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Several origins of insulator
• Band insulator

Finite bandgap
1. Interference at BZ boundary (metal)
2. Energy splitting btw bonding – anti-bonding states (covalent)
3. Energy splitting btw cation and anion levels (ionic)

• Mott insulator
1. Energy loss by on-site Coulomb U > Energy gain by band formation W
2. Energy loss by charge transfer from anion (cation) to cation (anion) ∆ > W

• Localization due to disorder (Anderson localization)
Localized standing wave formed by interference of scattered wave functions

• Topological insulator
Band gap (zero or finite) is preserved by symmetry of wave function



Electrical conductivity and band gap
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Mobility vs. doping conc.

S.M. Sze, Physics of Semiconductor Devices



Mobility in GaAs
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Mobility in ZnO
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11
K. Ellmer, Handbook of Transparent Conductors, Fig. 7.13, p.216, 

Ed. D.S. Ginley (Springer, New York, 2010)
P. Wagner and R. Helbig, J. Phys. Chem. Solids, 35 (1974) 327



 Mobility 
(cm2/Vs) 

Effective mass 
(me) 

τ 
(10-15 s) 

Eg 
(eV) 

Si µe=1500 
µh=500 

met=0.98 
mel=0.19 
mht=0.49 
mhl=0.16 

160 (el) 1.12 

In2O3:Sn 1) µe=24~45 me=0.3 6.5 3.37 
ZnO:Ga 1) µe=8~25 me=0.28~0.33 5.1 3.37 
InGaO3(ZnO)5 µe=16 me=0.32 3.0  
LaCuOSe:Mg µh=3.4 mh=1.6 4.2 2.7 
C12A7:e- µe=5.2 me=0.82 2.4 7 
Cu1.7Se µh=5.3 mh=1.0 3.0 2 
a-2CdO·GeO2

  µe=12 me=0.33 2.3 3.4 
a-2CdO·PbO2

  µe=10 me=0.30 1.7 1.8 
a-InGaO3(ZnO)m 
(m=1~4) 

µe=13~21 me=0.34~0.36 
(m=1) 

2.5 3.2 – 2.85 

a-Zn0.35In0.35Sn0.3Ox  µe=10 me=0.53 3.9 3.3 
 

Effective masses and relaxation times

1) H. Fujiwara and M. Kondo, PRB 71, 075109 (2005)
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T dependence of mobility vs scat. mechanism
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Simple model of carrier transport

簡単なモデル解析



What is carrier mobility?
σ = enµ

Definition in solid-state physics
Drift mobility 𝝁𝝁𝒅𝒅 = 𝒗𝒗𝒅𝒅

𝑬𝑬
= 𝒆𝒆

𝒎𝒎𝒆𝒆
𝝉𝝉

Motion of dynamic for an e- 𝑭𝑭 = 𝒎𝒎𝒆𝒆
𝒅𝒅
𝒅𝒅𝒅𝒅
𝒗𝒗 − 𝟏𝟏

𝝉𝝉
𝒗𝒗 = 𝒒𝒒𝑬𝑬

𝒎𝒎𝒆𝒆: Effective mass
𝝉𝝉 : Momentum relaxation time (scattering time)

Average time for an electron to loose its momentum
by scattering

Steady-state velocity 𝒗𝒗 = 𝒆𝒆
𝒎𝒎𝒆𝒆
𝝉𝝉𝑬𝑬

Drift velocity   𝒗𝒗𝒅𝒅: Velocity driven by electric field
 thermal velocity, Fermi velocity, diffusion velocity etc



Band conduction mobility limit

*
em

eτµ =
me

* = 0.35 me

µ >> 8 cm2/Vs
for band conduction

Tkmv Beth
*2= = 2×105 m/s

lth = vthτ >> inter atomic distance
In-In distance in a-IGZO: 3.1 Å

=> τ >> 1.5 fs

But: Hall mobility ~ 0.2 cm2/Vs in IGZO
lth = 0.1 Å ???
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Several kinds of current generation / annihilation
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Time variation Diffusion Drift RecombinationGeneration
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Fermi level EF is defined only under equribirum
Mimic for non-equilibrium states: Quasi Fermi vlevel
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𝐅𝐅 = 𝑞𝑞 𝐄𝐄 + 𝐯𝐯 × 𝐁𝐁
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Carrier polarity (sign of RH), density nHall, mobility µHall

Charge q (electron: -e, hole: +e)
Hall effect: Simple explanation



Hall effect
太田英二、坂田亮著、半導体の電子物性光学、培風館 (2005)

–e: Electron charge, Under 𝐸𝐸𝑥𝑥 and 𝐵𝐵𝑧𝑧
Motion of dynamics 𝑚𝑚𝑒𝑒

∗ 𝑑𝑑𝒗𝒗𝒊𝒊
𝑑𝑑𝑑𝑑

+ 𝒗𝒗𝒊𝒊
𝜏𝜏

= −𝑒𝑒 𝑬𝑬 + 𝒗𝒗𝒊𝒊 × 𝑩𝑩
Average velocity 𝒗𝒗 = ∑𝒗𝒗𝒊𝒊 /𝑛𝑛

𝑚𝑚𝑒𝑒
∗ 𝑑𝑑 𝒗𝒗

𝑑𝑑𝑑𝑑
+ 𝒗𝒗

𝜏𝜏
= −𝑒𝑒 𝑬𝑬 + 𝒗𝒗 × 𝑩𝑩

𝑚𝑚𝑒𝑒
∗ 𝒗𝒗 𝑥𝑥 = −𝑒𝑒𝜏𝜏 𝐸𝐸𝑥𝑥 + 𝒗𝒗 𝑦𝑦𝐵𝐵𝑧𝑧

𝑚𝑚𝑒𝑒
∗ 𝒗𝒗 𝑦𝑦 = −𝑒𝑒𝜏𝜏 𝐸𝐸𝑦𝑦 − 𝒗𝒗 𝑥𝑥𝐵𝐵𝑧𝑧

𝑚𝑚𝑒𝑒
∗ 𝒗𝒗 𝑧𝑧 = −𝑒𝑒𝜏𝜏𝐸𝐸𝑧𝑧

𝒗𝒗 𝑥𝑥 = − 𝑒𝑒𝜏𝜏
𝑚𝑚𝑒𝑒
∗

𝐸𝐸𝑥𝑥+
𝑒𝑒𝑒𝑒
𝑚𝑚𝑒𝑒∗

𝐵𝐵𝑧𝑧𝐸𝐸𝑦𝑦

1+ 𝑒𝑒𝑒𝑒
𝑚𝑚𝑒𝑒∗

2
𝐵𝐵𝑧𝑧2

𝒗𝒗 𝑦𝑦 = − 𝑒𝑒𝜏𝜏
𝑚𝑚𝑒𝑒
∗

𝐸𝐸𝑦𝑦−
𝑒𝑒𝑒𝑒
𝑚𝑚𝑒𝑒∗

𝐵𝐵𝑧𝑧𝐸𝐸𝑥𝑥

1+ 𝑒𝑒𝑒𝑒
𝑚𝑚𝑒𝑒
∗
2
𝐵𝐵𝑧𝑧2

𝒗𝒗 𝑥𝑥 = − 𝑒𝑒𝜏𝜏
𝑚𝑚𝑒𝑒
∗ 𝐸𝐸𝑧𝑧



Hall effect
太田英二、坂田亮著、半導体の電子物性光学、培風館 (2005)

Current 𝑱𝑱 = −𝑒𝑒 𝒗𝒗 = 𝑒𝑒2𝑛𝑛𝜏𝜏
𝑚𝑚𝑒𝑒
∗

1

1+ 𝑒𝑒𝑒𝑒
𝑚𝑚𝑒𝑒∗

2
𝐵𝐵𝑧𝑧2

𝑒𝑒𝑒𝑒
𝑚𝑚𝑒𝑒∗

𝐵𝐵𝑧𝑧

1+ 𝑒𝑒𝑒𝑒
𝑚𝑚𝑒𝑒∗

2
𝐵𝐵𝑧𝑧2

0

−
𝑒𝑒𝑒𝑒
𝑚𝑚𝑒𝑒∗

𝐵𝐵𝑧𝑧

1+ 𝑒𝑒𝑒𝑒
𝑚𝑚𝑒𝑒∗

2
𝐵𝐵𝑧𝑧2

1

1+ 𝑒𝑒𝑒𝑒
𝑚𝑚𝑒𝑒∗

2
𝐵𝐵𝑧𝑧2

0

0 0 1

𝐸𝐸𝑥𝑥
𝐸𝐸𝑦𝑦
𝐸𝐸𝑧𝑧

=
𝜎𝜎𝑥𝑥𝑥𝑥 𝜎𝜎𝑥𝑥𝑦𝑦 0
𝜎𝜎𝑦𝑦𝑥𝑥 𝜎𝜎𝑦𝑦𝑦𝑦 0

0 𝜎𝜎𝑧𝑧𝑧𝑧

𝐸𝐸𝑥𝑥
𝐸𝐸𝑦𝑦
𝐸𝐸𝑧𝑧

= 𝜎𝜎𝑥𝑥𝑥𝑥 𝑬𝑬 +
𝑒𝑒𝜏𝜏
𝑚𝑚𝑒𝑒
∗

2

𝑩𝑩 𝑬𝑬 � 𝑩𝑩 +
𝑒𝑒𝜏𝜏
𝑚𝑚𝑒𝑒
∗ 𝑬𝑬 × 𝑩𝑩

𝜔𝜔𝑐𝑐 = 𝑒𝑒
𝑚𝑚𝑒𝑒
∗ 𝐵𝐵𝑧𝑧: cyclotron frequency



Hall effect
太田英二、坂田亮著、半導体の電子物性光学、培風館 (2005)

