Numerical integration (3{EE%)

How to calculate [ ( x) — jx g( x')dx' by computer

X0

Replace integral with summation of small mesh area
("D =MW TEEHRZD)

J::) g(x")dx'= xfj g(xl. )h

Derivation from difference approximation (ES=XM5NDEH):

df(x) fx+h)-f(x) Fx+h)-F(x)
dx h » g(x) h

F(x+h)=F(x)+g(x)h=F(x=h)+|g(x)+ gx-h)|r

= Z_ g (xi )h
i=0




Rieman integral (Riemanf§43)

Lx g(x")dx'= Z g(xl. )h
0 i=0
X, =Xx,+ih
g(x’)
X, X; X, X, X’

Asymmetric formula:
monotone increasing g(x) => Underestimation (B/IMg¥4fh)
monotone decreasing g(x) => Overestimation (& X FE{fl)



Take average: Mid-point formula (¢ 8l)
, ~
jx g(X')dx'zzg(Xi-l_Xiljh / \
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Necessary to l%now g2(x) at (x;+x;_ ;)/2.
=> Unavailable for g(x) given only by numerical data
EONBIET—FTEALN TS EE T FEZLELY)



Trapezoid formula (B A=)

| g(xdx'= g it +2x"‘1 jh
0 i=0

o X X Ng(xi)-l_g(xi—l)
2 2

J:; g(xv)dxv: i g(xi)+2g(xi+1) h

g(x’)
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Simpson formula

1. Approximate by g(x,) ~ g(x)+a,(x, = x) +a,(x, - x,);

and determine a; so as to reproduce f(x,), f(x,), and f(x,).

2. Integrate the above approximation analytically
for a range x = x, ~ x, + 2h:

1

J:g(f)dx'fv gh[g(xo)+ 4g(x)+g(x,))

3. For multiply divided range (x = x, ~ x,, = x, + nh):

J‘:g(x')dx'rw g[g(xo)-l-‘lg(xl)+2g(x2)—|—4g(x3)_|_2g(x4)+

ot g(x,)]



Derivation of the Simpson formula

1. Approximate by  g(x;) ~ g(x,)+a,(x; —x,) +a,(x;, - x, ),
and determine a; so as to reproduce f(x,), f(x,), and f(x,).

- 4 :g(xz)_g(xo) ; :g(xz)—Zg(xl)+g(xo)
1 2h 2 2}

J':g(x')dx',\, g(x1)xz ; g(XZ) g(XO)( Xy~ ) 3 |:g(x2) zg(XI) i g(XO):|( Xy _X1)3

g(x,) ~ g(xl)—a1h+a2h2

g(x,)~ g(x1)+a1h+a2h2

2h 2h°
_{g(xl)xo . % g<x2>2—h g0 (o, L 3 F(xz) 2§l(jzcl>+g<xo>}(xo _xl)g}

:2g(xl)h+2{g(x2)—2g(xl)+g(xo)}h

= () +4g(x )+ 2(x)] B fs. SAEAZHT APT, 214t
3



Rieman/Trapezoid formula are better than

Simpson formula for infinite-range integration
SimpsonAl| XY EFF/ SR ADFHEL
N
J, g0~ e(x)+ 4g(r) + 28(x;) + 4g () + 28 () + -+ g(x,)]
For infinite-range integration (-0 ~ o), x, and x, are not essential.

LGg(X')dx"“ g[g(x_l )+48(x,)+28(x) +4g(x,) +2g(x,)+--+g(x, )]

also provides the essentially the same result.

fng(x')dx'““ %[O.Sg(x_1)+2.5g(x0)+3g(x1)+3g(x2)+3g(x3)+38 (x,)+-++0.5g(x,)]

Considering g(x_4) and g(x,,) are negligible for infinite integration
leads to .
LO g(x '~ hlg(x) + g(x) +g(x;) + g (x) 4+ g(x,,)]

, which 1s the same as the Rieman sum and the Trapezoid formula.



Extrapolation method: Romberg integration

FHZEH, MFTE, AM BESHE, A —L1t (FBHS8E)

Good for finite range integration without anomaly points
 Start from the Trapezoid formula, and sequentially apply higher

order Newton-Cotes precision formula.
(BRAIMGHEL. SRO=—a—tr - a—YERIZTHET 40X EBEMNICER
L. BRBEZ#H-ITFTHITD)

1.

Integrate by the Trapezoid formula in [a, b] with the mesh £,
=> S0,
Decrease mesh to 2, = (1/2)h, and integrate all the range
=>38,
Decrease mesh to i, = (1/2)h,_; and integrate all the range
=> 8\ 0> and calculate §, , (d=1,2, -+, k) by
4S, ., -S

Sk,d — k’dé;i —lk—l,d—l
Sk Will be the approximated integration values.
Stop if |Sy \ — Sy.1.1| becomes smaller than the required
accuracy.




