Problem of defect calculation
Typical carrier densities in TCO

< 1021 cm-3 (< 1/100, EF up to EC + 1.0 eV)
Typical carrier densities in semiconductors

1015 – 1018 cm-3 (1/108 ~ 1/105, EF = EC – 0.5 to  EC – 0.2 eV)
[Note] Defect calculation is at the ‘dilution limit’

Atmosphere
O2, ZnO,
vacuum etc

Calculation 
model

High dope
(corrections 

needed)

Real doped 
material

Equilb.
μO and μZn are equal to 
those in atmosphere

Equilibrium
Uniform EF

Eq. condition with ZnO： μZn + μO < μZnO
Zn-rich cond. : μZn = μZn(bulk)
O-rich cond.          : μO = μO2
Intermediate cond.: μO < μO2, μZn < μZn(bulk)
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( )0

OOZnZn0qD,
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How to read 𝑬𝑬𝒇𝒇𝑫𝑫,𝒒𝒒 𝑬𝑬𝑭𝑭 diagram
𝐸𝐸𝑓𝑓𝐷𝐷,𝑞𝑞 𝐸𝐸𝐹𝐹 ,𝜇𝜇 = 𝐸𝐸D,q − 𝐸𝐸0 − 𝑛𝑛Zn𝜇𝜇Zn − 𝑛𝑛O𝜇𝜇O + 𝑞𝑞 𝐸𝐸𝐹𝐹 − 𝐸𝐸𝑉𝑉𝐵𝐵𝑉𝑉0

( ) ( ) FqD
f

FqD
f qEEEE += µµ ,0, ,,

Define 𝑬𝑬𝑽𝑽𝑩𝑩𝑽𝑽𝟎𝟎 = 𝟎𝟎

𝑬𝑬𝑭𝑭

𝑬𝑬 𝑫𝑫
,𝒒𝒒

𝒇𝒇

Ideal 
crystal 𝑬𝑬𝑽𝑽𝑩𝑩𝑽𝑽𝟎𝟎

q = +2

+1

-10

slope 
𝝏𝝏𝑬𝑬𝑫𝑫,𝒒𝒒

𝒇𝒇

𝝏𝝏𝑬𝑬𝑭𝑭
= 𝒒𝒒

q: Charge of defect with respect to the charge of the ideal crystal site
e.g., H- at O2- site: q = +1, HO

+

q = +1 defect does not appear: Negative-U

from canonical distribution (Boltzmann / Gibbs distribution)