Upon 𝐽𝐽𝑦𝑦 = 0

𝑒𝑒2𝑛𝑛𝜏𝜏
𝑚𝑚𝑒𝑒
∗

1

1 + 𝑒𝑒𝜏𝜏
𝑚𝑚𝑒𝑒
∗

2
𝐵𝐵𝑧𝑧2

𝑒𝑒𝜏𝜏
𝑚𝑚𝑒𝑒
∗ 𝐵𝐵𝑧𝑧

1 + 𝑒𝑒𝜏𝜏
𝑚𝑚𝑒𝑒
∗

2
𝐵𝐵𝑧𝑧2

−

𝑒𝑒𝜏𝜏
𝑚𝑚𝑒𝑒
∗ 𝐵𝐵𝑧𝑧

1 + 𝑒𝑒𝜏𝜏
𝑚𝑚𝑒𝑒
∗

2
𝐵𝐵𝑧𝑧2

1

1 + 𝑒𝑒𝜏𝜏
𝑚𝑚𝑒𝑒
∗

2
𝐵𝐵𝑧𝑧2

𝐸𝐸𝑥𝑥
𝐸𝐸𝑦𝑦

=
𝐽𝐽𝑥𝑥
𝐽𝐽𝑦𝑦

𝐸𝐸𝑥𝑥 = 𝐽𝐽𝑥𝑥𝜎𝜎𝑥𝑥𝑥𝑥
𝜎𝜎𝑥𝑥𝑥𝑥𝜎𝜎𝑦𝑦𝑦𝑦−𝜎𝜎𝑦𝑦𝑥𝑥𝜎𝜎𝑦𝑦𝑥𝑥

= 1
𝜎𝜎0
𝐽𝐽𝑥𝑥

𝐸𝐸𝑦𝑦 = − 𝐽𝐽𝑥𝑥𝜎𝜎𝑦𝑦𝑧𝑧
𝜎𝜎𝑥𝑥𝑥𝑥𝜎𝜎𝑦𝑦𝑦𝑦−𝜎𝜎𝑦𝑦𝑥𝑥𝜎𝜎𝑦𝑦𝑥𝑥

= − 1
𝑒𝑒𝑛𝑛
𝐵𝐵𝑧𝑧𝐽𝐽𝑥𝑥 = 𝑅𝑅𝐻𝐻𝐵𝐵𝑧𝑧𝐽𝐽𝑥𝑥

𝑹𝑹𝑯𝑯 = − 𝑬𝑬𝒚𝒚
𝑩𝑩𝒛𝒛𝑱𝑱𝒙𝒙

= −𝑉𝑉𝐻𝐻
𝑊𝑊

𝑊𝑊𝑑𝑑
𝐼𝐼𝑥𝑥

1
𝐵𝐵𝑧𝑧

= −𝑽𝑽𝑯𝑯
𝑰𝑰𝒙𝒙

𝒅𝒅
𝑩𝑩𝒛𝒛

(for electron)



Hall effect: Two-carrier model
太田英二、坂田亮著、半導体の電子物性光学、培風館 (2005)

When electrons and holes coexist
𝑱𝑱𝒆𝒆 = 𝜎𝜎𝑒𝑒𝑬𝑬 − 𝜎𝜎𝑒𝑒𝜇𝜇𝑒𝑒𝑬𝑬 × 𝑩𝑩
𝑱𝑱𝒉𝒉 = 𝜎𝜎ℎ𝑬𝑬 + 𝜎𝜎ℎ𝜇𝜇ℎ𝑬𝑬 × 𝑩𝑩
𝑱𝑱 = 𝑱𝑱𝒆𝒆 + 𝑱𝑱𝒆𝒆 = 𝜎𝜎𝑒𝑒 + 𝜎𝜎ℎ 𝐸𝐸 + −𝜎𝜎𝑒𝑒𝜇𝜇𝑒𝑒 + 𝜎𝜎ℎ𝜇𝜇ℎ 𝑬𝑬 × 𝑩𝑩

𝑅𝑅𝐻𝐻 = 𝑛𝑛ℎ𝜇𝜇ℎ2−𝑛𝑛𝑒𝑒𝜇𝜇𝑒𝑒2

𝑒𝑒 𝑛𝑛ℎ𝜇𝜇ℎ+𝑛𝑛𝑒𝑒𝜇𝜇𝑒𝑒 2

(i) Only holes: 𝒏𝒏𝒆𝒆 = 𝟎𝟎 => 𝑹𝑹𝑯𝑯 = 𝝁𝝁𝒉𝒉
𝒆𝒆𝒏𝒏𝒉𝒉

(ii) Same mobility: 𝝁𝝁𝒉𝒉 = 𝝁𝝁𝒆𝒆 = 𝝁𝝁 => 𝑹𝑹𝑯𝑯 = 𝒏𝒏𝒉𝒉−𝒏𝒏𝒆𝒆
𝒆𝒆 𝒏𝒏𝒉𝒉+𝒏𝒏𝒆𝒆 𝟐𝟐

(iii) Nearly intrinsic: 𝒏𝒏𝒉𝒉~𝒏𝒏𝒆𝒆~𝒏𝒏𝒊𝒊 => 𝑹𝑹𝑯𝑯 = 𝟏𝟏−𝝁𝝁𝒆𝒆/𝝁𝝁𝒉𝒉
𝒆𝒆𝒏𝒏𝒊𝒊 𝟏𝟏+𝝁𝝁𝒆𝒆/𝝁𝝁𝒉𝒉
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Electron – hole mixed conduction



Magnetoresistance: Drude model
太田英二、坂田亮著、半導体の電子物性光学、培風館 (2005)

Current 𝑱𝑱 = −𝑒𝑒 𝒗𝒗 = 𝑒𝑒2𝑛𝑛𝜏𝜏
𝑚𝑚𝑒𝑒
∗

1

1+ 𝑒𝑒𝑒𝑒
𝑚𝑚𝑒𝑒∗

2
𝐵𝐵𝑧𝑧2

𝑒𝑒𝑒𝑒
𝑚𝑚𝑒𝑒∗

𝐵𝐵𝑧𝑧

1+ 𝑒𝑒𝑒𝑒
𝑚𝑚𝑒𝑒∗

2
𝐵𝐵𝑧𝑧2

0

−
𝑒𝑒𝑒𝑒
𝑚𝑚𝑒𝑒∗

𝐵𝐵𝑧𝑧

1+ 𝑒𝑒𝑒𝑒
𝑚𝑚𝑒𝑒∗

2
𝐵𝐵𝑧𝑧2

1

1+ 𝑒𝑒𝑒𝑒
𝑚𝑚𝑒𝑒∗

2
𝐵𝐵𝑧𝑧2

0

0 0 1

𝐸𝐸𝑥𝑥
𝐸𝐸𝑦𝑦
𝐸𝐸𝑧𝑧

Two carrier model
𝑱𝑱 = 𝑱𝑱𝒆𝒆 + 𝑱𝑱𝒆𝒆 = 𝜎𝜎𝑒𝑒 + 𝜎𝜎ℎ 𝐸𝐸 + −𝜎𝜎𝑒𝑒𝜇𝜇𝑒𝑒 + 𝜎𝜎ℎ𝜇𝜇ℎ 𝑬𝑬 × 𝑩𝑩



Two carrier model of MR

# of parameters must be larger than # of constraints, 
# of parameters: four 𝑛𝑛ℎ, 𝜇𝜇ℎ, 𝑛𝑛𝑒𝑒 ,𝜇𝜇𝑒𝑒
# of constraints: three

For parabolic 𝜌𝜌𝑥𝑥𝑥𝑥 𝐵𝐵 : 𝑎𝑎𝑥𝑥𝑥𝑥0 = 𝜌𝜌𝑥𝑥𝑥𝑥(0), and 𝑎𝑎𝑥𝑥𝑥𝑥2
For linear 𝜌𝜌𝑥𝑥𝑦𝑦 𝐵𝐵 : 𝑎𝑎𝑥𝑥𝑦𝑦1 only

MR-TwoCarriermodel.py (to be uploaded for Lab only web)
e.g. in APL 107, 182411 (2015)

𝑛𝑛ℎ = 2.09x1023 m-3

𝜇𝜇ℎ = 0.074 m2/Vs
𝑛𝑛𝑒𝑒 = 2.72x1022 m−3

𝜇𝜇𝑒𝑒 = 0.018 m2/Vs
S2 = 3.2x10-14

𝑛𝑛ℎ = 9.23x1022 m-3

𝜇𝜇ℎ = 𝜇𝜇𝑒𝑒 = 0.012 m2/Vs
𝑛𝑛𝑒𝑒 = 7.68x1022 m−3

S2 = 3.0x10-14

At least two parameter sets give similar residuals S2



(a) (b)

(c) (d)

Apparent nHall anomaly in ZnO/ScAlMgO4
Katase et al., Cryst. Growth&Des. 10, 1084 (2010)



Non-equilibrium statistics dynamics

非平衡統計力学



Calculation procedure under equilibrium
1. Determine parameters e.g. me

*

2. Calculate constants e.g. Nc, Dc0

3. Build density-of-states function D(E)
4. Calculate the number of electrons in the energy range considered 

(usually considered at 0 K for neutral state): Charge neutrality 
condition

5. Draw band structure – position diagram by assuming constant EF
to determine functions of conduction band minimum (CBM) and 
valence band maximum (VBM), ECBM(x), EVBM(x)

6. Calculate extra charge distributions
ρe(x) = Ncexp(-(ECBM(x)-EF)/kBT)
ρh(x) = Nvexp(-(EF-EVBM(x))/kBT)

from ECBM(x) and EVBM(x)
7. Solve 5-6 self-consistently so as to satisfy Possison equation

d2ECBM(x)/dx2 = e(-ρe(x)+ρh(x)+ND
+(x)-NA

-(x)) /ε



For non-equilibrium state
Equilibrium: No time variation for macroscopic quantities

Closed system
Steady state: No time variation for macroscopic quantities

Exchange of energy / particles etc btw external system

Steady states, but not equilibrium
• Electron flow btw external system
• Bias, temperature distribution etc
• EF is not uniform over the system

• Boltzmann transport theory
• Current continuity equation



Non-equilibrium statistical physics
Under equilibrium

𝑓𝑓0 𝐸𝐸 =
1

1 + exp 𝐸𝐸 − 𝐸𝐸𝐹𝐹0 /𝑘𝑘𝐵𝐵𝑇𝑇
Fermi-Dirac distribution function

𝑛𝑛0 𝐸𝐸 = 𝑓𝑓0 𝐸𝐸 𝐷𝐷 𝐸𝐸

Density-of-states function

Distribution of electrons actually 
occupying D(E)

𝐷𝐷 𝐸𝐸

Non-equilibrium state: Main approach is to find distribution 
function𝑓𝑓 𝐸𝐸, 𝐫𝐫,𝐤𝐤, 𝑡𝑡

