Optimization, fitting,
and least-squares method

sEit. 7497100 BRI 5L

MEHX RRERIXKF
PR i Bl Bt S b
20 T47 M H R

RIKEZEEH / Tokyo Tech Lecture Materials (English+Japanese)
http://conf.msl.titech.ac.jp/Lecture/python/index-numericalanalysis.html

python|Z&A /N _Fi%E-RBEILRIRE GUIT RS 52245 (Japanese)
LSQ/Optimization GUI programing (Japanese)
http://conf.msl.titech.ac.jp/Lecture/python/tutorial-optimize/index-python-optimize-




Linear lest squares method (/LSQ)
R/ BEFRE




Approximation of many sample points:
Minimization (Optimization)
(ZRDEARRDIEL: &/IMERRE)
How to determine most plausible parameters a and b
if observed data (x,, y,), *** (x,,y,) follow f(x) = a + bx,
X Error g, should be considered: y, = f(x;) + €

Fundamental idea: Determine a and b so as to minimize (maximize)
a target function S (e.g., error residual function 7% Z=E%%))

Minimax method (3=<v5R%) 08 =X|flx) -y |
Least-squares (LSQ) method (&/NEFE%): § = Z(f(x) —»)>
S =X(a+ bx;—y,))?
dS/da =2X(a + bx;—y;) =2an +2bXx,—-2Xxy,=0
dS/db = 2%x,(a + bx, — y,) = 2aXx, + 2bZx2 — 2Xx,y. = 0

' in ay _ [ 2y
in inz (b>_<2xiyi>

Even for f(x) = a + bx + cx* += ==, only one matrix operation can
give a final solution



Minimax approximation (2=<v7 Xi{Ll)
Minimize max|g(x)— f'(x)|
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ILSQ: Polynomial
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ILSQ: General functions
M &/N_FE —REBBRDGE

f(x)= Zakfk(X) S = Z(yl Zakfk(x)j

i=1
N

%:_22](;(35 )(y, Zakfk(x )j 0

Zfl(xi)fl(xi) Zfl(xi)fz(xi) Zfi(xi)]%(xi) Zfl(xi)fN(xi) a, Zyifl(xi)
PACIVACHIDINACAVACHIDINACAVACH NP IACHVNCAN I I DI AACH
P ACATACH I INNEAVACHREDIFACHYNES D LGN | ay |=] 2 nfix)

D DAY D GG D S f5(x) D D) Nay ) \ Do yifu(x)

If f(x) is linear with respect to fitting parameters,

final solution is obtained by one matrix operation
BRHICEALTHRETONIE, 1EDTIFHETRRENGLOND

ex. f(x)=a+blogx+c/x
f(x,y)=a+bxy+cy/x



Ex of ILSQ: Lattice spacing of triclinic lattice
(=F SRBiE aa @@FEE =y

d,, \GW\ ha' + kb +lc’|
—— =8, ° +8,,k> + S, 17 + 28, hk + 28kl +28,,lh

hkl

S,=a -a =bc’sin*a/V’

S, =c’a’sin’ BV’

S, =c’a’sin’ y/V*

S, =a -b" =abc*(coscrcos f—cosy)/V*
S, = a’bc(cos fcosy —cosa )/

S, =ab’c(cos y cosa —cos B)/ V'

V = abea/1 - cos® o — cos’ B— cos” ¥ + 2cosa cos 3cos y
The form of dy,, is a linear function with respect to S;.
1. §;; is obtained by /L.SQ
2. §;; => Reciprocal lattice parameters (a”,b", c", 0, B7, 7))
3. => Lattice parameters (a, b, c, o, 3, 7)
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Self-consistent method

H o RERX




Least-squares method
- Fitting to a function having
linear parameters

e
=
=
—
[

* Final solution 1s obtained
just by one matrix operation

 Unique solution

Four or higher order polynomial,
Transcendental equation (B AFER)

- Difficult to have an analytical solution

* Even numerical analysis cannot give final solution by
one-cycle calculation

= > Iterative calculation (RE55)

Parameter



Example of simple self-consistent (SC) calc

A simple case: Solve g(x) =0
SC method is applicable by converting to x = g(x) + x = f(x)
Note: not efficient nor stable for many cases

Simple procedure:

Initial value x,

Ist iteration : x, = f(x,)

2nd iteration: x, = f(x,) ....

Difficultt to converge: Diverge, Oscillation
(URERLIZLY: FEER. IR Eh)

Mixing factor GE&#%%) k, ;.. Stabilize convergence
Initial value x,
Istiteration : x, =f{x,) = x,/=1-k_)x,*Fk ;X
2nd iteration: x, = f(x,’) ....