𝐢𝐢𝐢𝐢𝐞𝐞𝐢𝐢𝐥𝐥 : 𝑫𝑫+𝟐𝟐 : 𝑫𝑫+𝟏𝟏 : 𝑫𝑫𝟎𝟎 : 𝑫𝑫−𝟏𝟏 = 𝟏𝟏:𝑁𝑁𝑠𝑠𝑖𝑖𝜕𝜕𝑒𝑒
𝐷𝐷,+2𝑵𝑵−

𝑬𝑬𝑫𝑫,+2
𝒇𝒇 𝐸𝐸𝐹𝐹
𝒌𝒌𝑩𝑩𝑻𝑻 :𝑁𝑁𝑠𝑠𝑖𝑖𝜕𝜕𝑒𝑒

𝐷𝐷,+1𝑵𝑵−
𝑬𝑬𝑫𝑫,+1
𝒇𝒇 𝐸𝐸𝐹𝐹
𝒌𝒌𝑩𝑩𝑻𝑻 :𝑁𝑁𝑠𝑠𝑖𝑖𝜕𝜕𝑒𝑒

𝐷𝐷,0𝑵𝑵−
𝑬𝑬𝑫𝑫,0
𝒇𝒇 𝐸𝐸𝐹𝐹
𝒌𝒌𝑩𝑩𝑻𝑻 :𝑁𝑁𝑠𝑠𝑖𝑖𝜕𝜕𝑒𝑒

𝐷𝐷,−1𝑵𝑵−
𝑬𝑬𝑫𝑫,−1
𝒇𝒇 𝐸𝐸𝐹𝐹
𝒌𝒌𝑩𝑩𝑻𝑻

+𝑈𝑈

To
ta

l e
ne

rg
y

q = +2

q = +1

usual

q = +1

negative-U

Lattice 
relaxation
−𝐸𝐸𝑟𝑟𝑒𝑒𝑙𝑙𝑁𝑁𝑥𝑥

𝑼𝑼𝑵𝑵𝒇𝒇𝒇𝒇 = 𝑼𝑼− 𝑬𝑬𝑑𝑑𝑵𝑵𝒆𝒆𝒂𝒂𝒓𝒓 < 𝟎𝟎



Negative 𝑬𝑬𝒇𝒇𝑫𝑫,𝒒𝒒 𝑬𝑬𝑭𝑭 : Doping limit

𝐸𝐸𝐹𝐹
𝐸𝐸 𝐷𝐷

,𝑞𝑞𝑓𝑓

Ideal 
crystal

𝐸𝐸𝑉𝑉𝐵𝐵𝑉𝑉0

+2 -10

For negative 𝑬𝑬𝒇𝒇𝑫𝑫,𝒒𝒒,  𝑫𝑫𝒒𝒒 ≫ 𝐢𝐢𝐢𝐢𝐞𝐞𝐢𝐢𝐥𝐥 (the total crystal sites),
Indicating EF is pinned between 𝑬𝑬𝑭𝑭 ′𝒔𝒔 𝐨𝐨𝐨𝐨 𝑬𝑬𝒇𝒇𝑫𝑫,𝒒𝒒 𝑬𝑬𝑭𝑭 ~𝟎𝟎

𝐸𝐸𝐶𝐶𝐵𝐵𝑉𝑉0

𝑫𝑫𝒒𝒒 can be calculated as follows, 
but not consistent with the assumption of ‘dilution limit’

Grand partition function:  𝒁𝒁 𝑬𝑬𝑭𝑭 = ∑𝒔𝒔𝒊𝒊𝑵𝑵𝑵𝑵,𝑫𝑫,𝒒𝒒 𝑵𝑵−𝜷𝜷𝑮𝑮𝑫𝑫,𝒒𝒒 𝑬𝑬𝑭𝑭 = ∑𝑫𝑫,𝒒𝒒𝑵𝑵𝒔𝒔𝒊𝒊𝑵𝑵𝑵𝑵𝑵𝑵−𝜷𝜷𝑮𝑮𝑫𝑫,𝒒𝒒 𝑬𝑬𝑭𝑭

Probability of Dq: 𝑷𝑷𝑫𝑫,𝒒𝒒 = 𝑵𝑵𝒔𝒔𝒊𝒊𝑵𝑵𝑵𝑵𝑵𝑵−𝜷𝜷𝑮𝑮𝑫𝑫,𝒒𝒒 𝑬𝑬𝑭𝑭 /𝒁𝒁
𝑵𝑵𝑫𝑫,𝒒𝒒 = 𝑵𝑵𝒔𝒔𝒊𝒊𝑵𝑵𝑵𝑵𝑷𝑷𝑫𝑫,𝒒𝒒/𝒁𝒁

For 𝑵𝑵−𝜷𝜷𝑮𝑮𝑫𝑫,𝒒𝒒 𝑬𝑬𝑭𝑭 ≪ 𝟎𝟎, 𝒁𝒁 𝑬𝑬𝑭𝑭 ~𝑵𝑵𝒔𝒔𝒊𝒊𝑵𝑵𝑵𝑵, 𝑵𝑵𝑫𝑫,𝒒𝒒 ~𝑵𝑵𝒔𝒔𝒊𝒊𝑵𝑵𝑵𝑵𝑵𝑵−𝜷𝜷𝑮𝑮𝑫𝑫,𝒒𝒒 𝑬𝑬𝑭𝑭

Doping limits



∆H of defects at representative phase boundaries

Sr

N1
N2

Ti

A C F

Equilibrium EF (EF,eq): Determined by charge neutrality condition
Sum of defect charges + free h+ charge + free e- charge ＝ 0

EF,eq closer to EC => native n-type conductor、equib. carrier dens: 1.1×1018 cm-3

∆H is a function of µ of constituent elements and electron
µ of e-: Fermi level, EF

∆H of charged defects depend on EF

Graph depends on EF

X. He et al.,  J. Phys. Chem. C 123 (2019) 19307



Donor level, acceptor level: SnS (:H)
Defect charges are relative to those of the ideal crystal sites:

If replace O2- with F- => FO
-

Neutral O vacancy: VO
o: An O2- is missed and 2e- are trapped

=> If no e- is trapped, it should be VO
･･ (VO

2+)

Donor ： A state that can emit an e- from the neutral state
Ionized donor has a positive charge

Acceptor ： A state that can capture an e- from the neutral state
Ionized acceptor has a negative charge

Donor level (charge transfer level):
Crossing point of positive-slope ∆H

Slope +1 => 0, +2 => +1:
Single donor

Slope +2 => 0: Double donor

Acceptor level:
Crossing point of negative-slope ∆H

Slope 0 => -1, -1 => -2:
Single acceptor

Sn-rich

Sn-poor

Z. Xiao et al., 
Phys. Chem. Chem. Phys. 
20 (2018) 20952
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