𝑓𝑓 𝐸𝐸, 𝐫𝐫,𝐤𝐤, 𝑡𝑡 = 𝑓𝑓0 𝐸𝐸 + 𝑓𝑓1 𝐸𝐸



Boltzmann's transport equation
Boltzmann equation

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

= 𝝏𝝏𝒅𝒅
𝝏𝝏𝒅𝒅 𝒓𝒓,𝒌𝒌

+ 𝒅𝒅𝒓𝒓
𝒅𝒅𝒅𝒅
𝜵𝜵𝒓𝒓𝒅𝒅 + 𝒅𝒅𝒌𝒌

𝒅𝒅𝒅𝒅
𝜵𝜵𝒌𝒌𝒅𝒅

𝐅𝐅 = ℏ
𝑑𝑑𝐤𝐤
𝑑𝑑𝑡𝑡

𝐯𝐯𝐤𝐤 =
𝑑𝑑𝐫𝐫
𝑑𝑑𝑡𝑡

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝜕𝜕𝑑𝑑
𝜕𝜕𝑑𝑑 𝐫𝐫,𝐤𝐤

+ 𝐯𝐯𝐤𝐤∇𝐫𝐫𝑓𝑓 + 𝐅𝐅
ℏ
∇𝐤𝐤𝑓𝑓

Diffusion term Drift term

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

=
𝝏𝝏𝒅𝒅
𝝏𝝏𝒅𝒅 𝒓𝒓,𝒌𝒌

+ 𝒗𝒗𝒌𝒌𝜵𝜵𝒓𝒓𝒅𝒅 − 𝒆𝒆
𝑬𝑬
ℏ
𝜵𝜵𝒌𝒌𝒅𝒅

Under electric field E



P/N diode: Diffusion-current device

EF

N型半導体 P型半導体

E
F

V
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VNPn bi
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kT
eV

kT
VNPnNnVJ bi

c

V

I

Rectification

Drift current: revers
Diffusion current: forward



Thermoelectric device: Diffusion current

Different T for a material TH, TL
Electrons are re-distributed so as to reach uniform EF

Metal: Electron density independent of T
Kinetic energy  ~𝑬𝑬𝑭𝑭𝟎𝟎 + 𝟏𝟏

𝟐𝟐
𝒎𝒎𝒗𝒗𝒅𝒅𝒉𝒉

2

𝒗𝒗𝒙𝒙 ~ 𝟏𝟏
𝟐𝟐
𝒌𝒌𝒌𝒌

Difference in thermal velocity causes diffusion from TH to TL

Semiconductor: Electron density 𝑵𝑵𝑪𝑪𝐞𝐞𝐞𝐞𝐞𝐞 −𝑬𝑬𝑪𝑪−𝑬𝑬𝑭𝑭
𝒌𝒌𝒌𝒌

Difference in electron density causes diffusion from TH to TL



Relaxation time approx. for scattering term

τ
0ff

dt
df −

−=

−
𝑓𝑓 − 𝑓𝑓0
𝜏𝜏

= 𝐯𝐯𝐤𝐤∇𝐫𝐫𝑓𝑓 +
𝐅𝐅
ℏ
∇𝐤𝐤𝑓𝑓

−
𝑓𝑓 − 𝑓𝑓0
𝜏𝜏 =

𝜕𝜕𝑓𝑓
𝜕𝜕𝑡𝑡 𝐫𝐫,𝐤𝐤

+ 𝐯𝐯𝐤𝐤∇𝐫𝐫𝑓𝑓 + 𝐯𝐯𝐤𝐤𝐅𝐅
𝜕𝜕𝑓𝑓
𝜕𝜕𝐸𝐸

𝑑𝑑𝑓𝑓
𝑑𝑑𝐤𝐤

=
𝜕𝜕𝑓𝑓
𝜕𝜕𝐸𝐸

𝜕𝜕𝐸𝐸
𝜕𝜕𝐤𝐤

= ℏ𝐯𝐯𝐤𝐤
𝜕𝜕𝑓𝑓
𝜕𝜕𝐸𝐸

𝐯𝐯𝐤𝐤 =
1
ℏ
𝜕𝜕𝐸𝐸
𝜕𝜕𝐤𝐤

𝒅𝒅~𝒅𝒅𝟎𝟎 − 𝝉𝝉
𝝏𝝏𝒅𝒅𝟎𝟎
𝝏𝝏𝒅𝒅 𝒓𝒓,𝒌𝒌

− 𝝉𝝉𝒗𝒗𝒌𝒌𝜵𝜵𝒓𝒓𝒅𝒅𝟎𝟎 − 𝝉𝝉𝒗𝒗𝒌𝒌𝑭𝑭
𝝏𝝏𝒅𝒅𝟎𝟎
𝝏𝝏𝑬𝑬

Boltzmann-Bloch equation (for steady state)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝜕𝜕𝑑𝑑
𝜕𝜕𝑑𝑑 𝐫𝐫,𝐤𝐤

+ 𝐯𝐯𝐤𝐤∇𝐫𝐫𝑓𝑓 + 𝐅𝐅
ℏ
∇𝐤𝐤𝑓𝑓



𝑓𝑓~𝑓𝑓0 − 𝜏𝜏
𝜕𝜕𝑓𝑓0
𝜕𝜕𝑡𝑡 𝐫𝐫,𝐤𝐤

− 𝜏𝜏𝐯𝐯𝐤𝐤∇𝐫𝐫𝑓𝑓0 − 𝜏𝜏𝐯𝐯𝐤𝐤𝐅𝐅
𝜕𝜕𝑓𝑓0
𝜕𝜕𝐸𝐸

Equations to solve electron transport

Transport equation

�
𝐸𝐸𝐶𝐶

∞
𝐷𝐷𝐶𝐶 𝐸𝐸 𝑓𝑓 𝐸𝐸 𝑑𝑑𝐸𝐸 + 𝑁𝑁𝐴𝐴− = �

𝐸𝐸𝐶𝐶

∞
𝐷𝐷𝑉𝑉 𝐸𝐸 1 − 𝑓𝑓 𝐸𝐸 𝑑𝑑𝐸𝐸 + 𝑁𝑁𝐷𝐷+

Charge neutrality condition

∇2𝜑𝜑 𝑥𝑥 =
𝜌𝜌 𝑥𝑥
𝜀𝜀

Poisson equation

𝜌𝜌 𝑥𝑥 = −𝑒𝑒 𝑛𝑛 𝑥𝑥 + 𝑁𝑁𝐴𝐴− + 𝑒𝑒 𝑝𝑝 𝑥𝑥 + 𝑁𝑁𝐷𝐷+

𝑛𝑛 𝑥𝑥 = �
𝐸𝐸𝐶𝐶

∞
𝐷𝐷𝐶𝐶 𝐸𝐸 𝑓𝑓 𝐸𝐸 𝑑𝑑𝐸𝐸 𝑝𝑝 𝑥𝑥 = �

−∞

𝐸𝐸𝑉𝑉
𝐷𝐷𝑉𝑉 𝐸𝐸 1 − 𝑓𝑓 𝐸𝐸 𝑑𝑑𝐸𝐸

𝐄𝐄𝑒𝑒 = −∇𝐫𝐫𝐸𝐸𝐶𝐶

Band structure and E
𝐸𝐸 − 𝐸𝐸𝐶𝐶 =

ℏ2

2𝑚𝑚𝑒𝑒
∗ 𝐤𝐤2Effective mass approx.