Illustrative explanation of SC

3
Solve x = f(x)
2
_ y =fx)
y —
1
fx) = 1/4(-x>+ x?- 2)
| 0 |
-2 0 2
-1




3.0
2.5
2.0
1.5
1.0
0.5
0.0

Converge JV = f(x)
Stable solution

SC: Convergence process

3.0
2.9
2.8

y=X

2.7
2.6
2.5
2.4
2.3
2.2

| 2.1

Diverge
Unstable
solution

22 24 26 2.8 3

f’(x) <1 must be satisfied for convergence



Example of SC: Diode with series resistance

I=1,|exp %(V—R[) ~1

Repeat

- E.g., initial voltages would be chosen
as V/2 for the diode and the R

= This SC 1s not so stable;
mixing factor £ should be adjusted

For sequential calculations of 7 — V'
characteristic, e.g., V from 0.0 to 1.0,
using a preconverged result for the
initial value of the next J will enhance

convergence.
BIZ LV EIRREZ TI-VEEEHET 555%
156, 9 CICTRLIZEZRDOVIZHE T HHE
ELTRIAT HEEUERTESD,

_E_(VL_RLA)

I, = I{exp( T

until abs(Z; = I. ;) < EPS is achieved

oA~ WN=—--O

NN DD MNMNMDNNNNDNPODDN = e el ek el ek ek ek ek ok
OO0 hhWMN=-—OCOWOONOOG PMAAWDN=-O ©

2

1.8

1.62
1.458
1.3122
1.18098
1.062882
0.956594
0.860934
0.774841
0.697357
0.627621
0.564859
0.508375
0.457554
0411914
0.371388
0.337412
0.315356
0.311113
0.312132
0.311814
0.311908
0.31188
0.311888
0.311886
0.311887

Ical

-1E-12

-1E-12

-1E-12

-1E-12

-1E-12

-1E-12
-9.1E-13
4.31E-12
2.09E-10
2.77E-09
1.14E-07
1.66E-06
1.86E-05
0.000163

0.00115
0.006655
0.031631
0.116849
0.272927
0.321305
0.308953
0.312754
0.311626
0.311965
0.311863
0.311893
0.311884

lerror|

2 n=

1.8 T=

1.62 R=

1.458 V=
1.3122

1.18098 k=
1.06288
0.95659
0.86093
0.77484
0.69736
0.62762
0.56484
0.50821

0.4564

0.40526
0.33976
0.22056
0.04243
0.01019
0.00318
0.00094
0.00028
8.5E-05
2.5E-05
71.6E-06
2.3E-06

I0=

1.E-12 A

1
300 K

1 ohm
1

0.1



Sheet1

		i		I		Ical		|error|		I0=		1.E-12		A

		0		2		-0		2		n=		1

		1		1.8		-0		1.8		T=		300		K

		2		1.62		-0		1.62		R=		1		ohm

		3		1.458		-0		1.458		V=		1

		4		1.3122		-0		1.3122

		5		1.18098		-0		1.18098		k=		0.1

		6		1.062882		-0		1.062882

		7		0.9565938		0		0.9565938

		8		0.86093442		0.0000000002		0.8609344198

		9		0.774840978		0.0000000058		0.7748409723

		10		0.6973568808		0.0000001136		0.6973567672

		11		0.6276212041		0.0000016599		0.6276195442

		12		0.5648592497		0.0000185538		0.5648406959

		13		0.5083751801		0.0001629		0.5082122801

		14		0.4575539521		0.0011503241		0.456403628

		15		0.4119135893		0.0066554913		0.405258098

		16		0.3713877795		0.0316306713		0.3397571082

		17		0.3374120686		0.1168493349		0.2205627337

		18		0.3153557953		0.2729267859		0.0424290093

		19		0.3111128943		0.3213054002		0.0101925058

		20		0.3121321449		0.3089532984		0.0031788465

		21		0.3118142603		0.3127538503		0.00093959

		22		0.3119082193		0.3116256578		0.0002825615

		23		0.3118799631		0.3119645088		0.0000845457

		24		0.3118884177		0.311863082		0.0000253357

		25		0.3118858841		0.311893473		0.0000075888

		26		0.311886643		0.3118843696		0.0000022734

		27		0.3118864157		0.3118870967		0.000000681

		28		0.3118864838		0.3118862798		0.000000204

		29		0.3118864634		0.3118865245		0.0000000611

		30		0.3118864695		0.3118864512		0.0000000183








First-principles calculation:
Self-consistent field (SCF,B 2 &iZ35%) calculation

* Hamiltonian of one-electron quantum equation includes wave functions
-T2 3 [ 2 v ) o) - o)

* First-step calculation requires electron den51ty guessed / assumed p,;:
e.g,. by uniform density, sum of atomic electron density,,,

- Electron density pg,, 1s calculated the solved wave functions, but
P, Would be different from p,,;

pi,; Must be equal to pg,,, otherwise
these loss physical meaning

= More appropriate p,.,, 1s guessed from pg, and p;;, SCF cycyle
and repete the above calculations Repeat until pg;, = p;y;

€X. ! Ppew — Pini T mlx(pﬁn T pll’ll)
k_.. : Mixing factor

mix

A parameter to suppress divergence of the SCF calculation
close to 1 would be easily diverged, close to 0 causes slow convergence



Example: SCF/structure relaxation by VASP

| [] tkamiya@csrvO:~/Work/LaCrAsO/SpinPolarized o | DR

274 0(E) REE) HTTN) WFT) #F(B) ~NF(H)