Error of numerical integration:

Monotone increasing function
S = _[ exp(x)dx Exact: exp(1) - exp(-1) = 2.3504023872876

Simpson Order 3
nDivide Rieman Trapezoid Simpson 3/8 Bode Romberg Cubic Spline Gauss-
Legendre
1 1.61E+00  -7.36E-01 -7.36E-01
2 9.83E-01 -1.93E-01 -1.17E-02 -1.17E-02 6.55E-05
3 6.97E-01  -8.64E-02 -5.25E-03
4 5.39E-01 -4.88E-02 -7.92E-04 -6.85E-05  -6.85E-05 7.19E-03 1.13E-06
5 4.39E-01  -3.13E-02 3.75E-03
6 3.70E-01  -2.17E-02 -1.59E-04 -3.53E-04 2.35E-03 1.01E-07
7 3.20E-01  -1.60E-02 1.54E-03
8 2.82E-01 -1.22E-02 -5.06E-05 -1.18E-06  -1.07E-07 1.07E-03 1.81E-08
9 2.51E-01  -9.66E-03 -7.08E-05 7.73E-04
10 2.27E-01 -7.83E-03 -2.08E-05 5.77E-04 4.75E-09
11 2.07E-01  -6.47E-03 4.41E-04
12 1.90E-01  -5.44E-03 -1.00E-05 -2.25E-05 -1.05E-07 3.45E-04 1.59E-09
13 1.76E-01  -4.63E-03 2.75E-04
14 1.64E-01  -4.00E-03 -5.43E-06 2.23E-04 6.32E-10
15 1.53E-01  -3.48E-03 -9.25E-06 1.83E-04
16 1.44E-01  -3.06E-03 -3.18E-06 -1.88E-08  -4.21E-11 1.52E-04 2.84E-10
17 1.36E-01  -2.71E-03 1.28E-04
18 1.28E-01  -2.42E-03 -1.99E-06 -4.46E-06 1.08E-04 1.40E-10
19 1.22E-01  -2.17E-03 9.27E-05
20 1.16E-01  -1.96E-03 -1.30E-06 -4.95E-09 7.99E-05 7.45E-11
32 -3.55E-15



Sheet1

		f(x) = x^2

		integ(f(x)) = (1/3)x^3

		x		f(x)		解析解 カイセキ カイ		f(xi)の和 ワ		台形則 ダイケイ ソク		Simpson則 ソク

		0		0		0		0		0

		0.2		0.04		0.0026666667		0		0.004

		0.4		0.16		0.0213333333		0.008		0.024		0.0213333333









































Sheet2

		exp(x) [-1,1]

		Exact				2.3504023873

				nDivided		Rieman		Trapezoid		Simpson		Simpson 3/8		Bode		Romberg		Cubic Spline		Order 3 Gauss-Legendre		二重指数関数型 ニジュウ シスウ カンスウ ガタ

		1		1		1.61E+00		-7.36E-01								-7.36E-01

		2		2		9.83E-01		-1.93E-01		-1.17E-02						-1.17E-02				6.55E-05		-3.93E+00

		3		3		6.97E-01		-8.64E-02				-5.25E-03										1.95E+00

		4		4		5.39E-01		-4.88E-02		-7.92E-04				-6.85E-05		-6.85E-05		7.19E-03		1.13E-06		-7.93E-01

		5		5		4.39E-01		-3.13E-02										3.75E-03				2.73E-01

		6		6		3.70E-01		-2.17E-02		-1.59E-04		-3.53E-04						2.35E-03		1.01E-07		5.39E-02

		7		7		3.20E-01		-1.60E-02										1.54E-03				-1.13E-01

		8		8		2.82E-01		-1.22E-02		-5.06E-05				-1.18E-06		-1.07E-07		1.07E-03		1.81E-08		9.44E-02

		9		9		2.51E-01		-9.66E-03				-7.08E-05						7.73E-04				-5.89E-02

		10		10		2.27E-01		-7.83E-03		-2.08E-05								5.77E-04		4.75E-09		3.21E-02

		11		11		2.07E-01		-6.47E-03										4.41E-04				-1.61E-02

		12		12		1.90E-01		-5.44E-03		-1.00E-05		-2.25E-05		-1.05E-07				3.45E-04		1.59E-09		7.39E-03

		13		13		1.76E-01		-4.63E-03										2.75E-04				-3.11E-03

		14		14		1.64E-01		-4.00E-03		-5.43E-06								2.23E-04		6.32E-10		1.20E-03

		15		15		1.53E-01		-3.48E-03				-9.25E-06						1.83E-04				-4.13E-04

		16		16		1.44E-01		-3.06E-03		-3.18E-06				-1.88E-08		-4.21E-11		1.52E-04		2.84E-10		1.20E-04

		17		17		1.36E-01		-2.71E-03										1.28E-04				-2.25E-05

		18		18		1.28E-01		-2.42E-03		-1.99E-06		-4.46E-06						1.08E-04		1.40E-10		-3.85E-06

		19		19		1.22E-01		-2.17E-03										9.27E-05				7.40E-06

		20		20		1.16E-01		-1.96E-03		-1.30E-06				-4.95E-09				7.99E-05		7.45E-11		-5.45E-06

		32		32												-3.55E-15
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