Current density vs E
𝑓𝑓~𝑓𝑓0 − 𝜏𝜏

𝜕𝜕𝑓𝑓0
𝜕𝜕𝑡𝑡 𝑑𝑑,𝐫𝐫,𝐤𝐤

− 𝜏𝜏𝐯𝐯𝐤𝐤∇𝐫𝐫𝑓𝑓0 − 𝜏𝜏𝐯𝐯𝐤𝐤𝐅𝐅
𝜕𝜕𝑓𝑓0
𝜕𝜕𝐸𝐸 = 𝑓𝑓0 + 𝑒𝑒𝜏𝜏𝐯𝐯𝐤𝐤𝐄𝐄

𝜕𝜕𝑓𝑓0
𝜕𝜕𝐸𝐸

𝐉𝐉 = −𝑒𝑒�𝐯𝐯𝐤𝐤𝑑𝑑𝑘𝑘𝑥𝑥𝑑𝑑𝑘𝑘𝑦𝑦𝑑𝑑𝑘𝑘𝑧𝑧

= −𝑒𝑒 ∫𝐯𝐯𝐤𝐤𝐷𝐷 𝐸𝐸 𝑓𝑓 𝐸𝐸 𝑑𝑑𝐸𝐸

= −𝑒𝑒 ∫𝐯𝐯𝐤𝐤𝐷𝐷 𝐸𝐸 𝑓𝑓0 + 𝑒𝑒𝜏𝜏𝐯𝐯𝐤𝐤𝐄𝐄
𝜕𝜕𝑑𝑑0
𝜕𝜕𝐸𝐸

𝑑𝑑𝐸𝐸

= −𝑒𝑒 ∫𝐯𝐯𝐤𝐤𝐷𝐷 𝐸𝐸 𝑒𝑒𝜏𝜏𝐯𝐯𝐤𝐤𝐄𝐄
𝜕𝜕𝑑𝑑0
𝜕𝜕𝐸𝐸

𝑑𝑑𝐸𝐸

𝑱𝑱𝒙𝒙 = −𝒆𝒆𝟐𝟐 �𝒗𝒗𝒙𝒙𝟐𝟐𝝉𝝉 𝑬𝑬 𝑫𝑫 𝑬𝑬
𝝏𝝏𝒅𝒅𝟎𝟎
𝝏𝝏𝑬𝑬

𝒅𝒅𝑬𝑬 ⋅𝑬𝑬𝒙𝒙 = −
𝒆𝒆𝟐𝟐

𝒌𝒌𝑩𝑩𝒌𝒌
�𝒗𝒗𝒙𝒙𝟐𝟐𝝉𝝉 𝑬𝑬 𝑫𝑫 𝑬𝑬 𝒅𝒅𝟎𝟎 𝟏𝟏 − 𝒅𝒅𝟎𝟎 𝒅𝒅𝑬𝑬 ⋅𝑬𝑬𝒙𝒙

𝜕𝜕𝑓𝑓0
𝜕𝜕𝐸𝐸

=
1
𝑘𝑘𝐵𝐵𝑇𝑇

𝑓𝑓0 1 − 𝑓𝑓0



Current density vs E
𝑓𝑓~𝑓𝑓0 − 𝜏𝜏

𝜕𝜕𝑓𝑓0
𝜕𝜕𝑡𝑡 𝑑𝑑,𝐫𝐫,𝐤𝐤

− 𝜏𝜏𝐯𝐯𝐤𝐤∇𝐫𝐫𝑓𝑓0 − 𝜏𝜏𝐯𝐯𝐤𝐤𝐅𝐅
𝜕𝜕𝑓𝑓0
𝜕𝜕𝐸𝐸 = 𝑓𝑓0 + 𝑒𝑒𝜏𝜏𝐯𝐯𝐤𝐤𝐄𝐄

𝜕𝜕𝑓𝑓0
𝜕𝜕𝐸𝐸

𝐉𝐉 = −𝑒𝑒�𝐯𝐯𝐤𝐤𝑑𝑑𝑘𝑘𝑥𝑥𝑑𝑑𝑘𝑘𝑦𝑦𝑑𝑑𝑘𝑘𝑧𝑧

= −𝑒𝑒 ∫𝐯𝐯𝐤𝐤𝐷𝐷 𝐸𝐸 𝑓𝑓 𝐸𝐸 𝑑𝑑𝐸𝐸

= −𝑒𝑒 ∫𝐯𝐯𝐤𝐤𝐷𝐷 𝐸𝐸 𝑓𝑓0 + 𝑒𝑒𝜏𝜏𝐯𝐯𝐤𝐤𝐄𝐄
𝜕𝜕𝑑𝑑0
𝜕𝜕𝐸𝐸

𝑑𝑑𝐸𝐸

= −𝑒𝑒 ∫𝐯𝐯𝐤𝐤𝐷𝐷 𝐸𝐸 𝑒𝑒𝜏𝜏𝐯𝐯𝐤𝐤𝐄𝐄
𝜕𝜕𝑑𝑑0
𝜕𝜕𝐸𝐸

𝑑𝑑𝐸𝐸

𝑱𝑱𝒙𝒙 = −𝒆𝒆𝟐𝟐 �𝒗𝒗𝒙𝒙𝟐𝟐𝝉𝝉 𝑬𝑬 𝑫𝑫 𝑬𝑬
𝝏𝝏𝒅𝒅𝟎𝟎
𝝏𝝏𝑬𝑬

𝒅𝒅𝑬𝑬 ⋅𝑬𝑬𝒙𝒙 = −
𝒆𝒆𝟐𝟐

𝒌𝒌𝑩𝑩𝒌𝒌
�𝒗𝒗𝒙𝒙𝟐𝟐𝝉𝝉 𝑬𝑬 𝑫𝑫 𝑬𝑬 𝒅𝒅𝟎𝟎 𝟏𝟏 − 𝒅𝒅𝟎𝟎 𝒅𝒅𝑬𝑬 ⋅𝑬𝑬𝒙𝒙

𝜕𝜕𝑓𝑓0
𝜕𝜕𝐸𝐸

=
1
𝑘𝑘𝐵𝐵𝑇𝑇

𝑓𝑓0 1 − 𝑓𝑓0



Conductivity, relaxation time, mobility

𝝈𝝈𝒙𝒙𝒙𝒙 = −
𝒆𝒆𝟐𝟐

𝒌𝒌𝑩𝑩𝒌𝒌
�𝒗𝒗𝒙𝒙𝟐𝟐𝝉𝝉 𝑬𝑬 𝑫𝑫 𝑬𝑬 𝒅𝒅𝟎𝟎 𝟏𝟏 − 𝒅𝒅𝟎𝟎 𝒅𝒅𝑬𝑬

= − 𝟐𝟐𝒆𝒆𝟐𝟐

𝟑𝟑𝒎𝒎𝒆𝒆
∗𝒌𝒌𝑩𝑩𝒌𝒌

∫ 𝑬𝑬 − 𝑬𝑬𝟎𝟎 𝝉𝝉 𝑬𝑬 𝑫𝑫 𝑬𝑬 𝒅𝒅𝟎𝟎 𝟏𝟏 − 𝒅𝒅𝟎𝟎 𝒅𝒅𝑬𝑬

𝐸𝐸 − 𝐸𝐸0 =
1
2
𝑚𝑚𝑒𝑒
∗𝐯𝐯𝐤𝐤2 =

3
2
𝑚𝑚𝑒𝑒
∗𝒗𝒗𝒙𝒙2

𝜎𝜎𝑥𝑥𝑥𝑥 = 𝑒𝑒𝑛𝑛𝜇𝜇𝑥𝑥𝑥𝑥 = 𝑒𝑒𝑛𝑛
𝑒𝑒
𝑚𝑚𝑒𝑒
∗ 𝜏𝜏

𝒏𝒏 = �𝑫𝑫 𝑬𝑬 𝒅𝒅𝟎𝟎 𝑬𝑬 𝒅𝒅𝑬𝑬

𝝉𝝉 = �−
𝟐𝟐𝒆𝒆
𝟑𝟑
� 𝑬𝑬 − 𝑬𝑬𝟎𝟎 𝝉𝝉 𝑬𝑬 𝑫𝑫 𝑬𝑬

𝝏𝝏𝒅𝒅𝟎𝟎
𝝏𝝏𝑬𝑬

𝒅𝒅𝑬𝑬 �𝑫𝑫 𝑬𝑬 𝒅𝒅𝟎𝟎 𝑬𝑬 𝒅𝒅𝑬𝑬

𝝁𝝁𝒙𝒙𝒙𝒙 =
𝒆𝒆
𝒎𝒎𝒆𝒆

∗ 𝝉𝝉
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Hall effect: Boltzmann equation
太田英二、坂田亮著、半導体の電子物性光学、培風館 (2005)

𝑱𝑱 = 𝑒𝑒2𝑛𝑛
𝑚𝑚𝑒𝑒
∗

𝜏𝜏
1+ 𝜔𝜔𝑐𝑐𝜏𝜏 2 𝑬𝑬 + 𝑒𝑒

𝑚𝑚𝑒𝑒
∗

2 𝜏𝜏2

1+ 𝜔𝜔𝑐𝑐𝜏𝜏 2 𝑩𝑩 𝑩𝑩 � 𝑬𝑬 + 𝑒𝑒
𝑚𝑚𝑒𝑒
∗

𝜏𝜏2

1+ 𝜔𝜔𝑐𝑐𝜏𝜏 2 𝑬𝑬 × 𝑩𝑩

When 𝐵𝐵 � 𝐸𝐸 = 0, 𝜔𝜔𝑐𝑐𝜏𝜏 ≪ 1
𝑱𝑱 = 𝑒𝑒𝑛𝑛𝜇𝜇 𝜏𝜏 𝑬𝑬 + 𝑒𝑒

𝑚𝑚𝑒𝑒
∗ 𝜏𝜏2 𝑬𝑬 × 𝑩𝑩 = 𝜎𝜎 𝑬𝑬 + 𝑒𝑒

𝑚𝑚𝑒𝑒
∗
𝜏𝜏2

𝜏𝜏
𝑬𝑬 × 𝑩𝑩

𝐽𝐽𝑥𝑥 = 𝜎𝜎𝐸𝐸𝑥𝑥 + 𝜎𝜎𝜇𝜇 𝜏𝜏2

𝜏𝜏 𝟐𝟐 𝐸𝐸𝑦𝑦𝐵𝐵𝑧𝑧

𝐽𝐽𝑦𝑦 = 𝜎𝜎𝐸𝐸𝑦𝑦 − 𝜎𝜎𝜇𝜇 𝜏𝜏2

𝜏𝜏 𝟐𝟐 𝐸𝐸𝑥𝑥𝐵𝐵𝑧𝑧 = 0 => 𝐸𝐸𝑦𝑦 = 𝑒𝑒
𝑚𝑚𝑒𝑒
∗
𝜏𝜏2

𝜏𝜏
𝐸𝐸𝑥𝑥𝐵𝐵𝑧𝑧

𝐽𝐽𝑧𝑧 = 𝜎𝜎𝐸𝐸𝑧𝑧

𝐸𝐸𝑦𝑦 = −
𝐹𝐹𝐻𝐻𝜇𝜇
𝜎𝜎 𝐵𝐵𝑧𝑧𝐽𝐽𝑥𝑥

1+ 𝐹𝐹𝐻𝐻𝜇𝜇 2𝐵𝐵𝑧𝑧2
= − 1

𝑒𝑒𝑛𝑛
𝐵𝐵𝑧𝑧𝐽𝐽𝑥𝑥

𝑹𝑹𝑯𝑯 = −𝑽𝑽𝑯𝑯
𝑰𝑰𝒙𝒙

𝒅𝒅
𝑩𝑩𝒛𝒛

(for electron)

𝑭𝑭𝑯𝑯 = 𝝉𝝉𝟐𝟐

𝝉𝝉 𝟐𝟐: Hall factor     𝝁𝝁𝑯𝑯 = 𝑭𝑭𝑯𝑯𝝁𝝁: Hall mobility



𝜏𝜏𝑘𝑘 = −
2
3

��
𝐸𝐸𝐶𝐶

∞
𝐸𝐸 − 𝐸𝐸𝑚𝑚 𝜏𝜏𝑘𝑘 𝐸𝐸 𝐷𝐷𝐶𝐶 𝐸𝐸

𝜕𝜕𝑓𝑓𝑒𝑒 𝐸𝐸
𝜕𝜕𝐸𝐸

𝑑𝑑𝐸𝐸 𝑛𝑛𝑒𝑒

RH = FHall / qn 𝒏𝒏𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯 = 𝒏𝒏𝒆𝒆/𝑭𝑭𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯
𝝁𝝁𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯 = 𝝁𝝁𝒅𝒅𝒓𝒓𝒊𝒊𝒅𝒅𝒅𝒅𝑭𝑭𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯

Hall factor 𝑭𝑭𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯 = �𝝉𝝉𝟐𝟐 𝝉𝝉𝟏𝟏 𝟐𝟐: 0.9 ~ 2

Hall effect

Energy-dependent relaxation time 
=> Causes difference btw drift mobility and Hall mobility



Hall factor FHall
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RH = FHall / qn
FHall: determined by scattering mechanism



Different mobilities
• Drift mobility (definition)

µd = E / vdrift
measured by time-of-flight methods
Very thick film required

• Conductivity mobility
µc = σ / (en): How to determine n?