1 F= - 2492220 E+05|EQ= -.24922201E+05 | d E =—. 249222E+03 mag= 17.6753 E

curvature: 0.00 expect odE= 0.000E+00 dE for cont |inesearch 0.000E+00

trial: gam= 0.00000 g{Fy= 0.620E+00 g{5i= 0.305E-01 art = 0.000E+00 {trialstep = 0.100E+01

}

zearch vector abs. value= 0.650E+00

hond charge predicted

M E dE o eps fnca Fms Fms )

Dbt s 1 -0.249250423204E+05 | -0.24926E+053  -0.54751E+01 35286 0.200E+01 0. 196E+00
DAY: 2 -0.24967091a220E+03  -0.41455E+00  -0.52938E+00 4416  0.955E+00  0.161E+00
Db 3 -0.249672461360E+05 -0.14831E-02  -0.53514E-01 4640  0.336E+00 0.153E+00
Dad: 4 -0 249667 045995E+05 0.54154E-02  -0.45192E-01 4632  0.183E+00 0. 129E+00
Ddd: & -0, 2496629564 02E+ 05 0.4059E-02  -0.161T1E-01 4664  0.134E+00 0.113E+00
Dav: 6@ -0. 249064501 455E+03 -0.15151E-02  -0.488520E-02 4520  0.152E+00 0.943E-M
Dad: 7 -1, 249655663955E+ 05 0.55375E-02  -0.366659E-02 4626  0.103E+00 0.315E-m
Dad: -0. 24965725594 TE+ 05 0.14080E-02  -0.11030E-02 4432  0.529E-01 0. 406E-0
Dd: 9 -0, 249654661 655E+05 0.59426E-03  -0.64937E-03 3424  0.430E-01 0.219E-m
DAY 10 slleddS0EARSEN0AELOS 0.21237E-02  -0.117R6E-03 2523  0.225E-M 0.151E-M
Diddt: 11 -0. 24965461 245TE+05 | -0.74432E-04  -0.11566E-03 2520  0.213E-01

2 F= - 2A9B54G1E+03 EO= -.24965461E+03 o E =-.432599E+00 mag=  15.2912

trial-energy change: -0.432599 1 .order -0.416777  -0.6560072 -0.183431

step:  1.306garm= 1.3932) dis= 0.06745 next Energw= -249 633668 (dE=-0.402E+00)

hond charge predicted

M E dE o eps nca Fms Fms )

Dbt s 1 -0. 249655 755237E+05 | -0.24966E+03  -0.537A0E+00 3536 0.623E+00 0.599E-m [

iﬁvr 2 -0 AASngnllZa0eE+ns . -0.39315E-01 -0.48908E-01 4528  0.303E+00 0.67E-M




Typical iteration of SC calculation

Find the solution of f(x, p(x)) = 0:
Case this is easily done if p(x) is provided

1. Assum p(x) and solve f(x, p(x)) = 0 to get approximate x;

2. Calculate p(x;) with the obtained x; solve f(x, p(x;)) =0, and
get improved approximation x,

3. Rpeat 1-2 so as to decrease |p(x.,) — p(x;)|, [x;.; — x;| to required
accuracy
Self-consistent approach (BC&#H&EE)

May be diverged if the obtained x; is used for x;,,
=> Stabilize converged using mixing factor CE&#&%%) k.
Initial Xx,
Firstiteration: x; =f(x,) = x/=0-k_ ;) x,+ kX
Next iteration: x, = f(x,’) ....



Problems of SC calculations

= Some solutions would not be obtained (IR LAZWENHYE D)
f’(x) <1 must be satisfied at the solution
to obtain the solution of x = f(x)
=> Conversion of the equation may help, but not always

* Convergence is not stable
mixing factor may improve

For many cases, use another method such as Newton method

= Cases SC method is effective
Initial values close to the solution

Effect of SC parameters is small to the equation
(BCREBEBOABRLADZEMN/NELY)

SC parameters have good convergence
(BCRESZBOICGREFENRL, FATEDES)



Transcendental equation
i AIEN DR IE



Newton-Raphson method

Solve fix) =0

Jxytdx) = f(x,) + dx f7(xy) ~ 0
=> x; =xy+dx =xy— flxg) / f7(x)

Yy =f(x)

f’(x,) can be substituted with finite diffrence PR 17(x)
X,
Secant method (2%, (ZxH555%): )
f(X) = (f(xn) _f(xn-l)) / (xn _ xn-l) !
Save calculation of f{(x) / i
(.
Variation to suppress divergence / / :
Xpsr =X —fx) [ (f (x) + 4) / |
|
|

A: Dumping Factor / //
: S

0.2 0.4 0.6 0.8 1 1.2 lj4 . li6 118 é
-\ xl — xn
05 Xog—f(xp) / f7(x)




Effect of dumping factor (IXRBFED LLER)
f(x) =exp(x) —3x =0 (initial x = 0) Exact 0.619061

Newton-Raphson (Dumping factor = 0)

1 0.5

2 0.610059654958962 0.110059654958962

3 0.61899677974154 0.00893712478257794
4 0.619061283355313 6.4503613773092e-005
5 0.619061286735945 3.38063244722622e-009
6 0.619061286735945 -1.94296000199483e-016
Newton-Raphson (Dumping factor = 0.1)