• Hall mobility
VH = RH Ix BZ / d, RH = γ / enHall
µHall = σ / (enHall) = γµd

(γ = 1 – 2: Hall factor, or scattering factor)
DC mobility including grain boundary effects

• Optical mobility
From free carrier absorption
High-doping required, Local mobility

• Field-effect mobility
Largely depends on quality of TFT / FET
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Known from effective mass (free e- approx.)
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Effective density of state NC, NV
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Density of state function MC is the degeneracy of LUMO

Mobility, conductivity



Effect on me
*: Band effective mass
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Effect on me
*: Electron-lattice interaction

H. Frolich: Adv. Phys. 1954, 3, p. 325.

m* = m0*(1 + α/6 + ···)

0.068 for GaAs
3.8 for SrTiO3

Electrons interact with host ions => Larger effective mass
=> Polaron

Weak interaction, electrons are not localized: Large polaron
Strong interaction, electorns are localized in unit cell: Small polaron

Frölich polaron model



Termoelectrics

熱起電力



Thermoelectricity: Boltzmann equation
太田英二、坂田亮著、半導体の電子物性光学、培風館 (2005)

Boltzmann-Bloch equation
𝑑𝑑𝑑𝑑 𝒌𝒌
𝑑𝑑𝑑𝑑

= −𝑭𝑭
ℏ
𝜕𝜕𝑑𝑑 𝒌𝒌
𝜕𝜕𝒌𝒌

− 𝒗𝒗𝒌𝒌
𝜕𝜕𝑑𝑑 𝒌𝒌
𝜕𝜕𝒓𝒓

− 𝑑𝑑 𝒌𝒌 −𝑑𝑑0 𝒌𝒌
𝜏𝜏 𝒌𝒌

𝒗𝒗𝒌𝒌 = 𝑑𝑑𝑑𝑑 𝒌𝒌
𝑑𝑑𝒌𝒌

: group velocity  𝒗𝒗𝒑𝒑 = 𝑑𝑑 𝒌𝒌
𝒌𝒌

: phase velocity

Steady-state  𝑑𝑑𝑑𝑑 𝒌𝒌
𝑑𝑑𝑑𝑑

= −𝑭𝑭
ℏ
� 𝜕𝜕𝑑𝑑 𝒌𝒌

𝜕𝜕𝒌𝒌
− 𝒗𝒗𝒌𝒌 �

𝜕𝜕𝑑𝑑 𝒌𝒌
𝜕𝜕𝒓𝒓

− 𝑑𝑑 𝒌𝒌 −𝑑𝑑0 𝒌𝒌
𝜏𝜏 𝒌𝒌

= 0

Non-uniform T and chemical potential 𝜂𝜂: depend on position r
𝑓𝑓 𝒌𝒌 − 𝑓𝑓0 𝒌𝒌 = −𝜏𝜏 𝒌𝒌 𝑭𝑭

ℏ
� 𝜕𝜕𝑑𝑑 𝒌𝒌

𝜕𝜕𝒌𝒌
+ 𝒗𝒗𝒌𝒌 �

𝜕𝜕𝑑𝑑 𝒌𝒌
𝜕𝜕𝒓𝒓

= −𝜏𝜏 𝒌𝒌 𝑒𝑒𝑬𝑬 � 𝜕𝜕𝑑𝑑 𝒌𝒌
𝜕𝜕𝒌𝒌

𝜕𝜕𝑑𝑑 𝑑𝑑
𝜕𝜕𝑑𝑑

+ 𝒗𝒗𝒌𝒌 � 𝑇𝑇∇
𝑑𝑑−𝜂𝜂
𝑇𝑇

𝜕𝜕𝑑𝑑 𝑑𝑑
𝜕𝜕𝑑𝑑

= −𝜏𝜏 𝒌𝒌 𝜕𝜕𝑑𝑑 𝑑𝑑
𝜕𝜕𝑑𝑑

𝒗𝒗𝒌𝒌 � 𝑒𝑒𝑬𝑬 + 𝑇𝑇∇ 𝑑𝑑−𝜂𝜂
𝑇𝑇



Thermoelectricity: Boltzmann equation
太田英二、坂田亮著、半導体の電子物性光学、培風館 (2005)

𝑱𝑱 = 𝑒𝑒𝑛𝑛
∫(𝒗𝒗𝒌𝒌⊗𝒗𝒗𝒌𝒌)𝜏𝜏 𝒌𝒌 −𝜕𝜕𝜕𝜕 𝜀𝜀

𝜕𝜕𝜀𝜀 𝑒𝑒𝑬𝑬+𝑇𝑇∇𝜀𝜀−𝜂𝜂𝑇𝑇 𝑑𝑑𝒌𝒌

∫ 𝑑𝑑0 𝒌𝒌 𝑑𝑑𝒌𝒌

𝒗𝒗𝒌𝒌 ⊗ 𝒗𝒗𝒌𝒌 = (𝑣𝑣𝑘𝑘,𝑖𝑖𝑣𝑣𝑘𝑘,𝑗𝑗): Direct product of vectors

∇ 𝑑𝑑−𝜂𝜂
𝑇𝑇

= −𝑑𝑑−𝜂𝜂
𝑇𝑇
∇𝑇𝑇 − ∇𝜂𝜂

Chemical potential 𝜂𝜂 is a function of carrier density n(r)
𝑱𝑱 = 𝜎𝜎 � 𝑬𝑬 + 𝑒𝑒𝑛𝑛 𝜏𝜏

𝑚𝑚𝑒𝑒
∗

1
𝑇𝑇

𝜏𝜏𝑑𝑑
𝜏𝜏
− 𝜂𝜂 + 𝑇𝑇 𝜕𝜕𝜂𝜂

𝜕𝜕𝑇𝑇
𝛻𝛻𝑇𝑇 + 𝜕𝜕𝜂𝜂

𝜕𝜕𝑛𝑛
∇n

= 𝜎𝜎 � 𝑬𝑬 + 𝜎𝜎 𝑆𝑆𝛻𝛻𝑇𝑇 + 1
𝑒𝑒
𝜕𝜕𝜂𝜂
𝜕𝜕𝑛𝑛
∇n

𝑺𝑺 = 𝟏𝟏
𝒆𝒆𝒌𝒌

𝝉𝝉𝝉𝝉
𝝉𝝉
− 𝜼𝜼 + 𝒌𝒌 𝝏𝝏𝜼𝜼

𝝏𝝏𝒏𝒏



Seebeck coefficient

FE
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e
kS 








+−

0

1
2

2
3

3
~

τ
τπ

Degenerated semi.: Free-electron like, single band, τ=τ0+((E-EF)/EF) τ1

Non-degenerated band:

𝑆𝑆~ −
𝑘𝑘
𝑒𝑒

𝐸𝐸𝐶𝐶 − 𝐸𝐸𝐹𝐹
𝑘𝑘𝑇𝑇

+ 𝑟𝑟 + 2 = −
𝑘𝑘
𝑒𝑒

ln
𝑁𝑁𝐶𝐶
𝑁𝑁𝑒𝑒

+ 𝑟𝑟 + 2

𝑆𝑆~ +
𝑘𝑘
𝑒𝑒

𝐸𝐸𝐹𝐹 − 𝐸𝐸𝑉𝑉
𝑘𝑘𝑇𝑇

+ 𝑟𝑟 + 2 = +
𝑘𝑘
𝑒𝑒

ln
𝑁𝑁𝑉𝑉
𝑁𝑁ℎ

+ 𝑟𝑟 + 2

Electrons

Holes









−
=
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e
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Hopping conduction (small polaron): Entropy S

𝑺𝑺 = 𝟏𝟏
𝒆𝒆𝒌𝒌

𝝉𝝉𝝉𝝉
𝝉𝝉
− 𝜼𝜼 + 𝒌𝒌 𝝏𝝏𝜼𝜼

𝝏𝝏𝒏𝒏

𝑆𝑆 = −𝑘𝑘
𝑒𝑒

∫ −𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 𝐷𝐷 𝐸𝐸 𝑣𝑣2𝜏𝜏 𝜕𝜕−𝜕𝜕𝐹𝐹
𝑘𝑘𝑇𝑇 𝑑𝑑𝐸𝐸

∫ −𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 𝐷𝐷 𝐸𝐸 𝑣𝑣2𝜏𝜏𝑑𝑑𝐸𝐸
+ 1

𝑒𝑒
𝜕𝜕𝐸𝐸𝐹𝐹
𝜕𝜕𝑇𝑇

Seebeck coefficient

𝜏𝜏 = 𝑚𝑚𝑒𝑒
∗/2 1/2𝑙𝑙0 𝑇𝑇 𝐸𝐸𝑟𝑟−1/2
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crystal
(x=1)

Jonker plot: ex. For p-type xZnO·Rh2O3

𝑆𝑆 = −
𝑘𝑘
𝑒𝑒

log𝜎𝜎 − log 𝜇𝜇ℎ + 𝐴𝐴 𝑘𝑘
𝑒𝑒

= 198μV/K

Carrier transport
similar to crystal

amorphous

G.H. Jonker, Philips Res. Repts 23 (1968) 131; Kamiya et al., Adv. Funct. Mater. 15, 968 (2004)

en // µσ=

by numerical calc.



Mott formula
𝑐𝑐 𝐸𝐸 = 𝑒𝑒2𝑁𝑁 𝐸𝐸 𝐷𝐷 𝐸𝐸 : Energy-dependent conductivity
𝑁𝑁 𝐸𝐸 : Density of states
𝐷𝐷 𝐸𝐸 : Electron diffusion constant 

= 𝜇𝜇𝑘𝑘𝑇𝑇/𝑒𝑒: Einstein’s relation

Boltzmann equation
𝜎𝜎𝑥𝑥𝑥𝑥 = −𝑒𝑒2 ∫ 𝑣𝑣𝑥𝑥2𝜏𝜏 𝐸𝐸 𝑁𝑁 𝐸𝐸 𝜕𝜕𝑑𝑑0

𝜕𝜕𝐸𝐸
𝑑𝑑𝐸𝐸

= ∫ 𝑐𝑐 𝐸𝐸 −𝜕𝜕𝑑𝑑 𝐸𝐸
𝜕𝜕𝐸𝐸

𝑑𝑑𝐸𝐸

𝜎𝜎𝑆𝑆 = −𝑘𝑘
𝑒𝑒 ∫

𝐸𝐸−𝜇𝜇
𝑘𝑘𝑇𝑇

𝑐𝑐 𝐸𝐸 − 𝜕𝜕𝑑𝑑 𝐸𝐸
𝜕𝜕𝐸𝐸

𝑑𝑑𝐸𝐸



Seebeck sign anomary for localized e-

𝜎𝜎 𝐸𝐸 = 𝑒𝑒2𝐷𝐷 𝐸𝐸 𝐷𝐷𝑑𝑑𝑖𝑖𝑑𝑑𝑑𝑑 𝐷𝐷𝑑𝑑𝑖𝑖𝑑𝑑𝑑𝑑: Electron diffusion constant

VRH conduction of localized e-

Mott’s formula: 𝑆𝑆 = 𝜋𝜋2

3
𝑘𝑘𝐵𝐵2𝑇𝑇
𝑒𝑒

𝑑𝑑 ln 𝜎𝜎 𝐸𝐸
𝑑𝑑𝐸𝐸 𝐸𝐸=𝐸𝐸𝐹𝐹

( ) 4/13
0TTkW B=

Suppose equal to hopping activation energy

𝑆𝑆 =
1
2
𝑘𝑘𝐵𝐵
𝑒𝑒
𝑊𝑊2

𝑘𝑘𝐵𝐵𝑇𝑇
𝑑𝑑 ln𝐷𝐷 𝐸𝐸

𝑑𝑑𝐸𝐸 𝐸𝐸=𝐸𝐸𝐹𝐹

=
1
2
𝑘𝑘𝐵𝐵

2

𝑒𝑒 𝑇𝑇0𝑇𝑇 1/2 𝑑𝑑 ln𝑁𝑁 𝐸𝐸
𝑑𝑑𝐸𝐸 𝐸𝐸=𝐸𝐸𝐹𝐹

I.P. Zvyagin, Phys. Stat. Sol. B58 (1973) 443
V.V. Kosarev, Sov. Phys. – Semicond. 8 (1975) 897
H. Overhof, Pys. Stat. Sol. B67 (1975) 709
P. Butcher, in Proc. 6th ICALS (1976) p.89
「非晶質材料の電気伝導」、ネビルモット著、現代工学社、2003年第2版



Measurement of
electrical conductivity and 

mobilities

電気伝導度・移動度の測定



film

electrodes

Insulating substrate
A

B

Film sample
A

Ix

Bulk sample
Measurement of electrical conductivity

Electrode W, L
thickness t
t << W, L

𝑽𝑽 = 𝑹𝑹𝑰𝑰
𝑹𝑹 [Ω]: resistance
𝑰𝑰 = 𝑮𝑮𝑽𝑽
𝑮𝑮 [S/cm]: conductance
𝑬𝑬 = 𝝆𝝆𝑱𝑱
𝝆𝝆 [Ωcm]: resistance
𝑱𝑱 = 𝝈𝝈𝑬𝑬
𝝈𝝈: conductivity

𝝆𝝆 = 𝑹𝑹 𝑺𝑺
𝒅𝒅

𝑹𝑹𝒔𝒔 = 𝝆𝝆/𝒅𝒅 [Ω/�, Ω�]: sheet resistance
𝝈𝝈 = 𝑮𝑮𝒅𝒅

𝑺𝑺
𝝈𝝈𝒔𝒔 = 𝝈𝝈𝒅𝒅 [S/�, S�]: sheet conductance
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May over estimate resistivity for low-R samples

Two-terminal method may take extra resistances from 
electrodes and interfaces

Rc

Cc

Rs

Cs

Rc

Cc

A V

I

Vsample = V – RI

Rl

Cl
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V

Extra resistance effects are reduced for four-terminal method

A

I

Rl

Cl

Rc

Cc

Rs

Cs

Rc

Cc

Ideal voltmeter: No current Zi =∞

Input impedance of voltmeter Zi >> Sample impedance Zs



NIMS 2015.4.24大橋先生 学振１６６委員会 チュートリアル
53

V

Zi >> Zs

• Usual voltmeter like DMM (e.g.,Keithley 2001, Zi ~ 100MΩ):
Current loss through V-meter

• Very high Zi V-meters: Electrometer, picoammeter (e.g., Keithley 6517)

Very high resistance sample

A

I

i

I - i

Rc

Cc

Rs

Cs

Rc

Cc
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V

Extremely high resistance sample

R

C

R

C

R

C

A

• Current loss even through electrometer
• If electric capacitances are formed at the V-meter – sample interface, 

it causes voltae drop



I.B. Valdes, Proc. IRE 42, 420 (1954)
F.M. Smits, The Bell System Technical Journal 37, 711 (1958)
S. Murashima, F. Ishibashi, Jpn. J. Appl. Phys. 9, 1340 (1970)]

Easy, convenient, non-destructive, no electrode
Sample size R and thickness t should be >> W (electrode spacing)
For bulk sample,

ρ＝2πW (V/I)
If d is small enough compared to W

Shape factor C 

R/W C R/W C 
3.0 2.2662 20.0 4.4364 
4.0 2.9289 40.0 4.5076 
5.0 3.3625 ∞ π / ln 2 = 4.5324 
10.0 4.1716   
 

)/( IVCd=ρ

Four-probe method

W W W
試料

I IV

R

d


Shape factor C

		R/W

		C

		R/W

		C



		3.0

		2.2662

		20.0

		4.4364



		4.0

		2.9289

		40.0

		4.5076



		5.0

		3.3625

		(

		( / ln 2 = 4.5324



		10.0

		4.1716

		

		







Van der Pauw method
Apply current IAB, measure VCD

RAB,CD = VCD / IAB
Apply current IBC, measure VDA

RBC,DA = VDA / IBC
Apply Bz and IBC, measure VBD
⊿RAC,BD = VBD / IAC

( )Rf
RRd DABCCDAB ⋅

+
⋅=

2
)(

2ln
,,πρ

BDACRdq
Bn

,⊿⋅⋅
=

f(R): Shape factor exp ln 2 /𝑓𝑓
2

= cosh
ln 2
𝑓𝑓
𝑅𝑅 − 1
𝑅𝑅 + 1

Shape factor of van der Pauw method f 

RAB,CD / RBC,DA f RAB,CD / RBC,DA f 
1.0 1.0 1.4 0.9903 
1.1 0.9992 1.5 0.9860 
1.2 0.9971 2.0 0.9603 
1.3 0.9941 3.0 0.9067 
 

L.J. van der Pauw, Philips. Res. Rep. 13 (1958) 1.

ρ
µ BDAC

z

R
B
d ,

Hall

⊿
⋅=

A B

D C

A B

D C


Shape factor of van der Pauw method f

		RAB,CD / RBC,DA

		f

		RAB,CD / RBC,DA

		f



		1.0

		1.0

		1.4

		0.9903



		1.1

		0.9992

		1.5

		0.9860



		1.2

		0.9971

		2.0

		0.9603



		1.3

		0.9941

		3.0

		0.9067







van der Pauw method
L.J. van der Pauw, A method of measureing specific resistivity and Hall effect of 
discs of arbitrary shape, Phil. Res. Repts., 13, 1 (1958)
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Van der Pauw method
Geometry of electrodes



Apparent VH anomaly in van der Pauw method

J. Mater. Res., 23 (2008) 2293



Impedance methods

インピーダンス測定



C-V method: Potential distribution in Schottky junction

s

DNe
dx

Vd
ε

=2

2

cbxaxV ++= 2

( ) ( )
s

D
bi

WeNWVVV
ε2

0
2

=−=

0=
=Wxdx

dV

( ) ( )
s

D WxeNWxV
ε2

0
2−

=≤≤

Poisson equation

( )
2/1

2








−= VV

eN
W bi

D

sεWidth of
depletion layer

EF

W
Depletion layer

N-type semi.metal

e
V sm

bi
φφ −

=
φm, φs are work functions of 
the metal and the semiconductor



C-V method: Carrier polarity, ND,Vbi

For distributed ND(x)

( )
2/1

2








−== VV

eN
eNWeNQ bi

D

s
DDsc

ε
Charge in the depletion layer

Junction capacitance = depletion layer cap.

( ) WVV
Ne

dV
dQC s

bi

Dssc εε
=








−

==
2/1

2

( )VV
NeC bi

Ds

−=
ε

21
2

Carrier polarity: the sign of slope
Vbi: V-axis crosssection
ND: Slope

V

1/C2

Vbi

∝1/ND

( )
1312 22 −−−







=








=

dV
dC

e
C

dV
dC

e
WN

ss
D εε

CW s /ε=



10

100
 RT
 270K
 250K
 230K
 210K

ε ef
f

10-8

10-7

10-6

10-5

log f  [Hz]

σ ef
f [S

/c
m

]

2 3 4 5 6 7

交流インピーダンス法による
縦方向薄膜伝導度測定

基板

下部電極

上部電極

半導体層

界面分極の効果

バルク誘電率

バルク導電率

Nakahata et al., J. Non-Cryst. Sol. 266-269, 120 (2000)



2.5 3.0 3.5 4.0 4.5 5.0

σ
//

  
 

  
  

   
 

σ
⊥

 Ts = 150oC
 Ts = 200oC
 Ts = 250oC

Ea= 0.34 eV
σo= 200 S/cm

Ea = 0.47eV
σo= 60 S/cm

Ea= 0.44 eV
σo= 200 S/cm

Ea = 0.47eV
σo= 4 S/cm

Ea = 0.49 eV
σo= 30 S/cm

lo
g 

σ 
[S

/c
m

]

1000/ T  [K-1]

-10

-9

-8

-7

-6

-5

 

Arrhenius plot of conductivities perpendicular and 
parallel to film surface as a function of Ts



Hall effect

Hall効果



Semiconductor

Electrodes

Insulating substrate
A

B

C D

C’ D’

(b)
A

z
x

y

A B

C

VH

Ix

D

Bz

(a)

Six-terminal Hall bar

• Require pattering
• Can specify the transport path and 

direction
• Resistivity measured by four-terminal 

method
• Better accuracy by different electrode 

combinations

Measure resistivity by two-terminal method
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Compensation of geometrical error by flipping B and I
If Hall voltage electrodes are mis-aligned:

Hall voltage overestimate by the sample ΔRI
Vobs

+ = BIRHall/t + I∆R

Flip B
Vobs

– = –BIRHall/t + I∆R

=> (Vobs
+ - Vobs

–)/2 = –BIRHall/t

ΔR



Anomalous Hall effect



Optical mobility

光学移動度



Free carrier absorption and optical conductivity

*

2
2

m
nq

p ε
ω =

物質 σ(105S/cm) n (1022cm-3) μ(cm2/Vs) λp (nm)
Li
Ag
ITO

1.07
6.21
~0.1

3.67
6.9

~0.1

18.2
56

~100

174
130

~1000

E.g. for ITO, IR reflectivity (~800 nm) sharply  increases when n > 2×1021cm-3

qE
dt
dxm

dt
xdm =+

τ

*

2

2
*












+
−=−= 22

22
22

1 1
1

τω
τω

εε p
ff kn

( )22

2

2 1
2

τωω
τω

εε
+

== p
ff kn

Plasma frequency

EqNxEPED εεε =+=+= 00

Optical absorption by free carriers with the density n

( )tiEE ωexp0=

τ
µ qm*

=

( ) ( ) 22

2

2 1 τω
τω

εωωεωσ
+

== p
Optical conductivity



Free carrier absorption



What are known from FCA

*

2
2

m
ne

p ε
ω =Plasma freq. ( )

)(
0 2

µ

τεωσ

en
p

=

=Optical cond.