1 0.476190476190476

2 0.597901649246081 0.121711173055605

3 0.617090542717403 0.0191888934713221

4 0.618900291486661 0.00180974876925825

5 0.619048316423879 0.000148024937217564
6 0.619060243007723 1.19265838440254e-005
7 0.619061202754359 9.59746635487409¢-007
8 0.619061279978579 7.72242198569211e-008
9 0.619061286192231 6.21365241490959¢-009
10 0.619061286692197 4.99965669237101e-010
11 0.619061286732425 4.0228535713285¢e-011
Newton-Raphson (Dumping factor = 1.0)

1 0.333333333333333

2 0.485235618882813 0.15190228554948

3 0.556317491275292 0.0710818723924794

4 0.589692022113926 0.0333745308386341

5 0.605333177012923 0.0156411548989961

6 0.612649553494255 0.00731637648133212

7 0.616067929129785 0.00341837563553035

8 0.617664103982484 0.00159617485269905

9 0.618409199563502 0.00074509558101794
10 0.618756961315507 0.000347761752005284
11 0.618919262817103 0.000162301501596124
12 0.618995007056658 7.57442395542543e-005



Effect of dumping factor: Convergence process
f(x) =exp(x) —3x =0 (initial x = 0) Exact 0.619061

iteration -

iteration

1.E+00 : y
6 11 16
> | 1.E-01 \
1.E-02

1.E+00

4

1.E-01 -

1.E-02

. —NR(dF=0) \ oo \\\\\ \me\ﬂi
g :EE{:I;?;” \\ L.E-06 \\\\\\\ —NR(df=0.1)~_
\

1.E-04 .E-
—NR(numerical diff.) A\ \ iEZZ \ \ —NR(df=1)
1.E05 —— S.ecant- \ 1E.09 \\ \\ —NR (num. diff.)
oo Bisection LE10 \ \— Secant o
1.E-11 . . —
\ \ — Bisection
1.E-07 1.E-12

NR: Newton-Raphson method
df: Dumping Factor



Case Newton method fails

f(x) = tan"!(10x)
initial x = 0.1

2
=

B
o)

S

[AEY

o
(§))

Case for convergence

0
1
2
3
4

0.1
—-0.05708
0.011686
—-0.00011
1.15E-10

f(x)
0.7854
-0.5187
0.11633
-0.0011
1.2E-09

df/dx dx
5 -0.1571
7.54257 0.06877
9.86527 -0.0118
9.99999 0.00011
10 -1E-10

o

o

U

(8] I

N

N

[AEY
(6]

[AEY

o
(4]

o

(0]

Y

=
(6]

N




Case Newton method fails

f(x) = tan"!(10x)
initial x = 0.15

(V9]

Diverged (1= 0)

~

=

[y
un

o hwWN—-=-O

0.6

0.8

X

0.15
-0.16941
0.232112
-0.51141
3.229546
-157.529
389486.7

f(x)

0.98279
-1.0375
1.164
-1.3777
1.53984
-1.5702
1.5708

df/dx

3.07692
2.58404
1.56553
0.36827
0.00958

4E-06
1.1E-12

A: Dumping Factor

1 Stabilize convergence

ooo~NOOOGTPhA~hOWODN—=O

X
0.15
—-0.09106
0.023161
0.001466
0.000133
1.21E-05
1.1E-06
1E-07
9.09E-09
8.27E-10

f(x)
0.98279
-0.7387

0.2276
0.01466
0.00133
0.00012
1.1E-05

1E-06
9.1E-08
8.3E-09

X by choosing A(1=1)

df/dx
3.07692
9.46675
9.49088
9.99785
9.99998
10
10
10
10
10

dx

-0.3194
0.40152
—-0.7435
3.74095
-160.76
389644
-1E+12

X1 =X =) 1 (P (x) + A)

dx
-0.2411
0.11422
-0.0217
-0.0013
-0.0001
-1E-05
-1E-06
-9E-08
-8E-09
-8E-10



-

Semiconductor statistics (FE &K #HK):
Calc. procedure under equilibrium

Determine parameters (e.g., m,") and related constants (V,, D, etc)
Calculate density-of-states (DOS) function, D(E)
Consider ‘Charge Neutrality Condition (BT P1ESEHE) at 0 K

At thermal equilibrium, Ey is independent of position.
Draw a band diagram and obtain the energy levels of conduction band
minimum (CBM) and valence band maximum (VBM), E(x) & Ey/(x)

Calculate extra charges p,(x) and p,(x) by
P(xX) = Nexp(«(Ecpm(x) — Ey) / kgT)
Pn(x) = Nyexp(—(Ey — Eypy(x)) / kgT)

Solve Possison equation self-consistently (5 and 6)
*E cpy(x)/dx? = e(-p (x)+p,(x)+ N (X)-N, (v)) /&



How to calculate Fermi level £

>

)
=
S| D,(E)
>,
‘é =D, E, —E Ny DC(E):DCO\/E_EC
E Valence Conduction

band i band S

Ey E, EpE Energy

E,=E-.-Ey
Charge neutrality condltlon

Ny +N,=N,*+ N, ) E,

N, = OOD A(E)f.(E,E, )dE
N, =N, [i- £(E,.E, )