*m
e

FCA
τµ =

Known from experiments: ωp, τ
Unknown: m*, n, τ

E.g., from Hall effect: nFCA ~ nHall
=> Determine m*, τ => Optical mobility

E.g., employ single-crystal m*
=> determine nFCA, τ => Difference of optical mobilities

and nHall can be discussed












+
−= 22

22

1 1
1

τω
τω

εε p

( )22

2

2 1 τωω
τω

εε
+

= p



FCA analysis: a-IGZO

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
0
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Photon energy / eV
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Photon energy / eV

ε 2
ε 1
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R
, T

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
10

2

10
3

10
4

10
5

Photon energy / eV

α
/ c

m
-1 Free carrier 

absorption (FCA)

T&R spectra combined + Film / Substrate layers optical model
Tauc-Lorentz model + Lorentz model (at ~EG) + Drude model
Accuracy ~ 2% => α = -ln(0.98)/d ~ 900 cm-1 (for d = 230 nm)

FCA

Band edge reproduced by a Tauc-Lorentz model
FCA fit well to a Drude model with a single τ: 

Free electron-like transport

annealed HQ

Tauc-Lorentz: Eg=3.23 eV

Reflectance

Transmittance
lines: meas.
circles: calc.



Optical conductivity

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
0

5

10

15

20

Photon energy / eV

annealed HQ a-IGZO

( ) ( ) 22

2

2 1 τω
τω

εωωεωσ
+

== p

σ(
ω

)
σ(0) = σlocal ~ σDC ?

Can judge conductor or not even for powder materials

( ) ( ) ( )ωα
ω

ωα
π

λεωε cnn
==

2
/ 02
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Photon energy hν / eV

吸
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係
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α 
/ c

m
-1

Optical bandgap for highly-doped semi.

Inter-band transition

Intra-band 
transition Plasma oscillation

Optical bandgap
is increased

CB

VB

Fundamental bandgap
Eg

Band filling effect （Burstein-Moss shift)



Band filling (BM shift)

0 1 2 3 4 5 6
3
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Field-effect mobility

電界効果移動度



Operation of field-effect transistor (FET)
Two representative functions of transistor

1. Amplification   Use linear region (IDS ∝ VGS)
2. Switching Use large on/off current ratio

VGS

IDS

Leak current:
power consumption

Off state

On current

On state

At VGS = 0V
On state: Normally-on

Depletion-type
Off state: Normally-off

Enhancement-type

insulatorDrain VDS

gate VGS

source
carrier

IDS

semiconductor

Word line (write)

Data (bit) line
(write, read)

C
(memory node)

Tr
(switching)

1C-1Tr memory



TFT structure and operation
Bottom gate, 
top contact

Semi. (~30 nm)

n+ Si

Source Drain

Insulator (~150 nm)
Gate

)( thGSgind VVCQ −≈

– – – – – – – – – – – – – – – – – – – – – –GSV
DSI

+ + + + + + + + + + + + + + + + + + + + + + + + 

Ideal case

DSV

( ) DSthGSgmobileDS VVVC
L

WI −= µ



N-channel operation of TFT

Log(DOS)

E
ne

rg
y(

eV
)

CB

VB

EF

Ne ~ 0

Nh ~ 0

Log(DOS)

CB

VB

EF

Ne ~1018 cm-3

Nh ~ 0

Off state (VGS ~ 0 V) On state (VGS >> 0 V)

fe(E)

fh(E)



Fermi level pinning by subgap traps

Log(DOS)

CB

VB

EF

Ne ~1018 cm-3

On state (VGS >> 0 V)

Log(DOS)

CB

VB

EF

Ne = Qind – Ntrap
<1018 cm-3

On state (VGS >> 0 V)

Ntrap
~ 1018 cm-3



Effect of subgap states (trap states in Eg)

Log(DOS)

En
er

gy
(e

V
)

Conduction band

Valence band

Subgap states: Dsg(E)

Tail states

Tail states

Mobility edge

Mobility edge

GSgind VCQ ≈
EF(VGS)

ind

sgind
driftTFT Q

QQ −
= µµ

( )
( )

( )
∫= GSF

F

VE

E sgsg dEEDQ
0

EF(0 V)

Qind ~ 1018 cm-3 (100ppm)
Qsg must be << Qind

( ) 







−−=

2

2
DS

DSthGSgdriftDS
VVVVC

L
WI µ
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DSthGSgTFTDS
VVVVC

L
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How to get high-performance TFT?

a-IGZO TFT

0 5 10 15
0

50

100

150

200

VDS (V)

VGS=0–15V

I D
S

(µ
A

)

( ) 







−−=

2

2
DS

DSthGSgdriftDS
VVVVC

L
WI µ

To obtain high I DS
• Large W/L ratio
• Large Cg
• High V
• Large µdrift

(Drift mobility)
driftenµσ =



Device simulation: TFT and drift mobilities
From Hall (Ne,Hall) & TFT (µsat ) characteristics

Ne,Hall (cm-3) µsat (cm2/Vs) Vth (V)
~1×1015 7.84 4.9

From device simulation (drift mobility)
n0 (cm-3) µdrift (cm2/Vs)
1×1015 8.57

-5 0 5 10 15
10

-810
-710
-610
-510
-410
-310
-210
-110
010
110
2

VGS / V

I D
S

/ µ
A

VDS = 2 – 10 V

0 2 4 6 8 10 12 14 16
0

50

100

150

200

VDS / V

I D
S

/ µ
A

VGS = 0 –15 V

12% of induced 
charges are trapped

Hsieh et al., APL 92,133503 (2008)
a-In-Ga-Zn-O TFT

P. 214



TFT characteristics: Saturation regime
𝐼𝐼𝐷𝐷𝐷𝐷 =

𝑊𝑊
𝐿𝐿
𝜇𝜇𝐶𝐶𝑂𝑂𝑂𝑂 𝑉𝑉𝐺𝐺𝐷𝐷 − 𝑉𝑉𝑑𝑑ℎ 𝑉𝑉𝐷𝐷𝐷𝐷 −

𝑉𝑉𝐷𝐷𝐷𝐷2

2

VDS > Vp = VGS-Vth

IDS
1/2 vs. VGS plot
VGS-axis cross-section: Vth
Slope: Saturation mobility, µsat

𝐼𝐼𝐷𝐷𝐷𝐷1/2 =
𝑊𝑊
2𝐿𝐿

𝜇𝜇𝐶𝐶𝑂𝑂𝑂𝑂 𝑉𝑉𝐺𝐺𝐷𝐷 − 𝑉𝑉𝑑𝑑ℎ

I D
S

(µ
A

)

-2 0 2 4 6 8 10 12 14 160
2
4
6
8
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14

VGS (V)

I D
S1/

2
(µ

A
1/

2 ) VDS=2,4,6,8,10V

µsat

Vth

a-IGZO TFT

𝐼𝐼𝐷𝐷𝐷𝐷 =
𝑊𝑊
2𝐿𝐿

𝜇𝜇𝐶𝐶𝑂𝑂𝑂𝑂 𝑉𝑉𝐺𝐺𝐷𝐷 − 𝑉𝑉𝑑𝑑ℎ 2
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S
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TFT characteristics: Linear regime

𝐼𝐼𝐷𝐷𝐷𝐷 =
𝑊𝑊
𝐿𝐿
𝜇𝜇𝐶𝐶𝑂𝑂𝑂𝑂 𝑉𝑉𝐺𝐺𝐷𝐷 − 𝑉𝑉𝑑𝑑ℎ 𝑉𝑉𝐷𝐷𝐷𝐷 −

𝑉𝑉𝐷𝐷𝐷𝐷2

2

VDS << Vp (VGS) (e.g., << 0.1 V)

𝐼𝐼𝐷𝐷𝐷𝐷 =
𝑊𝑊
𝐿𝐿
𝜇𝜇𝐶𝐶𝑂𝑂𝑂𝑂𝑉𝑉𝐷𝐷𝐷𝐷 𝑉𝑉𝐺𝐺𝐷𝐷 − 𝑉𝑉𝑑𝑑ℎ

IDS is proportional to VDS:
IDS vs. VGS plot

VGS-axis cross-section: Vth
Slope: Linear-regime field-effect mobility

𝜇𝜇𝑒𝑒𝑑𝑑𝑑𝑑 = 𝑔𝑔𝐷𝐷𝐷𝐷
𝐿𝐿

𝑊𝑊𝐶𝐶𝑂𝑂𝑂𝑂 𝑉𝑉𝐺𝐺𝐷𝐷 − 𝑉𝑉𝑑𝑑ℎ

Effective mobility: µeff

Drain conductance𝑔𝑔𝐷𝐷𝐷𝐷 =
𝑑𝑑𝐼𝐼𝐷𝐷𝐷𝐷
𝑑𝑑𝑉𝑉𝐷𝐷𝐷𝐷

𝜇𝜇𝐹𝐹𝐸𝐸 = 𝑔𝑔𝑚𝑚
𝐿𝐿

𝑊𝑊𝐶𝐶𝑂𝑂𝑂𝑂𝑉𝑉𝐷𝐷𝐷𝐷

Field-effect mobility: µFE

Transconductance𝑔𝑔𝑚𝑚 =
𝑑𝑑𝐼𝐼𝐷𝐷𝐷𝐷
𝑑𝑑𝑉𝑉𝐺𝐺𝐷𝐷
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MOSFET 2

VGS dependence of FE Mobility

1. M.Kim et al., APL 90, 212114 (2007) 
2. C.O. Chui, H. Kim,  D. Chi, B.B. Triplett, P.C. McIntyre, K.C. 

Saraswat, IEDM  (2002) p.437
3. K. Chen, H. C. Wann, P. K. Ko, and C. Hu, 

IEEE Electr. Dev. Lett., 17, 202 (1996)

a-IGZO TFT / SiO2/c-Si

a-IGZO TFT / SiO2/MoW/glass 1
etch-stopper inverted-staggered

3



Space charge limited current (SCLC)

空間電荷制限電流



Thermiomic emission of e- to vacuum:
Space-charge limited current (SCLC)

Electrostatic potential is formed by the e- emitted to vacuum
Electron velocity v(x), electrostatic potential V(x) are functions of x
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Poisson equation

Current continuity



SCLC vs Ohmic current
Ohmic current:

SCLC:
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Ohmic vs. SCLC
Ohmic contact: I=R-1 V
SCLC with no trap state: 
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Different mobilities
• Drift mobility (definition)

µd = E / vdrift
measured by time-of-flight methods
Very thick film required

• Conductivity mobility
µc = σ / (en): How to determine n?