TTI)LS¥ELL: [EFH. 7o 4—4EHTEREE
|

I )= =B T]
O

E.—Ey Ep— E; >>kBT
N, =[ D(E)f.(EME ~ N_exp(—(E.—E,)/ k,T)

Ec

N, =N, [I-f.(E,,E. )|~ N,exp(E, —E,)/k,T)
Ne — ND
exp(RE, /k,T)=N,/N.exp(E.+E,)/ k,T)
EF:EC+E leog(N /N,)

2 2



How to calculate Fermi level £

T= 300 K
EF= 0eV
Mc= 5.20EH 8 ocm—3
Dc= 1.41 E+21 .
Ec= 0 ey
M= 51 85000000 crm—3 - = ] |
Dv= 1.41 E+22
Ev= -1.1 eV
ED= ~7.00E-02 ¥ roE2t D( FE )
ND= 1.00EH 8 crm—3 |
WiD= 2 O0E-02 ey 500E+20
M(E)=D(E) ()
AD= 2.35E+20 : : - 000E+60

-2 -15 -1 -05 0 05 1

E/eV
-0.1 eV EF= 0.1 eV

O0E+21 O0E+21

—D(E) —D(E)
—— D(E)(E) |— +50E+21 —— D(E)(E) |—

7

L L L
uuuuuuuuuuuuuuuu




How to calculate E,.: Illustrative solution
N, = ;ODC(E)fe(EaEF)dE N, = :DV(E) h(E9EF)dE

ND+: D[l_fe(EDnEF)] NA_:NA[I_fh(EA9EF)]

fh(EnEF):l_fe(E»EF)
Plot AQ = (N, + N,) — (Np* + N,) w.r.t. E; and find AQ =0

30
8.E+14 | T =300.0 Ny =3.0el7 20
E,=1.12 Ep=1.02
3 E+14 Ne.= 1.0¢19 N, =1.0el3 10 Er=0.997 eV d
‘ Ny =1.0e21 E,=0.1 S
3 E 2
-2.E+14 0/8 "\ 0.9 h DI - O' 5 |
A-IO . )
-7.E+14 /\J
20 +
-1.E+15 =30



Bisection method (Z4i%): Monotonic func (BigfRE %)

Solution of f(x) = 0 for monotonic function f(x)
1. Start from a range [x,, x,] where f(x,) <0 & f(x,) >0

(or flxg) >0 & flx;) <0)
* Solution exist in this range for a monotonic function
2. Solve the equation by the following iterative procedure

Case f(x,) <0 and f(x,) > 0: Judge by fx,) f(x,) <0
l.x,=(xy+x,)/2.0
2. If fixy) > 0 (f(x,) - fix,) <0), x, 1is replaced with x,
If f(x,) <0 (f(x,)fx,) <0), x, 1s replaced with x,
3. Solution x, 1s obtained when |x; — x|, |f(x;) —f(x,)| becomes less than EPS.
4. Repet 1 —3




Fermi level in semi.: python program

Program: EF-T-semiconductor.py
http://conf.msl.titech.ac.jp/Lecture/StatisticsC/EF-T-semiconductor.html
Usage: python EF-T-semiconductor.py EA NA ED ND Ec Nv Nc¢

Run: python EF-T-semiconductor.py 0.05 1.0e15 0.95 1.0e16 1.0 1.2e19 2.1¢18

E.=0,E,=1.0¢eV (= band gap) X, Figure 1 S
E,=0.05¢V,N,=10" cm?, a4 €9 & Q
Ep,=0.95¢eV, N, =10!% cm
N, =1.2x10" cm™

it
{Y
i

NV =2.1x1018 cm?3 - 1016 4 )ﬁzt\
1.0 ~

0.8 1 1014 4

EF (eV)

£ 1012
z
0.4 - 1011 5
107 5 — Ne
0.2 4 Nh
107 5 — NA-
—— ND+
0.0 . . 108 . .
0 500 1000 ] 10 20

T(K) 1000/T (K™-1)




E; by bisection method: Convergence procedure

Initial range: [E,, E,| = [Ey =0, Ec = E]
Find AQ=(N,+N.)—-(Np"+N)=0

1.E+01 25
iteration
1.E+00 . . : . 20
LE-01 0 N 10 20 30 40 5 L S~ A
~ R
- 1.E-02 \ 6\10 —
1.E-03 ~ 5
~ 1.E-04 \\ 3’ 0 iteration
1.E-05 N\ 0.5 0 10 20 30
=)
1.E-07 \ 15
1.E-08 \
1.E-09 20

-25
After 30 times iterations

E;=10.9985173589, 0.9985173599]
dQ = [-3x108, 8x103]




How to calculate E;: Newton-Raphson

Use initial value £, = (Ey + E¢) / 2.0
and find AQ=(N, "+ N)-(N,"+N,)=0

1.2 20
1 15
_10 YAQ(E)
0.8 N G
S ANVNN < ° torat
0.6 3) 0 | | 1terat10ln
0.2 =10
15
0 T T 1
0 20 40 60 20

YR [E3

After 30 times iterations
E; =0.998517354556472
dQ = -5x10°



Solution of multi-parameter simultaneous equations
Solve f(x,) =0
of, (x
i, +80) ~ £+ Y 6, fé)(c Do
k' k'

/fl,l fl,z Jq,N\/5xl\ /ﬂ(xk)\
fz,l fz,z fz,N ox, Si(x;)

\fn,l Jon fn,N/\5xN) S (X0) )
Jr (X)) = %x,)

Unique solution may be obtained when n =N OX e
—BHICHETLRTREENH DD (T n =N DFf

For many practical problems:

1. Data are much larger than the number of parameters (V< n)

2. Target: Find x, to satisfy small f,(x,)

=>e.g. LSQ is more appropriate



Non-linear (NL) optimization
JEIRMZ IR




NL optimization of crystal structure:

Illustrative approach
REREE: MRICKHRRE

Calculate total energy by quantum calculations by varying a lattice parameter
ex. Si

-1160.137
-1160.138+ Exp.(RT)
ac=0.5431 nm
é‘ -1160.139+ Vi =270.5 a.u.? (primitive cell)
>, -1160.140+
20
S Opt.
= I p
m -1160.141 ac = 0.5472 nm
|V, =276.67 au?
-1160.142+
-1160.143 +
-1160.144

260 270 280 290 300
Volume / a.u.?

E=E_ +1/2B,(V/V,)
B, (GPa) =87.57 GPa (exp: 97.88 GPa)



Ex.: Deconvolution of powder XRD peak

peakfit.exe

Incorporate the intensity ratio from Ko, and Ko, at 2:1

L2 ZnS Powder(original). TXT - CurveFit - B
JPME) $EE(E) FR(Y) Option WIF(H)

o] 2] & [86] &) 55 eafemew e =] &%) %] )

bput: | #5amples¥ZnS Powder(originall TAT Path ﬂ D' Programs'\CurveFit\CurveFit2013'\Samples'AnS Powder{orig
PFC: |Samp|es¥ZnS Powder(ariginali#lpfc  Path ﬂ 100000 I

Output: |D:¥Prngrams¥0urveFit¥GurveFit2I]1E Path E.;||

Optimize Fegion: |‘“3 = |‘1EI ViewRne| |

Output Region: |“E = |‘1EI ViewRnez| | 20000
Add Peal |Qe|ete F‘eakl Clear F‘eaks| Peak Search |

| 0 474687 83924 00963 0.385 1.000 |

[0 Fasition [474687 ¢ OFT [ Gurve Fitld)_| 60000 |-

Gauss Frau:.tiu:un 0287736 : v OPT Setup LSG 40000
FWHM Ratio |17: [ OPT [v Auto redraw

C{Gauss) 3448330456 =™ OPT
h Log | Bedraw
[v OPT JA

CiTotal) 889239 =¥ OPT  save PFG

TSI

10963368
F'WHM(Gauszs) = Delta Mae. 20000 I
GiLorentz) e L [ —
FUWHM( Lorentz) | 00962383 : [ OPT
By mmetric 0 — I OPT
Backeround o Others 0 | | [ | | I |
N Cal | | Likaty [T50056 &
bo [170272 % OPT || \(apy [TEWETT 468 47 472 474 476 478 48
bl 571438 il'? OFT | | gkaoi/iKkaty [05 Diffraction angle 2Theta / deg. v
B20 =
;!I_ QOPT Qranee [5 v | € >

N BRI BIR [F1] ELTURE.




Ex.: Deconvolution of powder XRD peak

peakfit-scipy-minimize.py

. Figure 1 — O

A € > 4 Q =¥

107 1 '\‘_

.'h- -
12 - | E

i: 'I lD—:! i
1.0 ’g.’& :

104 1
0.8 - .

x
:t* P
® x
® X
i T
X PR
x X .
- Pk _
* P K 6
« o 10
0.6 1 x P
| h P
x P
X PoLx 1078 4
: "
0.4 £ X
: R
A B
¥ x

lD—ll} . '|II

0.2 - g P \
I ' !
::: i'.l lD—l 2 4 I'|I
D.G A essmcssgemwde 0 --'II I"‘--._..L \

x¥=1.95097 y=0.000520318




Profile models used for spectroscopy

Lorentz function
1

I, (x): - [(x_x ) ; W]2 w: half width at half maximum

Gauss function
1

Io()=——exp-[(x—x,)(a, W} | :
GV —(In2)M? = 0.832554611 0.
Voigt function:

E.g., observed is convolution of sample
spectrum /; (x) and apparatus function /5(x) 7

I,(x)= [ I5()I, (x—x")x’ /e

Ca, = exp(—x") ,
- 7; LO aV2 +(x—x")? o //

Pseudo-Voigt function:
Simplified Voigt function
Loy (%)= fol o (0) + (1= I, (x)

fc: Gauss fraction

o




Multiple parameter Newton-Raphson method

Extend to multiple parameters: Minimize F(x)
fr(x)) = OF(x) /0%, =0
Iteration: fy (x; + 8xp)~fr(xy) + X, 6x1,0f (%) /0%, = 0

X1 =X~ (0fk (x)/0x,)'(f)) = Xp0— (F ) )

W O0'F(x)
F k' =

P Hessian matrix (~v£41751)
U (A EITFIDBEE EEAYY T ERA)