• Hall mobility
VH = RH Ix BZ / d, RH = γ / enHall
µHall = σ / (enHall) = γµd

(γ = 1 – 2: Hall factor, or scattering factor)
DC mobility including grain boundary effects

• Optical mobility
From free carrier absorption
High-doping required, Local mobility

• Field-effect mobility
Largely depends on quality of TFT / FET
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Electronic conduction in polycrystals

多結晶半導体の伝導



Microstructures of poly-Si
Plan viewCross-section

20nm



Theory for polycrystalline semi.: Seto model
GB potential barrier: VB

Deep traps

µ= Lq(1/2πm*kT)1/2exp(-VB/kT)
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ZnO mobility
Ellmer et al., Thin Solid Films 516 (2008) 4620

Single-crystal

Polycrystal
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(a)

GB potential barrier: VB

Deep traps

μ=Lq(1/2πm*kT)1/2exp(-EB/kT)

Measured using nanowire device
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Double-Schottky barrier-
controlled transport in 
poly-Si
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Distribution in poly-Si GB potential height 
(measured using 20-50nm wide nanowires)
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T. Kamiya et al, JVSTB 21, 1000(2003)

As-deposited
VB = 20 – 200 meV

Hot H2O vapor annealed
VB = 20 – 28 meV
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T. Sameshima, K. Saitoh, N. Aoyama, M. Tanda, M. Kondo, A. Matsuda, S. Higashi, Analysis of free-carrier 
optical absorption used for characterization of microcrystalline silicon films, 

Sol. Energy Mater. Sol. Cells 66 (2001) 389

P- / B-doped mc-Si:H: 100 W RF PECVD, 180oC, SIH4/PH3,B2H6/H2
ELA: 28 ns XeCl excimer laser, 160 to 360 mJ/cm2, 5 pulses

DC mobility (Hall) vs in-grain mobility (FCA)



Hall mobility vs microstructures of PECVD mc-Si
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Electronic conduction in 
amorphous

アモルファス半導体における
電子伝導



Questions for amorphous semiconductors in early 
years

Bloch’s theorem
・ No-scattering electron transport is achieved only for periodic 
crystals
Electronic structure theory in metal
・Bandgap is formed at BZ boundary by interference of propagation 
and reflection waves => Bandgap needs priodicity?

・Why amorphous mater have a finite bandgap?

・Why electron conduction is possible in amorphous maters?

・Does effective mass have physical meaning in amorphous maters?

・High mobility amorphous maters are possible?



Conductivity and activation energy of a-Si:H

W.E. Spear and P.G. LeComber,
Solid State Commun. 17 (1975) 1193

Activation energy levels off at ~0.2eV:
Degenerate conduction never attained

High-density tail-states
Negative-U donor states

NB2H6/NSiH4 NPH3/NSiH4
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Transmission through disordered MQW
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田中一宣他著、アモルファスシリコン、オーム社

Potential fluctuation and localization



Transmission through disordered crystal

• Back ground periodic atoms contribute
only to e- transmission: we can consider only 
the difference from the perfect crystal

• Due to scattering and interference from 
the disordered structure, standing wave is formed 
in a localized region: Anderson localization



Two hopping conductions
・ Nearest-neighbor hopping

Carriers are trapped at localized states, thermally excited and contribute to conduction
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・ Variable-range hopping (VRH)
Carriers are trapped localized states, transferred to other localized states by tunnneling

Hopping occurs between distributed energy localized states局在状態のエネルギーに分布
があることを考慮するため、ホッピングと呼ばれる

Carriers are excited by phonons: accompany the lattice deformation
Same as small polaron

 Large polaron: 
Carriers move with small lattice deformation,
but not localized and mean free path is larger than lattice period

* Most of electron conduction in solids form large polaron
except for non-polar materials like C, Si etc
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contributing to hopping

J. Han, M. Shen and W. Cao, Appl. Phys. Lett., 82 (2003) 67
B.J. Ingram, T.O. Mason, R. Asahi, K. T. Park, A.J. Freeman, Phys. Rev. B 64 (2001) 155114
H. L. Tuller and A. S. Nowick, J. Phys. Chem. Solids 38, 859 (1977)
J. Nell, B. J. Wood, S. E. Dorris, and T. O. Mason, J. Solid State Chem. 82, 247 (1989)
H. Böttger and V. V. Bryksin, Hopping Conduction in Solids (VCH Verlagsgesellschaft, Weinheim, Germany, 
1985).
A. R. Long, in Hopping Transport in Solids, edited by M. Pollak and B. I. Shklovskii (North-Holland, 
Amsterdam, 1991).



Polaron conduction in C12A7:e-

Deformation, 
vibration

Energy

Initial ground state

Relaxation

Photon 
absorption

(0.4eV)

Relaxed round state

0.1eV

e--l interlaction



Mott’s variable-range hopping (VRH)
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S.R. Elliott, Physics of amorphous materials, Longman, New York, (1983).
嶋川晃一、林浩司、森垣和夫、広範囲ホッピング伝導－その大いなる問題点－、固体物理 29 (1994) 11

・ High defect density so that e- can tunnel to other defect states
=> Small temperature dependence due to tunneling

・ Energy distribution in the defects
Small temperature dependence
Hopping distance is varied by temperature => VRH

r = 1 / (d + 1)
d: Dimension of the conduction region

r = 1/4 for 3D VRH

EFEF

Valence band

Conduction band

Low T
High T



Mott’s variable-range hopping (VRH)


















−






=

r

T
T

T
0

2/1

0 exp1σσ

( ) 2/1

0
2

0 32






=

πα
νσ FENe

( )FB ENk
T

3

0
18α

=

S.R. Elliott, Physics of amorphous materials, Longman, New York, (1983).
嶋川晃一、林浩司、森垣和夫、広範囲ホッピング伝導－その大いなる問題点－、固体物理 29 (1994) 11

・ High defect density so that e- can tunnel to other defect states
=> Small temperature dependence due to tunneling

・ Energy distribution in the defects
Small temperature dependence
Hopping distance is varied by temperature => VRH

r = 1 / (d+1)
d: Dimension of the conduction region

r = ¼ for 3D VRH



Hall, Seebeck sign anomaly
Amorphous (disordered) semiconductors

・Inconsistent signs of Hall voltage / Seebeck coefficient 
with carrier polarity

p-type, but negative RH : pn sign anomaly
n-type, but positive RH
& p-type, but negative RH : pn sign double anomaly

How to judge carrier polarity with large reliability?
・ For device applications (TFT, FET)

C-V, FET
Problem: Measurable only for good semiconductor/devices

・ Fermi level by photoelectron spectroscopy
Problem: Surface band bending

Resolution (~ 0.1 eV by conventional UPS)



Weak-localization

P.A. Lee and T.V.V Ramakrishnan, Rev. Mod. Phys. 57 (1985) 287
W.Noun,B.Berini,Y.Dumont,P.R.Dahoo,N.Kelle,JAP 102 (2007) 063709

P.A. Lee and T.V. Ramakrishnan, Rev. Mod. Phys. 57, 287 (1985) through X.D. Liu, E.Y. Jiang, and Z. QW. 
Li, Low temperature electrical transport properties of B-doped ZnO films, J. Appl. Phys. 102, 073708 (2007)
Kaveh, M., and Mott, N.F. J. Phys. C: Solid State Phys. 14, L177 (1983)
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Percolation conduction

Percolation伝導



Mott’s variable-range hopping (VRH) ?

嶋川晃一、林浩司、森垣和夫、広範囲
ホッピング伝導－その大いなる問題点
－、固体物理 29 (1994) 11
杉原硬、広範囲ホッピング伝導、固体
物理 12 (1977) 15

ZnO film/SCAM substrait
Non-straight line in Arrhenius plot

=> better fit to VRH

T0 & σ0 => α-1 = 0.6 nm, N(EF) = 3.1×1022 cm-3/eV
N(EF) (defect density at EF in the bandgap) is
extraordinarily large => Other model

• VRH often provides very high σ0 (several order larger than common sense) 
(Prefactor problem)

• It is accepted not to discuss σ0

• VRH is not compatible with conventional Hall theory



Sir Nevill Mott also pointed …
e.g. in Conduction in Non-Crystalline Materials (1993)



VRH everywhere in poor semiconductors ???

Epi-ZnO
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Carrier transport in a-IGZO

Degenerate conduction both in Ne and µe at Ne > 4x1018 cm-3

Nth= 4 x 1018 cm-3
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Hall results vs percolation model: a-IGZO
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T-1/4 behavior and potential barriers

0.22 0.26 0.3 0.34

C
on

du
ct

iv
ity

 / 
S/

cm

-1/4T    / K-1/4

Arrhenius
no barrier distrib.

Percolation
with barrier distrib.

20

30

40

50

Ecenter = 79 meV
E0 = 11 meV

Ne = 2×1019 cm-3

T-1/4 (K-1/4)

σ e
(S

/c
m

)

1015 1016 1017 1018 1019 10202.8

2.9

3.0

3.1

3.2

EF(RT)

Ecenter

E
ne

rg
y 

/ e
V

EC

Potential barrier

Donor density / cm-3

a-IGZO
Kamiya et al., APL 2010



Local and global mean free path
r=0.5
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Ambiguity in mobility
σ = enµ
Only σ is defined without ambiguity.

Drift mobility: 𝝁𝝁𝒅𝒅 = 𝝁𝝁𝒅𝒅𝒓𝒓𝒊𝒊𝒅𝒅𝒅𝒅/𝑬𝑬 Definition in physics
Conductivity mobility: σ = enµ

µ value depends on the choice of n.
n: Hall effect => Hall mobility

Optical absorption => Optical mobility
Field effect => FE motility

Case of inhomogeneous materials?

µ = µext

µ = 0 Nt, Et

Nfree = Ntexp(-Et/kT)

µ = µext

Nfree

µ = σ / Nt or σ / Nfree

NB = Nfreeexp(-EB/kT)

EB

µ = σ / Nfree or σ / NB
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