Hessian matrix is not always positive definite (EE{ETHDEILESALY)
(Maximum, Saddle point {BXfE. #:5)
=> F”’ dose not always gives decreasing direction

Convert I’ to positive definite and suppress divergence
X1 =Xy~ (F7e + A (F))

i

A: Dumping Factor



Steepest Descend (SD) method (R2ET %)
REME, TEEM JBEbEZ DA, HETF4 (2000)
Search minimum only by first derivatives. Simplest one among differential methods

* SD: 5? would decrease in the vector —(df / dx,)dx;
x; D =x0 — o(df/ dx;)
o, may be a small constant step
or determined by a line search method
ex. in right figure:
$? = f{x,) = 5x,2 + x,?, initial x; = 0.7, x, = 1.5
* Newton method
One cycle calculation provides the final solution

for quadratic problems di Newton
WAREOB A IE—EE OHE TREEICEIE N =
* SD method k=0.2 L .
o = 0.3: Diverged (not shown in the graph)
0.2, 0.15: Converged, but oscillated
0.1: Reach final solution by one cycle calculation o
0.01: Not oscillated, but slowly converged ?

2.5

Problem: If S? is highly anisotropic, the SD direction T
would be different largely from the minimization 05

direction s HA=GERHRISS. RAGRARIER/MEARER
REKEBDHEDDHD

=> Conjugate Gradient (CG) method (F1&BELX)

0.5 1




Steepest Descend method
RERE, TEER Bk & DA, BIET 4 (2006)
Effective way: a is determined by line search (E#1E%i%)

Without direct search By direct search

2.5 2.5

Newton

-0.5



SD method in Deep Learning

= All batch data are divided to mini batches, | DL: SD method

and apply SD to each mini batch 5
| k=0.1, nyg =10
Right example: - e
S$?=fx)=ax.>+bx,%, a=5,b=1 2

1000 batch data are generated with random num
(note: the data were re-generated for different runs)

Initiala=0,5=0 !
0.5

SD (Repeat for all batch data) =

3 0 1 2 3 4 5
2.5

k=0.1

2

Direct search ° k=10.05, nyg =100

15 1.5

1

k=0.1ny; =100

0.5
0.5



Conjugate Gradient method (#%& AE;%)

KEME, TZ2EE ELEZ DA, BB IS4 (2006)

Vectors u and v satisfy u’Av = 0 for a matrix A: u and v and conjugate with each other
" For quadratic function, repetition of the conjugate direction will find

the minimum in finite cycles if exact line search is employed
HRGERAEIC>TERGERIERERIT = AREORET2REARO R/ EIZEE

Case contour is a circle, one cycle

calculation reaches tlié minimum
%Tﬁﬁﬂ DFE. —EORRTR/MEICEETES

i 4 - l\\'
/ /’.ﬁ‘\‘ \'l]
| (e |
\ \Jl-/ /
\ '
e "
5 i % SR T — X
(a) @A E.O MO E b)) EZEEHOHEIFODEE

Conjugate vectors and ellipsoido — circle

conversion __ u'P'Pv=u'Av =0
/ _P), _‘/‘/ e .
[ EBxh \
-— [T
j o [ e e
Pu p T

1. Give initial value x,
2. Initial direction d is determined by SD
d=-Vf
3. Find x,,, using appropriately chosen o,
X1 = X T Oyl
o, may be a small constant step
or determined by a line search method

4. Search direction is updated by
Y =Vf (X))~ V(X))

Vf (Xk+1 )T Yk
dk+1 = _Vf(xkﬂ) + T dk
d.y,

S. Repeat 3 — 4 to reach convergence

As the freedom of cg directions is the number of parameters
(7 param)> N€Ed to go back to 2 to reset dy at some interval
(typically 7., necessary for n =2).

param



Marquart method (v—hH—Fk%)

Minimize a square sum of m functions f;(x;) with /V parameters

F(xi): ifj(xi)z

Approximate by
g, of,
k

Ox,

F(x, + &, )~ F(x,) +2ZfJAJk5xk + ZAJkAIk 0X, 0X;,

J.k.k'

OF (x, )~2Z( A, f, +ZAlkA]k5xj 0

ox = (AtA) At( f]) Gauss-Newton method

Levenberg-Marquart method
ox = —(AtA + Al )‘1 A ( fj) A: dumping factor

e.g. chosen proportional
to diagonal sum of A'A

ox = —(A'A + Adiag(A'A))" A (1)



http://conf.msl.titech.ac.jp/Lecture/pytho

Comparison

index-numericalanalysis.html

optimize-sd-cg2d-linesearch.py, optimize-newton-raphson2d.py

I 1800

!ﬁi;??%uﬂ%’,’,{,{,{!{

r 600

- 200

From (0.0 0.0) cg simple
‘

From (0.0 0.0) Newton
‘

From (-1.0 -1.0) cg simple
4 R

I T I T
-4 -3 —2 - 1 3 4

From (0.0 1.0) SD armijo
‘




Features of NL optimization

Newton-Raphson method:

Use second derivatives (Hessian matrix)

Fast convergence, easily diverged, complex program
Steepest Descent:

Use first derivatives only

Simple program, Slower convergence than NR and CG
Conjugate Gradient:

Use conjugate direction for efficient search

Better convergence than NR, faster than SD, complex program
Marquart:

Use first derivatives of f,(x;)

Simple program, Slower convergence than NR
Simplex:

Trial and error with a pre-determined selections of

next candidate parameters

Very slow but good convergence



Simplex method (B {&i%, Amoebaix)
ARER A . BERSE. /MNE S BEIE. FortranlZKABUEETE YV Ib0 7. AEKRK =5t (19894F)

Simplex.: Polyhedron formed by (n+1) vertexes in n-dimension space
(B n RTZERTT (n+1) IEDIERL1ESZEH)

Minimize F(x;)
1. (n+1) initial valuesx; (i=1, 2, -, nt1) => Sort F(x;) so that F(x;) > F(x;,) (i <i’)
Xh = X1 X1 = Xy
2. Average except the maximum vertex x; X = Z x;/n
i=2
3. New x will be examined along the line x; — x by the following selections
(1) Reflection (##) :xz =(1+a)xg—ox; (a>0,ex. 1.0)
(1) Expansion #5X) :xg =yx,+t (1 —y)xg (y >0,ex. 2.0)
(111) Contraction (4R#E) :xc =Px; T (1 -B)xg (0<P<1,ex. 0.5)
(iv) Reduction (#&/)  :1xgp = (x; +x7) /2

4. Replace x, with the x in (1) — (1v) that firstly satisfies
F(x) <F(xy)
5. Repeat 2 - 4

D




Simplex method (B {&i%, Amoebaix)
FEXRX RE. HEHRADOL-ODFERT—2U0E, CQHIR (1986%F)
Simplex.: Polyhedron formed by (n+1) vertexes in n-dimension space
(B n RITTZERTT (n+1) 1BDIBH1ESZEHE)

Minimize F(x;)

1. (n+1) initial valuesx; (i=1, 2, -, nt1) => Sort F(x;) so that F(x;) > F(x;,) (i <i’)

2. Average except the maximum vertex x; X; = le. /n

i=2

3. New x will be examined along the line x; — x by the following selections

(1) Reflection (§&#k) 'Xg =X Taxe—x) (ex.a=2)

(i1) Expansion ($iX) ' Xg =Xt Pxg—x;) (ex. B>2)

(11) Reduction-Reflection (#&/NMEBR) : xcgp =X T V(X —X;) (ex. 1.0<y<2.0)
(iv) Reduction ' Xew =X TOo(xe—x;) (ex. 0<0<1.0)

4. Replace x; with the x in (i) — (1v) that firstly satisfies
F(x) < F(xy)
5. Repeat 2 - 4

D




Notes for NL optimization: Local minimum
* Solutions may be more than one
* Final solution 1s not obtained by one step calculation
- Convergence must be confirmed
* Confirm the solution is the global minimum (X&)
= Often“fall in a local minimum ({%Fﬂ@l\fﬁ)

Residual error

>parameter



Notes for NL optimization: Over-fitting

MR-TwoCarriermodel.py (to be uploaded for Lab only web) |
c.g. in APL 107, 182411 (2015) O |{”'| _ R["r{}.l _ ll Mpfty + T fl, :' T 'I”n'u“*r. T+ TMeflp ].Iun'u“*r.fj_
R U e (mpph + nepe ) + (np — ne ) puiuiB®

B (npu? —nu?) + (ny —n)u?u? B2
_||'-'I'I,IJ""|{ ”I _ —Ilfl(_ﬂ:l N Ir'-. Rt h ef r.; l: h ..-i .I'!j —
' e (nppy + nopte ) + (np — n ) ppp: B*

# of parameters must be larger than # of constraints,
# of parameters: four ny, Uy, Ne, Ue
# of constraints: three
For parabolic py,(B): a2, = py,(0), and a2,
For linear p,,,(B)  :ay, only

At least two parameter sets gives similar residuals S?
My = 2.09x10% m'

— 0.074 m2 VS MRxx.csv:MRxy.csv
‘;,llh = 2 72X1022/m-3 00030817, = MRxx(obs) ° 0.0000101 -  MRxy(obs)
e ' 0.003080 —— MRxx(ini) —— MRxy(ini)
He = 0.018 m*/Vs . N MRxx(fit) OO MRxytfit)
S2 = 3.2x10-14 £ 00 £ 0.000006
g 0.003078 - % 0000004 1
np = 9.23X1022 m £ 0.003077 1 €
0.000002 -
Un = Ue = 0.012 mz/VS 0.003076 | £,000000
— 22 -3 -
Ne = 7.68x10% m 3 2 -1 o 1 2 3 0 1 2 3

SZ = 3.0X10'14 B(T) B (T)



Features of NL optimization algorisms

Convergence | A B __

Speed X O

Stability O x

Region O X

For: Initial cycles Later fast
convergence

A: Simplex (B{FE)

A,B: Conjugate Gradient (CG, &2 G)Hdi%)

B: Steepest Descent (SD, & F T %)

B: Newton-Raphson method, Quasi Newton methods
= Davidson-Fletcher-Powell (DFP)
* Broyden-Fletcher-Goldfarb-Shanno (BFGS)
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